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The exact Volkov solution
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The vector potential of this laser is
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In these variables, the Schrodinger equation is
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To find a solution
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Put this solution into the Schrédinger equation
leads to an equation of f(n) and g({)
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With the natural unit system

h=c=1
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A simpler guess

g(0) =1

Then the equation reduces to an equation of f(n)
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Method 1: Set that
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Then we will have an equation of G(n) and the solution is
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"G(n) = Tel!"dE—2—1

For any general function F(£),
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++: P. L. He, D. Lao, and Feng He,
Strong Field Theories beyond Dipole Approximations in Nonrelativistic Regimes,
PRL 118, 163203 (2017)



My Volkov solution

f) = e~V %iaF(y)
() = e V"% F(n) — iaF(n)]
') = e~ "% [F(n) — 2iaF' () — a’F(n)]

Put these back into the equation

]
5 "(n) + iaf'(n) — H(n)f(n) =0



F'(n) + |a® = 2H ()| F(n) =
With
B =2a &(n) = — 2H(n)
The equation becomes
F'(n) + ’iﬂ > + é’(?:r‘)] F(n) =0
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Define differential operator
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The 0t order equation
F(n) + % B2 Fm=0 — LF (n) =0

The 1% olrder equation
Fi'(n) + IBEF,(r;.-) = —EF(p) —E——) LF\(n) = — EF (n)
The 2" order equation
Fy(n) + %BEFEW) = — E(F,(n) — LFy(n) = — SFy(n)
The nt" order equation
LF,(n) = = &mF,_(n)
F,(n) = = L™ E(mF,_y(n)
= — L™ @=L~ EmF,_5(m)]

F,(n) = (- )"[L™'E]"F,
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Green s function of operatorL

The Green’ s of operator L satisfies
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Then we can find the G by taking inverse Fourier transform
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Then we can use this Green’ s function of L to calculate F_,
for example,

F,=—-L¢F
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The equivalence between 2 solutions?



Interaction Picture

The time dependent Schrodinger equation is
d
iﬁE ¥ (D) = H|¥(®) = (H, + H(D) | F(®))

Introduce
—iHgt -~
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Then
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Using the perturbation expansion,

[¥®) = 1PO)O + POV + | P0)P + ...
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Dipole Approximation

For the electromagnetic wave-hydrogen interacting Hamiltonian,
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For calculating the transition amplitude between state P (1) =

and any eigenstate of hydrogen atom |n> in interaction picture
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Consider the last term
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For the vector potential A is in the form of plane wave,

—

A = E‘AEI.(EF_MF}

For the wavelength of E.M. wave is much longer than the size of atom,
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One may show that

howo=E —E_



Consider the commutator
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And the matrix element of interacting hamiltonian is

A-P i(E, — E .
P En m)eﬁ?-(n|r|m}

(n|e |m) =

— E%A?- (n|7|m)

A .
—EE-(H[F m)

= —{(n|eF- E |m)

So, the approximation
Ei[k—r—mr} — E—imr

is called the dipole approximation.



Velocity gauge and Length gauge

Electric field and magnetic field are invariance under
the gauge transformation.

B=VXA=VxA’ E=———-Vgpg=——"-V¢'
it it

Within dipole approximation, the Hamiltonian

— a2
_p—qAQ) |
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H V(7F)

is called the Velocity gauge



I’:I+$}g ¢"=¢'—E
The length gauge is achieved by setting
xFt)=—7F- A1)
Then
A=A +Vy=A—-A=0
0X 0A
———0+—r APl =7 —
¢'=¢ Py | (] Fy

\Notice that the electric field



¢’ =-7r-E
o =—er-E

What’s wrong with the gauge invariance?



Thanks for listening



