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Neutron-proton pairing and 
double beta decay in the IBM



Motivation


Nucleon-pair shell model


Effective operators in a collective subspace


Mapping to boson operators


Application to 0νββ decay in the pf shell





Neutrino-less ββ decay


The process:





Importance: neutrinos are Majorana particles with 

mass, violation of lepton number, physics beyond 
the standard model,…



The half-life of this process is





Nuclear physics must provide the nuclear matrix 

element M0ν.
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TABLE V. Isotopic abundance and Q-value for the known
2⌫�� emitters [175].

Isotope isotopic abundance (%) Q�� [MeV]

48Ca 0.187 4.263
76Ge 7.8 2.039
82Se 9.2 2.998
96Zr 2.8 3.348

100Mo 9.6 3.035
116Cd 7.6 2.813
130Te 34.08 2.527
136Xe 8.9 2.459
150Nd 5.6 3.371

same energy region, which can mask the 0⌫�� signal.
The main contributions to the background come from
the environmental radioactivity, the cosmic rays, and the
2⌫�� itself. In particular, the last contribution has the
problematic feature of being unavoidable in presence of
finite energy resolution, since it is originated by the same
isotope which is expected to undergo 0⌫��.

In principle, any event producing an energy deposition
similar to that of the 0⌫�� decay increases the back-
ground level, and hence spoils the experiment sensitivity.
The capability of discriminate the background events is
thus of great important for this kind of search.

B. The choice of the isotope

The choice for the best isotope to look for 0⌫�� is the
first issue to deal with. From one side, the background
level and the energy resolution need to be optimized.
From the other, since the live-time of the experiment can-
not exceed some years, the scalability of the technique,
i. e. the possibility to build a similar experiment with en-
larged mass and higher exposure, is also fundamental.
This translates in a series of criteria for the choice of the
isotope:

• high Q-value (Q��). This requirement is proba-
bly the most important, since it directly influences
the background. The 2615 keV line of 208Tl, which
represents the end-point of the natural gamma ra-
dioactivity, constitutes an important limit in terms
of background level. Q�� should not be lower than
⇠ 2.4MeV (the only exception is the 76Ge, due
to the extremely powerful detection technique, see
Sec. VID). The ideal condition would be to have it
even larger than 3270 keV, the highest energy beta
among the 222Rn daughters (238U chain), coming
from 214Bi;

• high isotopic abundance. This is a fundamental
requirement to have experiments with su�ciently

large mass. With the only exception of the 130Te,
all the relevant isotopes have a natural isotopic
abundance < 10%. This practically means that the
condition translates into ease of enrichment for the
material;

• compatibility with a suitable detection technique. It
has to be possible to integrate the isotope of inter-
est in a working detector. The source can either
be separated from the detector or coincide with it.
Furthermore, the detector has to be competitive in
providing results and has to guarantee the potential
for the mass scalability.

This results in a group of “commonly” studied iso-
topes among all the possible candidate 0⌫�� emitters.
It includes: 48Ca, 76Ge, 82Se, 96Zr, 100Mo, 116Cd, 130Te,
136Xe and 150Nd. Table V reports the Q-value and the
isotopic abundance for the mentioned isotopes.
From the theoretical side, referring to Eq. (42), one

should also try to maximize both the PSF and the NME
in order to get more strict bounds on m�� with the same
sensitivity in terms of half-life time. However, as recently
discussed in Ref. [176], a uniform inverse correlation be-
tween the PSF and the square of the NME emerges in
all nuclei (Fig. 14). This happens to be more a coin-
cidence than something physically motivated and, as a
consequence, no isotope is either favored or disfavored
for the search for the 0⌫��. It turns out that all isotopes
have qualitatively the same decay rate per unit mass for
any given value of m�� .
In recent time, also another criterion is becoming more

and more relevant. This is simply the availability of the
isotope itself in view of the next generations of 0⌫�� ex-
periments, which will have a very large mass. In fact,
once the 0⌫�� isotope mass for an experiment will be of
the order of some tons, a non negligible fraction of the
annual world production of the isotope of interest could
be needed. This is e. g. the case of 136Xe, where the re-
quests from the 0⌫�� experiments also “compete” with
those from the new proposed dark matter ones. The con-
sequences are a probable price increase and a long storage
for the isotope that needs to be taken into account.

C. Sensitivity

In the fortunate event of a 0⌫�� peak showing up in
the energy spectrum, starting from the law of radioactive
decay, the decay half-life can be evaluated as

t1/2 = ln 2 · T · " · N��

N
peak

(51)

where T is the measuring time, " is the detection e�-
ciency, N�� is the number of �� decaying nuclei under
observation, and N

peak

is the number of observed decays
in the region of interest. If we assume to know exactly
the detector features (i. e. the number of decaying nuclei,
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tions, but not reduce uncertainty to near zero. For that,
the best data are probably T1/2

0! themselves, the same
quantities one is trying to calculate. If the lifetimes are
measured in several nuclei, one can check directly
whether the calculations work, most simply by fixing
!m""" from one nucleus and seeing whether the other
lifetimes are correctly predicted. Of course, this assumes
that light-neutrino exchange rather than some other
mechanism is driving the decay.

VII. FUTURE PROGRAM

A. Previous experiments

Since the first direct observation of ""#2!$ in 1987
#Elliott et al., 1987$, decay rates in a number of other
isotopes have been measured, either directly or with
geochemical-radiochemical techniques. The work of Ro-
din et al. #2003, 2006$ has rekindled interest in the pre-
cise measurements of T1/2

2! . Barabash #2006a$, in a review
of the ""#2!$ experiments, has recommended average
T1/2

2! values, which we quote in Table II.

Here we note that because #2! is proportional to Q""
1 ,

whereas #0! is proportional to Q""
5 , #0! might be larger

than #2! if Q"" is small and geochemical measurements
of the decay rates that do not distinguish between
""#0!$ and ""#2!$ might still produce a competitive
limit on !m""". This is the case in 128Te, where the T1/2

0!

given in Table II produces a limit on !m""" #Bernatowicz
et al., 1993$ that is only slightly worse than the best limits
given in Table III. The nucleus 238U is another case
#Turkevich et al., 1991$ in which the radiochemical ex-
periment could not distinguish ""#0!$ and ""#2!$. 328U
decays to 238Pu, which in turn $ decays with a 87.7 yr
half-life. A sample of U salt had been stored for 33 yr
and was milked for its Pu content. By counting the 238Pu
$, the "" half-life was determined. Because of its low
Q"" the high observed decay rate #compared to the
theoretically predicted T1/2

2! $ has been interpreted as evi-
dence for ""#0!$. Unfortunately, the experiment is dif-
ficult to repeat because of the special nature of the
U-salt sample available to the experimenters.

The entire history of "" measurements up to about
2001, including ""#2!$, ""#0!$, and Majoron modes, can
be found in Tretyak and Zdesenko #2002$. The best ex-
periments to date have been in Ge. The Heidelberg-
Moscow #Klapdor-Kleingrothaus et al., 2001a$ and
IGEX #Aalseth et al., 2002a, 2004$ experiments have
provided the best limits on T1/2

0! by building detectors
with the lowest backgrounds.

B. Overview of the future program

In the inverted hierarchy with a mlightest near 0 meV,
!m""" will be near 20–50 meV. The T1/2

0! resulting from
this neutrino mass will be near 1027 yr with a resulting
count rate of few/#tonne yr$. On the other hand, if the
recent claim of !m"""%400 meV is borne out, the half-
life will be nearer to 1025 yr, with a count rate of a few
100/ #tonne yr$. A precision measurement #20% or bet-

TABLE II. A list of the values of T1/2
2! for various isotopes.

These values are recommended by Barabash #2006a$ as the
best interpretation of the experimental data. One should heed
the discussion in Barabash #2006a$ before using the values in a
quantitative way.

Isotope T1/2
2! #yr$ Isotope T1/2

2! #yr$

48Ca #4.2−1.0
+2.1$%1019 128Te #2.5±0.3$%1024

76Ge #1.5±0.1$%1021 130Ba EC-EC#2!$ #2.2±0.5$%1021

82Se #0.92±0.07$%1020 130Te #0.9±0.1$%1021

96Zr #2.0±0.3$%1019 150Nd #7.8±0.7$%1018

100Mo #7.1±0.4$%1018 238U #2.0±0.6$%1021

116Cd #3.0±0.2$%1019

TABLE III. A list of recent ""#0!$ experiments and their 90% confidence level #except as noted$ limits on T1/2
0! . The !m""" limits,

if provided, are those quoted by the authors, who each made choices about which calculated M0! to use.

Isotope Technique T1/2
0! !m""" #eV$ Reference

48Ca CaF2 scint. crystals &1.4%1022 yr '7.2–44.7 Ogawa et al. #2004$
76Ge enrGe det. &1.9%1025 yr '0.35 Klapdor-Kleingrothaus et al. #2001a$
76Ge enrGe det. #2.23−0.31

+0.44$%1025 yr #1($ 0.32±0.03 Klapdor-Kleingrothaus and Krivosheina #2006$
76Ge enrGe det. &1.57%1025 yr '0.33–1.35 Aalseth et al. #2002a$
82Se Thin metal foils and tracking &2.1%1023 yr '1.2–3.2 Barabash #2006b$
100Mo Thin metal foils and tracking &5.8%1023 yr '0.6–2.7 Barabash #2006b$
116Cd 116CdWO4 scint. crystals &1.7%1023 yr '1.7 Danevich et al. #2003$
128Te Geochemical &7.7%1024 yr '1.1–1.5 Bernatowicz et al. #1993$
130Te TeO2 bolometers &3.0%1024 yr '0.41–0.98 Arnaboldi et al. #2007$
136Xe Liquid Xe scint. &4.5%1023 yra '0.8–5.6 Bernabei et al. #2002$
150Ne Thin metal foils and tracking &3.6%1021 yr Barabash #2005$

aSee footnote 4 in Bernabei et al. #2002$.
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TABLE I. IBM-2 NMEs M (0ν) (dimensionless) for 0νβ−β− decay
with Argonne SRC, gV /gA = 1/1.269, and isospin restoration.

A 0+
1 0+

2

M
(0ν)
GT M

(0ν)
F M

(0ν)
T M (0ν) M

(0ν)
GT M

(0ν)
F M

(0ν)
T M (0ν)

48Ca 1.73 −0.30 −0.17 1.75 3.78 −0.27 −0.12 3.82
76Ge 4.49 −0.68 −0.23 4.68 1.95 −0.27 −0.09 2.02
82Se 3.59 −0.60 −0.23 3.73 0.92 −0.13 −0.05 0.95
96Zr 2.51 −0.33 0.11 2.83 0.04 −0.01 0.00 0.05
100Mo 3.73 −0.48 0.19 4.22 0.99 −0.13 0.05 1.12
110Pd 3.59 −0.40 0.21 4.05 0.46 −0.05 0.03 0.52
116Cd 2.76 −0.33 0.14 3.10 0.84 −0.09 0.03 0.93
124Sn 2.96 −0.57 −0.12 3.19 2.21 −0.41 −0.09 2.38
128Te 3.80 −0.72 −0.15 4.10 2.65 −0.47 −0.09 2.85
130Te 3.43 −0.65 −0.13 3.70 2.52 −0.45 −0.08 2.71
134Xe 3.77 −0.68 −0.15 4.05 2.19 −0.36 −0.06 2.35
136Xe 2.83 −0.52 −0.10 3.05 1.49 −0.24 −0.03 1.60
148Nd 2.00 −0.38 0.07 2.31 0.25 −0.05 0.01 0.29
150Nd 2.33 −0.39 0.10 2.67 0.40 −0.06 0.02 0.45
154Sm 2.49 −0.36 0.11 2.82 0.37 −0.04 0.01 0.41
160Gd 3.64 −0.45 0.17 4.08 0.76 −0.11 0.04 0.87
198Pt 1.90 −0.33 0.09 2.19 0.08 −0.02 0.01 0.10
232Th 3.58 −0.44 0.18 4.04 0.12 −0.02 0.01 0.15
238U 4.27 −0.53 0.21 4.81 0.34 −0.05 0.02 0.40

where a = 1.59 fm−2, b = 1.45 fm−2, and c = 0.92. We write

M0ν = g2
AM (0ν),

M (0ν) = M
(0ν)
GT −

(
gV

gA

)2

M
(0ν)
F + M

(0ν)
T ,

(13)

with the ratio gV /gA explicitly displayed in front of M
(0ν)
F .

A. 0νββ decay with light neutrino exchange

In Table I, we show the results of our calculation of the
NMEs to the ground state, 0+

1 , and the first excited state,
0+

2 , broken down into GT, F, and T contributions and their
sum according to Eq. (13). The parameters of the IBM-2
Hamiltonian used in this calculation are those given in Table
XXIII of Ref. [5] (with the exception of 154Gd, whose
parameters are given in Ref. [18]).

When compared with the matrix elements without the
restoration [5], we see a considerable reduction of the F matrix
elements to values comparable to those of the shell model. The
overall reduction in M (0ν) is ∼15%. Our results are compared
with QRPA-Tü with isospin restoration (Argonne SRC) [11]
and the ISM (UCOM SRC) [19] in Table II and Fig. 3.

The reduction in the Fermi matrix elements M
(0ν)
F brought

in by the isospin restoration is shown in Table III where the
quantity χF = (gV /gA)2M

(0ν)
F /M

(0ν)
GT is shown for the old and

new calculations and compared with QRPA without (old) and
with (new) isospin restoration, and with the ISM. Our isospin-
restored Fermi matrix elements are comparable to those of the
ISM, but are a factor of 2 to 3 smaller than the isospin-restored
QRPA-Tü results. This may be due to the fact that in both

TABLE II. Comparison among NMEs for 0νβ−β− decay to
the ground state, 0+

1 , in IBM-2 with Argonne SRC, gA = 1.269,
and isospin restoration; QRPA-Tü with Argonne SRC, gA = 1.27,
and isospin restoration [11]; and ISM with UCOM SRC and gA =
1.25 [19]. All matrix elements are in dimensionless units.

Decay M (0ν)

IBM-2 QRPA-Tü ISM

48Ca → 48Ti 1.75 0.54 0.85
76Ge → 76Se 4.68 5.16 2.81
82Se → 82Kr 3.73 4.64 2.64
96Zr → 96Mo 2.83 2.72
100Mo → 100Ru 4.22 5.40
110Pd → 110Cd 4.05 5.76
116Cd → 116Sn 3.10 4.04
124Sn → 124Te 3.19 2.56 2.62
128Te → 128Xe 4.10 4.56 2.88
130Te → 130Xe 3.70 3.89 2.65
134Xe → 134Ba 4.05
136Xe → 136Ba 3.05 2.18 2.19
148Nd → 148Sm 2.31
150Nd → 150Sm 2.67
154Sm → 154Gd 2.82
160Gd → 160Dy 4.08
198Pt → 198Hg 2.19
232Th → 232U 4.04
238U → 238Pu 4.81

IBM-2 and ISM the model space is rather restricted, while in
QRPA several major shells are included.

B. 0νββ decay with heavy neutrino exchange

These matrix elements can be simply calculated by re-
placing the potential v(p) = 2π−1[p(p + Ã)]−1 in R(k1,k2,λ)

by the potential vh(p) = 2π−1(memp)−1. Table IV gives the
corresponding matrix elements. The index “h” distinguishes
these matrix elements from those with light neutrino exchange.
Our results are compared with results of QRPA-Tü [21] and
the ISM [22] in Table V.

IBM 2
QRPA Tü
ISM
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Th

U
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7

Neutron number

M
0
ν

FIG. 3. (Color online) IBM-2 isospin-restored results for
0νβ−β− decay compared with QRPA-Tü [11] and the ISM [19].
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Aims of this work


To obtain a better understanding of the relation 

between IBM and SM.


To use an isospin-invariant version of the IBM.


To study the influence of neutron-proton pairing 

on double-beta decay. 





Nucleon-pair shell model (NPSM)


Pairs of fermions





Basis states for 2n nucleons in NPSM





Isospin-invariant formulation: J -> JT.


Matrix elements can be calculated with a 

recursive technique.


Use of this overcomplete & non-orthogonal basis 

requires diagonalization of overlap matrix.



Pj1 j2JM
+ = aj1

+ × aj2
+( )M

J( )
≡ PαJM

+

α1J1…αnJn;L2…Ln ≡ ! Pα1J1
+ ×Pα2J2

+( )
L2( )
×Pα3J3

+( )
L3( )
×!×PαnJn

+
#

$
%

&

'
(

Ln( )

O

J.-Q. Chen, Nucl. Phys. A 562 (1993) 218; 626 (1997) 686


Y. Zhao and A. Arima, Phys. Reports 545 (2014) 1


G.J. Fu et al., Phys. Rev. C 87 (2013) 044310





Collective subspace


Collective pairs of fermions








Collective basis states for 2n nucleons








Dimension of the collective subspace much smaller 

than that of the full shell-model space, ω<<Ω.






BJM
+ = α j1 j2

J aj1
+ × aj2

+( )M
J( )

j1 j2

∑

J1…Jn;L2…Ln ≡ ! BJ1
+ ×BJ2

+( )
L2( )
×BJ3

+( )
L3( )
×!×BJn

+
#

$
%

&

'
(

Ln( )

O



Effective operators


Let HP be the collective subspace, HQ the 

excluded space and H=HP+HQ the full SM space.


The method of Lee-Suzuki defines an operatorη 

that maps states in HP to states in HQ such that





For small nucleon numberηcan be calculated 

exactly






η̂ P̂ Ek( ) = Q̂ Ek , k =1,…,ω, Ek ∈H

ηri = IΩ − b
T ×b( )× !ET × d −1( )ri , r =1,…,Ω, i =1,…ω

K. Suzuki & S.Y. Lee, Prog. Theor. Phys. 64 (1980)





Mapping to bosons


Map fermion pairs to bosons








Basis states for n bosons








Corresponding NPSM basis is not orthogonal. 

Mapping is based on the diagonalization of the 
overlap matrix. 







BJM
+ = α j1 j2

J aj1
+ × aj2

+( )M
J( )

j1 j2

∑ ⇒ bJM
+

bi
n ≡ ! bJ1

+ ×bJ2
+( )

L2( )
×bJ3

+( )
L3( )
×!×bJn

+
#

$
%

&

'
(

Ln( )

o

P. Löwdin, J. Chem. Phys. 18 (1950) 365





Mapping to boson operators


For the mapping to 1+2-body boson operators we 

need the correspondence for n=1 & n=2:











This is known as a `democratic mapping’ and avoids 

the hierarchy of states in OAI.


Boson operators are defined through



L.D. Skouras et al., Nucl. Phys. A 516 (1990) 255



bi
n T̂ b bj

n = Bi
n T̂ f Bj

n

n =1: BJM ⇒ bJM

n = 2 : Bi
2 ⇒ bi

2 = cij
j=1

ω

∑ bj
2



Application to 0νββ decay


Shell-model Hamiltonian in the pf shell:



Modified Kuo-Brown KB3G


Collective separable approximation to it



Shell-model 0νββ–decay operator defined via 
its matrix elements:


M0νββ =M0νββ

GT −
gV
gA

"

#
$

%

&
'

2

M0νββ
F +M0νββ

T

A.  Poves et al., Nucl. Phys. A 694 (2001) 157


M. Dufour and A.P. Zuker, Phys. Rev. C 54 (1996) 1641


J. Menéndez et al., Phys. Rev. C 93 (2013) 014305





Mapping to boson models


1.  Bosons with J=0 (s) and J=2 (d) and isospin T=1. 

This is an isospin-invariant version of IBM.


2.  In addition a boson with J=1 (p) and isospin T=0. 

This to probe the importance of isoscalar 
correlations in 0νββ decay. This will be 
referred to as p-IBM.



We map


original SM operators -> IBMb (bare)


effective SM operators -> IBMe (effective)





A=44 energy spectra
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FIG. 1. Four-nucleon spectra for T = 2, T = 1, and T = 0, corresponding to low-lying levels in the nuclei 44Ca, 44Sc, and
44Ti. The left column (dashed blue) shows all levels obtained with the bare Hamiltonian in the collective subspace constructed
from S and D pairs. The middle column (dotted red) shows the same for S, D, and P pairs. The right column shows the
low-energy levels obtained in the shell model with the KB3G interaction; the ones that are exactly reproduced with an e↵ective
Hamiltonian in the SD and SDP subspaces are drawn in dash-dotted purple and those that are reproduced in the SDP
subspace in dotted red.

plied to A = 42, leads to hskT̂ b
1,��ksi = �11.395 and

hdkT̂ b
1,��kdi = �15.179. No 0⌫�� transition occurs be-

tween P pairs with T = 0, and hence hpkT̂ b
1,��kpi = 0.

The two-body part of the 0⌫�� operator is specified by
the reduced matrix elements hb1b2; JTfkT̂ b

2,��kb01b02; JTii.
For the Ti = 2 ! Tf = 0, Ti = 1 ! Tf = 1, and
Ti = 2 ! Tf = 0 transitions the p boson can contribute
while the Ti = 2 ! Tf = 2 transitions are independent of
the p boson.

The total 0⌫�� operator, both in the IBMb and
p-IBMb, and their e↵ective versions, the IBMe and
p-IBMe, is completely specified by the reduced matrix
elements hb1b2; JTfkT̂ b

2,��kb01b02; JTii. Of course, similar
mappings can be executed for separate pieces of the 0⌫��
operator, such as its Gamow-Teller part. The e↵ective-
operator theory of Suzuki and Lee [24] ensures that the
transition matrix elements between eigenstates in the re-
stricted Hilbert space HP coincide exactly with those be-
tween some of the eigenstates in the complete Hilbert
space H.

We conclude this and the previous subsection by re-
emphasizing that the formalism developed in this paper
allows us to derive a boson Hamiltonian and, in general,
boson operators that exactly reproduce the properties of
a subset of the shell-model eigenstates of all two- and
four-nucleon systems.

C. Results for the energies

We now turn to systems with more nucleons and con-
sider nuclei for which a shell-model calculation is feasible
in the complete Hilbert space, in order to compare its re-
sults with those of the IBM. Our procedure incorporates
no A dependence into the IBM operators, so that we have
neither the mass-dependent structure coe�cients ↵�

�1�2

mentioned earlier nor a dependence of the IBM Hamilto-
nian on the boson number n and isospin T , which is dis-
cussed in Refs. [39, 40]. Not only is it di�cult to combine
the two e↵ects but in addition the (n, T )-dependence as
derived in Refs. [39, 40] applies only to a seniority-based
mapping, the generalization of which to an arbitrary sys-
tem of bosons is not obvious. For the purpose of this pa-
per, therefore, we propose the following heuristic method
to obtain an A-dependent IBM Hamiltonian and, in gen-
eral, A-dependent IBM operators.

As explained in Subsec. VIA, for a given bosonic sys-
tem (e.g., sd or sdp) the mapping defines a bare bo-
son Hamiltonian Ĥb

b—obtained from the bare fermion

Hamiltonian—as well as an e↵ective one Ĥb
e . The for-

mer underbinds the two-boson system, when compared
with the shell-model result for four nucleons, while the
latter exactly reproduces the shell-model binding energy.
In the use of these Hamiltonians for systems with more
bosons, we have consistently found that, for a given bo-
son number n, angular momentum J , and isospin T , Ĥb

b
underestimates the corresponding (positive) shell-model
binding energy and Ĥb

e overestimates it. Therefore, al-
though we have no formal proof of it, we conjecture the



A fly in the ointment


The mapped IBM Hamiltonian is obtained from 

A=42 and A=44.


To obtain an A-dependent IBM Hamiltonian, we 

use the following property:








This suggests the use of an (n,T)-dependent boson 

Hamiltonian of the form





with x an (n,T)-dependent parameter.



Ĥe
b

n,J ,T
≤ Ĥ f

2n,J ,T
≤ Ĥb

b

n,J ,T

Ĥ b = xĤe
b + 1− x( ) Ĥb

b



A=46 energy spectra
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FIG. 2. Spectra of the A = 46 nuclei 46Ca (T = 3) and 46Ti (T = 1). The shell-model spectrum (SM) is produced by
the KB3G interaction with six nucleons in the pf shell. The IBM spectra, with three bosons (sd or sdp), is produced by a
Hamiltonian interpolated between the bare Ĥb

b and the e↵ective Ĥb
e (see text).

following inequalities:

hĤb
e in,J,T  hĤ fi2n,J,T  hĤb

b in,J,T , (52)

where hĤ fi2n,J,T is the lowest eigenvalue, for a given nu-
cleon number 2n, angular momentum J , and isospin T ,
of the shell-model Hamiltonian in the complete Hilbert
space H. These inequalities suggest the use of an (n, T )-
dependent boson Hamiltonian of the form

Ĥb = xĤb
b + (1� x)Ĥb

e , (53)

with x an (n, T )-dependent parameter between 0 and 1
that we consider adjustable, to be determined by a com-
parison with the spectrum of the shell-model Hamilto-
nian in the complete Hilbert space H. By construction
x = 0 for n = 2 bosons and we expect x to increase with
increasing n and T .

Figure 2 shows spectra of nuclei with mass number
A = 46; and the results of the interpolation procedure
can be called satisfactory. The panels in the figure are la-
beled with the nuclei and spectra refer to their low-energy
levels with isospin T = |Tz|. Since isospin symmetry is
conserved in both the shell model and the IBM, the cal-
culated spectra in 46Ca and 46Ti are identical to those
of the mirror nuclei 46Fe and 46Cr. (Because both the
shell model and the IBM produce absolute energies, one
would need di↵erent Coulomb corrections in the mirror
nuclei.) The levels in 46Ca have isospin T = 3 and are
not a↵ected by the p bosons; the 46Ca spectra in IBM
and p-IBM are consequently identical. For the T = 1
levels of 46Ti, on the other hand, the IBM and p-IBM
yield di↵erent results. In the IBM a value of x can be
chosen such that the binding energies and the excitation
spectra are reasonably well reproduced. That is not the

case in the p-IBM: If x is adjusted to reproduce the shell-
model binding energy of 46Ti, then an unrealistic exci-
tation spectrum results, with a 0+-2+ energy splitting
that is far too low. This di�culty confirms our suspicion
that the isoscalar p boson does not play a vital role in
the spectroscopy of light pf -shell nuclei. Not only does it
render the mapping to the bosonic system more complex
but it also worsens the results of the simpler IBM. We
have, however, yet to examine its role in 0⌫�� decay.

Figure 3 shows spectra for nuclei with mass number
A = 48. The boson approximation clearly breaks down
in 48Ca, a fact that is unsurprising because the sub-shell
closure at neutron number N�28 should cause the struc-
ture of the collective pairs to change dramatically from
we constructed in A = 42 nuclei. The binding energy
of the 48Ca ground state is not badly wrong, however,
and that particular state, which consists mostly of eight
neutrons in the f7/2 shell but also includes correlations
from the p3/2, f5/2, and p1/2, may still be described well
enough to use in calculating the 0⌫�� matrix element.
The spectra for A = 48, however, again confirm our state-
ment p bosons do not improve spectra.

Finally, Fig. 4 shows spectra for nuclei with mass num-
ber A = 50. The neutron sub-shell closure at N = 28
causes problems again in 50Ti. Unlike in 48Ca, where
only T = 2 matrix elements enter the boson calculation,
the 50Ti, including its ground state, has structure that
depends on all boson matrix elements, including those
with T = 1 and T = 0. The many significant matrix ele-
ments might lead the IBM and p-IBM to overestimate the
degree of correlation in the 50Ti ground state. The same
seems to be true in the IBM, without p bosons for 50Cr.
We could improve the excitation energies in these nuclei,
if we wanted, by relaxing the requirement of matching
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FIG. 3. Spectra of the A = 48 nuclei 48Ca (T = 4), 48Ti (T = 2), and 48Cr (T = 0). The shell-model spectrum (SM) is
produced by the KB3G interaction with eight nucleons in the pf shell. The IBM spectra, with four bosons (sd or sdp), are
produced by a Hamiltonian interpolated between the bare Ĥb

b and the e↵ective Ĥb
e (see text).

FIG. 4. Spectra of the A = 50 nuclei 50Ti (T = 3) and 50Cr (T = 1). The shell-model spectrum (SM) is produced by with
the KB3G interaction with ten nucleons in the pf shell. The IBM spectra, with five bosons (sd or sdp), is produced by a
Hamiltonian interpolated between the bare Ĥb

b and the e↵ective Ĥb
e (see text).

the binding energies.

D. Results for 0⌫��-decay transitions

We turn finally to 0⌫�� matrix elements. Our main
interest at this point is a comparison of the results of the
shell model, as reported by Menéndez et al. [41], with
those of the IBM and p-IBM. The matrix elements de-
pend on the values of the interpolation parameter x in
the Hamiltonian in the initial and final nuclei. We can

also assign a similar parameter x�� to the 0⌫�� opera-
tor, that is we can use a linear combination of the bare
and e↵ective 0⌫�� operators the same way we do for
the Hamiltonian in Eq. (53). Here we make the sim-
plest choice for x�� , setting it equal to the average of the
Hamiltonian xs in the initial and final nuclei.

The results for the total 0⌫�� matrix elements are
shown in Fig. 5. Because isospin is conserved in the shell
model and in the IBM, transition rates for mirror sets of
nuclei (e.g., 44Ca ! 44Ti and 44Ti ! 44Cr) are equal and
we show the matrix elements for only one of them here
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FIG. 3. Spectra of the A = 48 nuclei 48Ca (T = 4), 48Ti (T = 2), and 48Cr (T = 0). The shell-model spectrum (SM) is
produced by the KB3G interaction with eight nucleons in the pf shell. The IBM spectra, with four bosons (sd or sdp), are
produced by a Hamiltonian interpolated between the bare Ĥb

b and the e↵ective Ĥb
e (see text).

FIG. 4. Spectra of the A = 50 nuclei 50Ti (T = 3) and 50Cr (T = 1). The shell-model spectrum (SM) is produced by with
the KB3G interaction with ten nucleons in the pf shell. The IBM spectra, with five bosons (sd or sdp), is produced by a
Hamiltonian interpolated between the bare Ĥb

b and the e↵ective Ĥb
e (see text).

the binding energies.

D. Results for 0⌫��-decay transitions

We turn finally to 0⌫�� matrix elements. Our main
interest at this point is a comparison of the results of the
shell model, as reported by Menéndez et al. [41], with
those of the IBM and p-IBM. The matrix elements de-
pend on the values of the interpolation parameter x in
the Hamiltonian in the initial and final nuclei. We can

also assign a similar parameter x�� to the 0⌫�� opera-
tor, that is we can use a linear combination of the bare
and e↵ective 0⌫�� operators the same way we do for
the Hamiltonian in Eq. (53). Here we make the sim-
plest choice for x�� , setting it equal to the average of the
Hamiltonian xs in the initial and final nuclei.

The results for the total 0⌫�� matrix elements are
shown in Fig. 5. Because isospin is conserved in the shell
model and in the IBM, transition rates for mirror sets of
nuclei (e.g., 44Ca ! 44Ti and 44Ti ! 44Cr) are equal and
we show the matrix elements for only one of them here
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Conclusions and open problems


Lee-Suzuki transformation is used to define an 

effective collective Hamiltonian.


In light nuclei (48Ca, 76Ge, 82Se):



Isospin invariance must be included in the IBM.


Isoscalar-pair bosons are not needed for energy 

spectra but they are important for ββ decay.


Open problems:



What is the boson-number dependence of the 
Hamiltonian?



How to couple this study to phenomenology?



P. Van Isacker, J. Engel & K. Nomura, arXiv:1708.05925 
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