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Missing wrapping modes, missing momenta

Geometric spaces in general do not allow all possible brane wrapping
modes.

Duality: wrapping <— momentum.
Occurs in locally non-geometric backgrounds (c.f. Dieter Liist's talk).

Local non-geometry = non-associativity [Blumenhagen, Plauschinn],
[List], [Blumenhagen, Deser, Liist, Plauschinn, Rennecke], [Mylonas, Schupp,
Szabo], ....
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NS-NS string duality chain

) Toy model T3 with H-flux [Kachru, Schulz, Tripathy, Trivedi]
T; T; T:
Hiog =5 Tloz =23 Q25 = R'B.

@ Generate globally non-geometric (Q-flux) and locally non-geometric
(R-flux) spaces.

e Uplift to M-theory? 4-d model with U-dualities (3 directions).

U .
Tlos =24 locally non-geometric .

@ Dependence on dual X, — Xj; coordinates.
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M-theory duality chain

e Start with “geometric flux’, e.g. NV3(N) x St
o Nilmanifold N3(N) = R3/ ~ with

(xl, X, x3) ~ (X1 +1, x?, x3) ~ (xl, X2, x3 + 1)

~ (xl — Nx3, X% +1, x3) .
Can choose metric
ds¥, = (dx + Nx?dx®) + ()% + () .
@ Parallelisable = well-defined 1-forms
el = dxt + Nx2dx3 e’ = dx?, e = dx3.

de’T = T’};ej/\ eE .

o Geometric flux: Tlos = M.
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Local non-geometry in M-theory

o U-duality along x2, x3, x4 gives
ds? = (14 Nsz) >/ [ (6?)° + (%) + (ox")’]

—+ (]_ —+ N)?34)1/3 (dX1)2 ,
NX34

— 2 dx® A dx3 A dx?
1+ N2ggy 0 NN

Ce) =

o (g, G3) patched by U-duality as X34 — X34 + 1.

Moy — gi+ CuGH G\ (g Q*
MN = i, glhghi ) =\ qi, kgl 4 qimg, K ) -

@ Non-geometric parameterisation:
d82 = (dx')? + () + (d3) + (), QP = —Nis.

o Well-defined up to Q gauge transformation: QU — Qik 4 3917kl
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Local non-geometry in M-theory

Characterised by M-theory R-flux

Generalised metric + generalised diffeos:
5eQUK = L.Qik — 3pliekl

RidkIm — 45U QKm] is spacetime tensor. (c.f. [Andriot, Hohm, Larfors,
Liist, Patalong])

Also appears in embedding tensor of 7-D gSUGRA.

° R4’1234 = N. ”
T123 234 R4’1234.

Beyond 4-d compactifications?
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Embedding tensor and non-geometric fluxes

Fluxes generate gaugings of lower-dim gSUGRAs.
4-D embedding tensor € 912 & 56 of E7(7).
Under GL(7),

91256 — 1 14535 100 140_¢ ®2-T_65224 ,®2-21_,
D28 ,D28, B21, D21, D224, D2 -Te d 1406
® 350D 114.

@ Construct from

133 — e'-c49,, Qbkc35,, Qikm T4
om— 0, €T, 07€21 5, 9;€21,, d€Ts.
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Locally non-geometric fluxes in M-theory

e E7(7) generalised metric + generalised diffeos:

3eQk = 1 Qlk — 39lighl
5£Ql_/klmn _ LngJklmn _ E61_/klmnpapq£q _ 6Q[Ukalm§n] )

@ Spacetime tensors

Ri,jk/m _ 4§iUlem] o elT[jek/m]inpqépqein’

A

.. A 1 ..
RY, = §,Q0" — iek,m,,,,q,am’mnqu +...,

R = éij"jk - 4e;’<§ie’Tj - 8e7i<§je7j )
Rijklmnp — 5[inklmnp] - 2Q[ijkélenp] 7

. 5 A 1 A . 1 1o
Rkl — g3[IQJ/</] + 5apqupqukl + ZQ[ukaqu/]pq.
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Non-unimodular geometric flux

Generate all R-fluxes from A3 x T# and S» x T°.
S» = R?/ ~ with

(x1, x2) ~ <X1 +e e X2> ,
@ Parallelisable = well-defined 1-forms

ei = dxy + Nxydxy

6‘2 = dX2 .

del = el N e? = H3:(S2) =0.

Non-compact x» direction: co-long cylinder.

Geometric flux: 7215 = N.
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Duality chains

@ Two kinds of U-duality acting in 7-d:

» U-duality taken along three directions (U3)
» U-duality taken along six directions (Us)

o Read off “Buscher rules” by acting on generalised metric.
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Duality chains

U U
912 7—123 234 R4’1234 156 R147,

U U
912 -,—12 234567 R4567 123 R

U: U U
56 Tll 234 Q234 125 R5 1234 _ R2,1345 267 R255

U
134 R2 —_ R266 — R277
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Missing wrapping modes

N3 x T* has missing wrapping modes
§ 3 o 1 i 7_ 7__ - E
0 eg e Ne’ = ydet (de' = T'el Ne"),
N3 closed, compact, orientable = w?3 = 0.
Similarly w23456 — /23457 _ |, 23567 _ |, 23467 _ ,, 14567 _

°
°
° W,2<K = wf(K =0 (e.g. from self-duality of N3 x T* under Ujns).
@ Dual to Freed-Witten anomaly in [IB (T with H-flux).

S» x T3 missing wrapping states

2

@ X“ non-compact.

12 12345 __ 12346 __ a2
o W =w =w =...= Wi, =0.

U-duality = missing momentum modes!
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Missing momenta

(W23 = w3456 — /23457 — /23467 — 23567 — |,/ 14567 — 2 — 3 =)
U U
Togl 224, ga1234 Uiss, pia.
o R%123% — N has ps = 0.

o R¥, =N has ps = p1 = 0.
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Missing momenta

(W23 = 23456 — /23457 _ /23467 _ ,;,23567 _
U 7,
Tyl U2y ga1234 Usse, pua

o R4 1234 __

° R14

= N has p; = 0.
= N has ps = p1 =0.

T3 1 U2zsser R4567 Y123, U2z R1234567
o R¥ = N has p; = ps = ps = p7 = 0.
R1234567

N has all p; = 0.
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Missing momenta

(W23 = w3456 — 23457 _ ;23467 _ 23567 _ /14567 — 2 — 3 — ()
U 7,
Tyl V24, ga1234 Uise, pua

o RH123% — N has ps = 0.
o R¥;, =N has ps = p; = 0.
T3 1 U2zsser R4567 U2z R1234567

o R¥7 = N has py = ps = ps = p7 =

N has all p; = 0.
Tl Uazq 234 Uizs s, R5,1234 p2,1345 Use7 Yaor, p2s5 Uizs s, p2 R26. RT,
Q 65
o R51234 _ _ p2,1345 _

R1234567

= N has pp = ps = 0.
e R?>5 = N has p, = ps = 0.

® R?=R%g=R*7; =N has py = p> = p3 = ps = ps = 0.
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Missing momenta

@ These can be summarised as:

RidkIm ()
(R —2Rs]) pi = 0,
R p; =0,

Rijklmnp pi = 0.

o In 4-d R*1234p, = 0 reduces to IIA strings as no DO-branes.

@ Matches expectations from non-associativity = minimal volume
element = no point particles.

@ In 4-d, this leads to 7-dim phase space = non-associativity based on
imaginary octonions.

@ More general consequences for non-associativity?
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Solutions rather than toy model.

@ Beyond Aj3, e.g. not parallelisable.
Geometric flux = 1st Chern class of U(1)-fibration.

@ New R-branes [Bakhmatov, Berman, Kleinschmidt, Musaev, Otsuki].

@ Topological result. More general derivation from EFT? Exceptional
cohomology controlling allowed momentum / winding states?

@ Implications for non-associative theories?
Higher-bracket structures, Lo,?
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Duality chains

@ Two kinds of U-duality acting in 7-d:
» U-duality taken along three directions (U3)

1 1
* M-theory =—% 1A =—% [IB

2
*  M-theory =% B

3
* M-theory ——% M-theory

» U-duality taken along six directions (Ug)
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Freed-Witten anomaly

e Dual 1I1B geometry: T® with H-flux, Hio3 = N.
o Freed-Witten: no wrapping states w123 = w!23% = =0,
@ M-theory <— IIB duality maps these to missing M-theory states.

@ N3 x T"is an F-theory description of the Freed-Witten anomaly.
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