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We present the full O(↵s) supersymmetric QCD corrections for gaugino annihilation and co-
annihilation into light and heavy quarks in the Minimal Supersymmetric Standard Model (MSSM).
We demonstrate that these channels are phenomenologically relevant within the so-called phe-
nomenological MSSM. We discuss selected technical details such as the dipole subtraction method
in the case of light quarks and the treatment of the bottom quark mass and Yukawa coupling.
Numerical results for the (co-)annihilation cross sections and the predicted neutralino relic density
are presented. We show that the impact of including the radiative corrections on the cosmologically
preferred region of the parameter space is larger than the current experimental uncertainty from
Planck data.
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I. INTRODUCTION

Today there is striking evidence for the existence of
a Cold Dark Matter (CDM) component in the universe,
coming from a large variety of astronomical observations
such as the rotation curves of galaxies, the inner mo-
tion of galaxy clusters, and the Cosmic Microwave Back-
ground (CMB), to name just a few. The Planck mission
[1] has measured the CMB with previously unparalleled
precision. These measurements, combined with the infor-
mation from WMAP polarization data at low multipoles
[2], allow to determine the dark matter relic density of
the universe to

⌦CDMh2 = 0.1199 ± 0.0027, (1.1)

where h denotes the present Hubble expansion rate in
units of 100 km s�1 Mpc�1.

The identification of the nature of CDM represents one
of the biggest challenges for modern physics. One pop-
ular hypothesis is the existence of a new weakly inter-
acting and massive particle (WIMP), which constitutes
(at least a part of) the CDM. Besides the lack of direct
experimental evidence, the biggest problem of this hy-
pothesis is the fact that the Standard Model of particle
physics (SM) does not contain a WIMP, since neutrinos
are too light and can only form hot dark matter. This is
a strong hint for physics beyond the Standard Model.

A well motivated example for an extension of the SM is
the Minimal Supersymmetric Standard Model (MSSM).
Under the assumption that a new quantum number, the
so-called R-parity, is conserved, the lightest supersym-
metric particle (LSP) is stable. In many cases the LSP is
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the lightest of the four neutralinos �̃0
1, which is a mixture

of the bino, wino, and two higgsinos, according to

�̃0
1 = Z1B̃B̃ + Z1W̃ W̃ + Z1H̃1

H̃1 + Z1H̃2
H̃2 , (1.2)

and is probably the most studied dark matter candidate.
The time evolution of the neutralino number density

n� is governed by a nonlinear di↵erential equation, the
Boltzmann equation [3]

dn�

dt
= �3Hn� � h�annvi

h

n2
� � �

neq
�

�2
i

, (1.3)

where the first term on the right-hand side containing
the Hubble parameter H stands for the dilution of dark
matter due to the expansion of the universe. The second
and third term describe the creation and annihilation
of neutralinos. Both of these terms are proportional to
the thermally averaged annihilation cross section h�annvi.
The creation is also proportional to the number den-
sity in thermal equilibrium neq

� , which for temperatures
T ⌧ m�, m� being the lightest neutralino mass, is ex-
ponentially suppressed via

neq
� ⇠ exp

n

�m�

T

o

. (1.4)

Therefore the creation rate drops to zero when the uni-
verse cools down. At some later point, the expansion of
the universe will finally dominate over the annihilation,
and the neutralino freezes out asymptotically.

Taking into account the possibility of co-annihilations
between the neutralino and the other MSSM particles,
the thermally averaged annihilation cross section can be
written as [4, 5]

h�annvi =
X

i,j

�ijvij
neq
i

neq
�

neq
j

neq
�

, (1.5)

where the sum runs over all MSSM particles i and j,
ordered according to m0 = m� < m1 < m2 < m3 etc.
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As can be seen from Eq. (1.5), co-annihilations can
occur not only if the LSP is involved, but also among
several of its possible co-annihilation partners. However,
depending on the exact MSSM scenario under consider-
ation, not all of these contributions are numerically rel-
evant. Indeed, by generalizing Eq. (1.4), the ratios of
the occurring equilibrium densities are Boltzmann sup-
pressed according to

neq
i

neq
�

⇠ exp

⇢

�mi � m�

T

�

. (1.6)

Consequently, only particles whose masses are close to
m� can give sizeable contributions. In the MSSM, rele-
vant particles can be light sfermions, in particular staus
or stops, or other gauginos.

Once the Boltzmann equation for the total number
density is solved numerically, the relic density is obtained
via

⌦�h2 =
m�n�

⇢crit
. (1.7)

Here, n� is the current neutralino number density after
the freeze-out, obtained by solving the Boltzmann equa-
tion, and ⇢crit is the critical density of the universe. The
theoretical prediction calculated in this way can be com-
pared with the experimental data, i.e. the limits given
in Eq. (1.1). This allows to identify the cosmologically
preferred regions of the MSSM parameter space. The ob-
tained constraint is complementary to information from
collider searches, precision measurements, direct and in-
direct searches for CDM.

The standard calculation of the relic density is of-
ten carried out by a public dark matter code, such as
micrOMEGAs [6] or DarkSUSY [7]. Both of these codes
evaluate the (co-)annihilation cross section at an e↵ec-
tive tree level, including in particular running coupling
constants and quark masses, but no loop diagrams. How-
ever, it is well known that higher-order loop corrections
may a↵ect the cross section in a sizeable way.

In order to ensure an adequate comparison with the
very precise cosmological data, the uncertainties in the
theoretical predictions have to be minimized. For a given
supersymmetric mass spectrum, the main uncertainty on
the particle physics side resides in the calculation of the
annihilation cross sections �ij , defined in Eq. (1.5), which
govern the annihilation cross section �ann and thus the
relic density ⌦�h2. It is the aim of the present work to
improve on this point in the context of gaugino1 (co-)
annihilation in the MSSM.

The impact of loop corrections on the annihilation
cross section and the resulting neutralino relic density
has been discussed in several previous analyses. The
supersymmetric QCD (SUSY-QCD) corrections to the

1
For clarification we stress that by gaugino we denote all neutrali-

nos and charginos.

annihilation of two neutralinos �̃0
1 into third-generation

quark-antiquark pairs have been studied in Refs. [8–10].
The corresponding electroweak corrections have been in-
vestigated in Refs. [11–13]. Further studies are based on
e↵ective coupling approaches [14, 15], including the co-
annihilation of a neutralino with a stau. SUSY-QCD cor-
rections to neutralino-stop co-annihilation can be found
in Refs. [16–18].

These analyses led to the common conclusion that
radiative corrections are non-negligible in the context
of relic density calculations, as they may influence the
resulting theoretical prediction in a sizeable way. In
particular, the impact of the corrections is in general
larger than the experimental uncertainty of the WMAP
or Planck data.

The aim of the present Paper is to extend the calcu-
lation of Refs. [8–10] to all gauginos in the initial and
all quarks in the final state. We present the full O(↵s)
corrections in supersymmetric QCD to the following an-
nihilation and co-annihilation processes of gauginos into
quark-antiquark pairs:

�̃0
i �̃

0
j ! qq̄, (1.8)

�̃0
i �̃

±

k ! qq̄0, (1.9)

�̃±

k �̃±

l ! qq̄ (1.10)

for {i, j} = {1, 2, 3, 4}, {k, l} = {1, 2}, and q =
{u, d, c, s, t, b}. The quark q0 in Eq. (1.9) is the down/up-
type quark of the same generation2 as the up/down-type
quark q. The corresponding Feynman diagrams at tree
level are shown in Fig. 1.

This Paper is organized as follows: In Sec. II we specify
the model framework, introduce our reference scenarios
and discuss the phenomenology of gaugino (co-) annihila-
tion. Sec. III contains technical details about the actual
cross section calculation. We will discuss the subtleties of
the dipole subtraction method for light quarks and the
treatment of the bottom quark mass and Yukawa cou-
pling. Aspects concerning the regularization and renor-
malization are kept rather short, as they can be found in
Ref. [17]. In Sec. IV we present our numerical results to
illustrate the impact of the one-loop corrections on the
cross section and the relic density, respectively. Finally,
our conclusions are given in Sec. V.

II. PHENOMENOLOGY OF GAUGINO
ANNIHILATION AND CO-ANNIHILATION

Throughout this analysis, we work within the
phenomenological MSSM (pMSSM)3, where the soft-
breaking parameters are fixed at the input scale Q = 1

2
In other words, the CKM-matrix is assumed to be diagonal in

this analysis.

3
Scenarios with important gaugino co-annihilations can, e.g., also

be found in models with anomaly mediation [19], which are, how-

ever, more constrained than our setup.
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where the first term on the right-hand side containing
the Hubble parameter H stands for the dilution of dark
matter due to the expansion of the universe. The second
and third term describe the creation and annihilation
of neutralinos. Both of these terms are proportional to
the thermally averaged annihilation cross section h�annvi.
The creation is also proportional to the number den-
sity in thermal equilibrium neq

� , which for temperatures
T ⌧ m�, m� being the lightest neutralino mass, is ex-
ponentially suppressed via
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n
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o
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Therefore the creation rate drops to zero when the uni-
verse cools down. At some later point, the expansion of
the universe will finally dominate over the annihilation,
and the neutralino freezes out asymptotically.

Taking into account the possibility of co-annihilations
between the neutralino and the other MSSM particles,
the thermally averaged annihilation cross section can be
written as [4, 5]

h�annvi =
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where the sum runs over all MSSM particles i and j,
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As can be seen from Eq. (1.5), co-annihilations can
occur not only if the LSP is involved, but also among
several of its possible co-annihilation partners. However,
depending on the exact MSSM scenario under consider-
ation, not all of these contributions are numerically rel-
evant. Indeed, by generalizing Eq. (1.4), the ratios of
the occurring equilibrium densities are Boltzmann sup-
pressed according to

neq
i

neq
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⇢
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T

�

. (1.6)

Consequently, only particles whose masses are close to
m� can give sizeable contributions. In the MSSM, rele-
vant particles can be light sfermions, in particular staus
or stops, or other gauginos.

Once the Boltzmann equation for the total number
density is solved numerically, the relic density is obtained
via

⌦�h2 =
m�n�

⇢crit
. (1.7)

Here, n� is the current neutralino number density after
the freeze-out, obtained by solving the Boltzmann equa-
tion, and ⇢crit is the critical density of the universe. The
theoretical prediction calculated in this way can be com-
pared with the experimental data, i.e. the limits given
in Eq. (1.1). This allows to identify the cosmologically
preferred regions of the MSSM parameter space. The ob-
tained constraint is complementary to information from
collider searches, precision measurements, direct and in-
direct searches for CDM.

The standard calculation of the relic density is of-
ten carried out by a public dark matter code, such as
micrOMEGAs [6] or DarkSUSY [7]. Both of these codes
evaluate the (co-)annihilation cross section at an e↵ec-
tive tree level, including in particular running coupling
constants and quark masses, but no loop diagrams. How-
ever, it is well known that higher-order loop corrections
may a↵ect the cross section in a sizeable way.

In order to ensure an adequate comparison with the
very precise cosmological data, the uncertainties in the
theoretical predictions have to be minimized. For a given
supersymmetric mass spectrum, the main uncertainty on
the particle physics side resides in the calculation of the
annihilation cross sections �ij , defined in Eq. (1.5), which
govern the annihilation cross section �ann and thus the
relic density ⌦�h2. It is the aim of the present work to
improve on this point in the context of gaugino1 (co-)
annihilation in the MSSM.

The impact of loop corrections on the annihilation
cross section and the resulting neutralino relic density
has been discussed in several previous analyses. The
supersymmetric QCD (SUSY-QCD) corrections to the

1
For clarification we stress that by gaugino we denote all neutrali-

nos and charginos.

annihilation of two neutralinos �̃0
1 into third-generation

quark-antiquark pairs have been studied in Refs. [8–10].
The corresponding electroweak corrections have been in-
vestigated in Refs. [11–13]. Further studies are based on
e↵ective coupling approaches [14, 15], including the co-
annihilation of a neutralino with a stau. SUSY-QCD cor-
rections to neutralino-stop co-annihilation can be found
in Refs. [16–18].

These analyses led to the common conclusion that
radiative corrections are non-negligible in the context
of relic density calculations, as they may influence the
resulting theoretical prediction in a sizeable way. In
particular, the impact of the corrections is in general
larger than the experimental uncertainty of the WMAP
or Planck data.

The aim of the present Paper is to extend the calcu-
lation of Refs. [8–10] to all gauginos in the initial and
all quarks in the final state. We present the full O(↵s)
corrections in supersymmetric QCD to the following an-
nihilation and co-annihilation processes of gauginos into
quark-antiquark pairs:

�̃0
i �̃

0
j ! qq̄, (1.8)

�̃0
i �̃

±

k ! qq̄0, (1.9)

�̃±

k �̃±

l ! qq̄ (1.10)

for {i, j} = {1, 2, 3, 4}, {k, l} = {1, 2}, and q =
{u, d, c, s, t, b}. The quark q0 in Eq. (1.9) is the down/up-
type quark of the same generation2 as the up/down-type
quark q. The corresponding Feynman diagrams at tree
level are shown in Fig. 1.

This Paper is organized as follows: In Sec. II we specify
the model framework, introduce our reference scenarios
and discuss the phenomenology of gaugino (co-) annihila-
tion. Sec. III contains technical details about the actual
cross section calculation. We will discuss the subtleties of
the dipole subtraction method for light quarks and the
treatment of the bottom quark mass and Yukawa cou-
pling. Aspects concerning the regularization and renor-
malization are kept rather short, as they can be found in
Ref. [17]. In Sec. IV we present our numerical results to
illustrate the impact of the one-loop corrections on the
cross section and the relic density, respectively. Finally,
our conclusions are given in Sec. V.

II. PHENOMENOLOGY OF GAUGINO
ANNIHILATION AND CO-ANNIHILATION

Throughout this analysis, we work within the
phenomenological MSSM (pMSSM)3, where the soft-
breaking parameters are fixed at the input scale Q = 1

2
In other words, the CKM-matrix is assumed to be diagonal in

this analysis.

3
Scenarios with important gaugino co-annihilations can, e.g., also

be found in models with anomaly mediation [19], which are, how-

ever, more constrained than our setup.
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Annihilation cross-section enhanced by up to 50% by radiative corrections
Corrections can lead to important shifts for preferred regions (e.g. ~200 GeV for mstop)

Effective Yukawa couplings (as e.g. in micrOMEGAs) very good approximation around Higgs-
resonances, but other sub-channels can be dominant (here: Z0/squark-exchange)
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FIG. 11. Scan in the M1–Mq̃3 plane in the vicinity of our example scenario. On the left hand side we show in green the total
contribution of corrected (co)annihilation processes. The favored region of parameter space by the one-sigma Planck results is
depicted in orange. On the right hand side a zoom-in is shown. The blue band shows additionally the favored Planck one-sigma
band taking into account the presented loop corrections.

FIG. 12. Relative contribution of the dominant (co)annihilation channels (left) and neutralino relic density (right) along a slope
in the M1–Mq3 plane in the vicinity of our example scenario. The slope is chosen such that the neutralino relic density (orange
solid line) obtained by the standard micrOMEGAs calculation exactly meets the central value of the limit given in Eq. (1.1). In
the right panel we show the relic density obtained by micrOMEGAs (MO), by our tree-level calculation of the relevant processes,
and by our one-loop calculation (NLO). We also indicate the relic density when taking into account one-loop corrections only
for the tt̄ final state, and only for tt̄ and tg final states. The upper and lower limits imposed by Eq. (1.1) are indicated by the
grey area. We show in addition the ratio between the stop and the neutralino mass (lower left) and the relative correction to
the neutralino relic density (lower right).

well as the derivation of the gluon wave-function renor-
malization constant. As in the case of a gluon in the final
state, not only soft, but also collinear divergences appear,
the one-cutoff phase-space slicing as used in Ref. [24] was
extended by using phase-space slicing with two cutoffs.
We have used the eikonal and the leading pole approxi-
mation in the soft and collinear limit, respectively, and
have shown in detail how the poles can be extracted
in this case. Further, we have demonstrated that this

method renders the real emission finite without being
cutoff dependent.

We have chosen a representative parameter point,
where we have shown that a scenario with an admixture
of neutralino pair-annihilation into quarks and coannihi-
lation meets the today’s limits regarding the relic density
constraint, the Higgs mass and low energy observables.
Further, this kind of scenarios with a light stop being
almost degenerate in mass with the neutralino LSP is

Relative corrections of up to 40-50% observed for the co-annihilation cross-section,
leading to a numerically important shift for the predicted neutralino relic density
(up to about 25% — more than Planck uncertainty!) 

Co-annihilation into SM-like Higgs and gluon most important (other final states generally subdominant)



Stop pair annihilation — electroweak final states

Coulomb corrections dominant for small values of pcm (Coulomb singularity),
while fixed-order corrections dominant for high-momentum region

12

FIG. 8. Tree level (black dashed line), micrOMEGAs (orange solid line), NLO (O(αs)) corrections (red solid line) and full
corrections of Sec. III (blue solid line) for selected channels in the scenarios of Tab. I. The upper part of each plot shows σv in
GeV−2 in dependence of the momentum in the center-of-mass frame pcm. The grey areas indicate the thermal distribution (in
arbitrary units). The lower parts of the plots show the corresponding ratios of the cross sections (second item in the legends).

Harz, Herrmann, Klasen, Kovařík, Meinecke — Phys. Rev. D 91: 034012 (2015) — arXiv:1410.8063 [hep-ph]
Harz, Herrmann, Klasen, Kovařík, Schmiemann — work in progress…
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FIG. 8. Tree level (black dashed line), micrOMEGAs (orange solid line), NLO (O(αs)) corrections (red solid line) and full
corrections of Sec. III (blue solid line) for selected channels in the scenarios of Tab. I. The upper part of each plot shows σv in
GeV−2 in dependence of the momentum in the center-of-mass frame pcm. The grey areas indicate the thermal distribution (in
arbitrary units). The lower parts of the plots show the corresponding ratios of the cross sections (second item in the legends).

Resulting relic density receives corrections of up to 40% (more important than Planck uncertainty!)



Application to direct detection
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Relative correction 
of up to 50%  

close to the “drop”

Effect of corrections to
DM-nucleon cross-section

and to relic density 
are of the same order

Relative correction 
of about 10 - 20%

Destructive interference
“higgsino-bino switch”
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Interlude — a few technical details

Loop diagrams include UV-divergent integrals → Renormalization!

Hybrid on-shell/DR renormalization scheme for the squark sector (3rd generation),  
which is applicable to all (co)annihilation processes
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Loop diagrams contain IR-divergencies (soft and/or collinear),  
which vanish when taking into account the real emission of a gluon (2→3 processes)

Dipole Subtraction Method and Phase Space Slicing  
Catani, Seymour (2001)

coll
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soft�
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B. Dipole subtraction method

As mentioned above, the real gluon emission shown in
Fig. 3 needs to be included in order to cancel the re-
maining infrared (IR) singularities in the virtual part of
the cross section [25]. However, this is not as straight-
forward as in the ultraviolet case, since the two contri-
butions reside in the di↵erential cross sections d�V and
d�R, which are integrated over di↵erent phase spaces.
Moreover, working in D = 4 � 2✏ dimensions, the soft
and collinear divergencies appearing in the virtual con-
tribution can be explicitly isolated and appear as single
and double poles, 1/✏ and 1/✏2, while the divergencies in
the real corrections arise from the phase space integration
over the gluon phase space. In addition, quasi-collinear
divergencies can appear in �R including large logarithmic
corrections of the form log(s/m2), which cancel against
logarithms of the same form in �V.

For these reasons, and generally speaking, a separate
numerical evaluation of the two phase-space integrations
in Eq. (3.1) cannot lead to numerically stable results.
There are two approaches to render both of these terms
separately infrared and collinear safe and therefore nu-
merically evaluable: The so-called phase-space slicing
method [39] and the dipole subtraction method [40–42].
In the present work, we shall use the latter, which we will
describe in the following.

The dipole subtraction method renders the integrands
in Eq. (3.1) seperately finite by adding and subtracting
an auxiliary cross section d�A. Using dimensional regu-
larization, this is done according to

�NLO=

Z

3



d�R
�

�

�

✏=0
� d�A

�

�

�

✏=0

�

+

Z

2



d�V +

Z

1

d�A

�

✏=0

,

(3.16)
where in the last term on the right-hand side the three-
particle phase-space integral is factorized into the two-
particle phase-space integral of �V and the integration
over the one-particle phase-space of the radiated gluon.
The auxiliary cross section d�A, acting as a local coun-
terterm for d�R, has to possess the same pointwise singu-
lar behavior as d�R and has to be analytically integrable
over the gluon phase space in D dimensions. Then, on the
one hand, d�A reproduces the potentially soft or collinear
singular terms in the real corrections, such that one ends
up with a convenient form for numerically performing the
three-particle phase-space integration in Eq. (3.16). On
the other hand,

R

1
d�A cancels all single and double poles

appearing in d�V in a way that the sum d�V +
R

1
d�A

is rendered finite even in the limit D ! 4. In addition,
d�A can be written in such a way, that it also cancels all
quasi-collinear divergencies.

The dipole contributions to the matrix elements |MR|2
of real corrections in the case of final state radiation can
be written in the general form

�

�MR
�

�

2
=

X

i,j

X

k 6=i,j

Dijk + · · · = Dgq,q̄ + Dgq̄,q + . . . .

(3.17)
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FIG. 4. The dipole structure for a 2 ! m+ 1 process.

This expression encodes the singular structure of the real
radiation matrix element as a summation over so-called
emitter-spectator pairs, singled out over the two Born-
level external particles in all possible ways, and the dots
stand for further infrared and collinear finite terms. Here,
i and j run over the final state particles connected to the
emitter through a splitting process as depicted in Fig. 4,
and k stands for the spectator particle, which is needed to
maintain conservation of gauge-group charges and total
momentum.

The general structure of the associated matrix element
of d�A can then be rewritten as

�

�MA
�

�

2
=

X

i,j

X

k 6=i,j

Dijk (3.18)

=
X

i,j

X

k 6=i,j

Vij,k(pi, p̃ij , p̃k) ⌦ �

�MB(p̃ij , p̃k)
�

�

2
.

The universal product form on the right hand side mimics
the factorization of |MR|2 in the soft and collinear limit.
It encodes the two-step process of the Born-level produc-
tion of an emitter-spectator pair with momenta p̃ij and
p̃k followed by the decay of the emitter described by Vij,k

as represented by the box in Fig. 5. The Vij,k are matrices
in color and helicity-space of the emitter and the symbol
⌦ stands for phase space convolution and possible helicity
and color sums between Vij,k and the exclusive Born-level
matrix element MB(p̃ij , p̃k). They become proportional
to the Altarelli-Parisi splitting functions in the collinear
region and to eikonal factors in the soft region [42, 43].

FIG. 5. Factorization of a 2 ! 3 process in the soft and
collinear limit.

In addition, Eq. (3.18) allows for a factorizable map-
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Evaluation of theoretical uncertainty by varying (unphysical) renormalization scale
— hybrid on-shell / DRbar renormalization scheme designed for neutralino (co-)annihilation
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FIG. 5. Scale dependence of neutralino-stop coannihilation into a top quark and a Higgs boson in Scenario B.

9

FIG. 4. Scenario B.

FIG. 5. Scale dependence of neutralino-stop coannihilation into a top quark and a Higgs boson in Scenario B.

sin ✓t̃

sin ✓b̃

J. Harz, B. Herrmann, M. Klasen, K. Kovařík, P. Steppeler — Phys. Rev. D 93: 114023 (2016) — arXiv:1602.08103 [hep-ph]

cos ✓t̃

cos ✓b̃

Ab

At



9

FIG. 4. Scenario B.

FIG. 5. Scale dependence of neutralino-stop coannihilation into a top quark and a Higgs boson in Scenario B.

Scale dependence and theoretical uncertainty

Scale uncertainty reduced at the 
one-loop level w.r.t. to tree-level
result (as expected)
 

— main effect from mixing angle  
     and trilinear coupling
 

— dependence of αs subdominant
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Within the scale uncertainty, 
the tree-level result agrees  
with the NLO calculation and  
the micrOMEGAs value

Evaluation of theoretical uncertainty by varying (unphysical) renormalization scale
— hybrid on-shell / DRbar renormalization scheme designed for neutralino (co-)annihilation
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Experimental improvements require more precise theory predictions for dark matter

Impact of corrections on the relic density more important than current exp. uncertainty 
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Analysis of the theory uncertainty shows that the relic density cannot always be predicted 
with a precision of 2% similarly to the experimental result
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