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Theoretical framework  
       for



  

Pion GPD
Definition, constraints and symmetry properties:



  

Pion GPD

Lorentz invariance
Positivity of Hilbert space norm

Relativistic Quantum mechanics

 Dinamical CSB

Definition, constraints and symmetry properties:



  

Pion GPD

Lorentz invariance
Positivity of Hilbert space norm

Relativistic Quantum mechanics

 Dinamical CSB

Focus here on polynomiality 
and positivity! 

Definition, constraints and symmetry properties:



  

Polinomiality
Mixed constraint between Lorentz invariance and discrete symmetries



  
[Muller et al., Fortschr.Phys. 42 (1994)101
[Radyshkin, Phys.Rev.D59(1999)014030;Phys.Lett.B499(1999)81

Double Distributions
A well fitted tool to encode GPD properties



  

Double Distributions
Relation to Generalized Parton Distributions

[Belitsky et al., Phys.Rev.D64 (2001)110062]



  

Positivity and overlap representation
Relation to Generalized Parton Distributions



  

Positivity and overlap representation
A first-principle connection to Light Front Wave Functions



  

Positivity and overlap representation
Advantages and drawbacks

Then:



  

GPDs in the Bethe-Salpeter 
and Schwinger-Dyson 

approach



  

GPD in the DSE-BSE approach
Evaluation via the triangle diagram approximation:
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Algebraic DSE-BSE inspired GPD model
Have to deal with DSEs and BSEs solutions: 
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A first intermediate step before dealing with numerical solutions: 
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Results for the pion GPD
Verification of the theoretical constraints:
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Results for the pion GPD
The form factor and the dimensionful parameter:

400

C. Mezrag et al., Phys. Lett. B190 (2015) 741



  

Results for the pion GPD
The parton distribution function:

0.40
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Results for the pion GPD
The off-forward (non-skewed) GPD:
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GPDs in the overlap 
approach

c.f. Cedric's hadronic tourte!!!



  

The overlap approach
First step: Pion Light Cone Wave Functions

N-partons LCWF for the hadron H

Let's consider the two-body pion LCWF:

BS wave function

S. Brodsky and G. Lepage, PRD 22,(1980) 



  

BS wave function

Keeping so contact with the 
previous “covariant” approach” 
based on DSE and BSE.

The overlap approach
First step: Pion Light Cone Wave Functions



  

The overlap approach
 Second step: DGLAP GPD from Light Front Wave Functions

Helicity-0 two-body pion LCWF:

GPD in the overlap approach:

ζ⩽x⩽1In DGLAP kinematics:

Helicity-1 component

In the pion 2-body case
x+ζ
1+ζx−ζ

1−ζ



  

The overlap approach
 Second step: DGLAP GPD from Light Front Wave Functions

Helicity-0 two-body pion LCWF:

GPD in the overlap approach:

ξ⩽x⩽1

x+ξ
1+ξ

x−ξ
1−ξ

Encoding the 
correlations of 
kinematical variables



  

The overlap approach
 Second step: DGLAP GPD from Light Front Wave Functions

Helicity-0 two-body pion LCWF:

GPD in the overlap approach:

0⩽x⩽1

Encoding the 
correlations of 
kinematical variables

1

Forward limit

H (x ,0,0) = q(x ) = 30 x2(1−x )2

0

Compares numerically 
very well with the results 
obtained from the Triangle 
diagram!!! 

PDF:



  

The overlap approach
 Second step: DGLAP GPD from Light Front Wave Functions

Helicity-0 two-body pion LCWF:

GPD in the overlap approach:

0⩽x⩽1

Encoding the 
correlations of 
kinematical variables

0

Within this simple approach, we got an analytical expression for 
the pion form factor:

Fπ (t ) =∫0

1

dxH (x ,0, t )
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The overlap approach
 Second step: DGLAP GPD from Light Front Wave Functions

Helicity-0 two-body pion LCWF:

GPD in the overlap approach:

0⩽x⩽1

Encoding the 
correlations of 
kinematical variables

0

Within this simple approach, we got an analytical expression for 
the pion form factor:

Fπ (t ) =∫0

1

dxH (x ,0, t )

⟨rπ
2⟩=−6 d

dt
F π(t )=

24

21M 2

M=√ 24
21 ⟨rπ

2 ⟩
=0.32GeV

rπ=0.672(8) fm
[PRD86(2001)10001]



  

The overlap approach
 Second step: DGLAP GPD from Light Front Wave Functions

Helicity-0 two-body pion LCWF:

GPD in the overlap approach:

0⩽x⩽1

0

Fπ (t ) =∫0

1
dxH (x ,0, t )

M=√ 24
21 ⟨rπ

2 ⟩
=0.32GeV

Very good agreement with 
the pion form factor 
experimental data when no fit 
is needed!!! 
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 Second step: DGLAP GPD from Light Front Wave Functions

Helicity-0 two-body pion LCWF:
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0

Encoding the 
correlations of 
kinematical variables

RL-inspired model:
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The overlap approach
 Second step: DGLAP GPD from Light Front Wave Functions

Helicity-0 two-body pion LCWF:

GPD in the overlap approach:

0⩽x⩽1

0

Encoding the 
correlations of 
kinematical variables

RL-inspired model:

z

1−2
3
z + 7

15
z2+...

The common ingredient to both 
approaches is the BSE amplitude, which 
fixes the way the kinematical variables 
correlate to each other.  

Both approaches are near 
consistent when the previous 
spurious correlations are 
properly removed!!!



  

The overlap approach
 Second step: DGLAP GPD from Light Front Wave Functions

Helicity-0 two-body pion LCWF:

GPD in the overlap approach:

0⩽x⩽1

0

Encoding the 
correlations of 
kinematical variables

3-d GPD plot 

ζ=0.51 GeV
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 Second step: DGLAP GPD from Light Front Wave Functions

Helicity-0 two-body pion LCWF:

GPD in the overlap approach:

0⩽x⩽1

0

Encoding the 
correlations of 
kinematical variables

3-d IPD GPD plot 

ζ=0.51 GeV
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Helicity-0 two-body pion LCWF:

GPD in the overlap approach:

0⩽x⩽1

0

Encoding the 
correlations of 
kinematical variables

3-d IPD GPD plot 

ζ=0.51 GeV

DSE-BSE approach
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The overlap approach
 Second step: DGLAP GPD from Light Front Wave Functions

Helicity-0 two-body pion LCWF:

GPD in the overlap approach:

0⩽x⩽1

Encoding the 
correlations of 
kinematical variables

In the full DGLAP region (parity in 
the skewness provides us with the 
information in                        )  −1<x<−ξ<0



  

The overlap approach
Third step: beyond DGLAP via Radon transform

Definitions and properies of the Radon transform:



  

The overlap approach
Radon transform: polinomiality and Ludwig-Helgason condition



  

The overlap approach
 Radon transform: from GPD DGLAP to the the whole GPD domain
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The overlap approach
 Radon transform: from GPD DGLAP to the whole GPD domain

The GPD is the Radon transform of the following DD in the Pobylitsa gauge:

For this particular simple algebraic model, the Pobylitsa DD can be analytically obtained!! 

Inverse Radon transform
DGLAP GPD



  

GPD in the ERBL domain

The overlap approach
 Radon transform: from GPD DGLAP to the whole GPD domain

The GPD is the Radon transform of the following DD in the Pobylitsa gauge:

GPD in the ERBL region

Radon transform

The Radon transform makes 
possible a covariant extension 
from DGLAP (overlap) GPD to 
the ERBL region!!! 



  

The overlap approach
 Radon transform: from GPD DGLAP to the whole GPD domain

Some results for t=0 of the the GPD both reconstructed numerically and obtained 
analytically:   



  

The overlap approach
 Radon transform: from GPD DGLAP to the whole GPD domain

Other (more phenomenologically inspired) example of LCWFs:

DGLAP overlap GPD

DGLAP overlap GPD
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The overlap approach
 Radon transform: from GPD DGLAP to the whole GPD domain

No analytical results in those cases, but a numerical reconstruction is possible 
(although, from a mathematically rigorous point of view, the problem is ill-posed) 

GPD numerically reconstructed:
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Conclusions:
Just made a few modest steps in a very long way!!!



  

Conclusions:
Just made a few modest steps in a very long way!!!

...much work in progress and to do!!!

                  Thank you.


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 65
	Slide 66
	Slide 67
	Slide 68
	Slide 69
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 77
	Slide 78
	Slide 79
	Slide 80

