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is the intersection of these two bands and represents the 68% likelihood contour,19 obtained
by treating the above two results as independent measurements. Repeating the exercise for
Nf = 2 + 1 and Nf = 2 leads to the green and blue ellipses, respectively. The plot indicates
a slight tension between the Nf = 2 + 1 + 1 and the nuclear β decay results.

Figure 8: The plot compares the information for |Vud|, |Vus| obtained on the lattice with
the experimental result extracted from nuclear β transitions. The dotted line indicates the
correlation between |Vud| and |Vus| that follows if the CKM-matrix is unitary.

4.4 Tests of the Standard Model

In the Standard Model, the CKM matrix is unitary. In particular, the elements of the first
row obey

|Vu|2 ≡ |Vud|2 + |Vus|2 + |Vub|2 = 1 . (67)

The tiny contribution from |Vub| is known much better than needed in the present context:
|Vub| = 4.13(49) · 10−3 [150]. In the following, we first discuss the evidence for the validity of
the relation (67) and only then use it to analyse the lattice data within the Standard Model.

In Fig. 8, the correlation between |Vud| and |Vus| imposed by the unitarity of the CKM
matrix is indicated by a dotted line (more precisely, in view of the uncertainty in |Vub|, the
correlation corresponds to a band of finite width, but the effect is too small to be seen here).
The plot shows that there is a slight tension with unitarity in the data for Nf = 2 + 1 + 1:
Numerically, the outcome for the sum of the squares of the first row of the CKM matrix
reads |Vu|2 = 0.980(9), which deviates from unity at the level of two standard deviations.

19Note that the ellipses shown in Fig. 5 of both Ref. [1] and Ref. [2] correspond instead to the 39% likelihood
contours. Note also that in Ref. [2] the likelihood was erroneously stated to be 68% rather than 39%.
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Motivation: Quark Flavour Physics
e.g tree level leptonic K decay:

Experimental measurement + theory prediction allows for  
extraction of CKM MEs
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Lattice QCD

• Lagrangian of massless gluons and almost massless quarks
• what experiment sees are bound states, e.g. mπ,mP ≫ mu,d

• underlying physics non-perturbative

Free parameters:
• gauge coupling g → αs=g2/4π
• quark masses mf = u,d,s,c,b,t

LQCD = �1

4
F a
µ⌫F

aµ⌫ +
X

f

 ̄f (i�
µDµ �mf ) f

Path integral quantisation:
h0|O|0i = 1

Z
R
D[U, ,  ̄]Oe�iSlat[U, , ̄]

finite volume, space-time grid (IR and UV regulators)
/ a�1/ L�1

→ well defined, finite dimensional Euclidean path integral
→ from first principles

4

h0|O|0i = 1
Z
R
D[U, ,  ̄]Oe� Slat[U, , ̄] Euclidean space-time  

Boltzmann factor



Lattice QCD 
• gauge-invariant regularisation (Wilson 1974)  

• finite volume lattice path integral still over large number of degrees  
of freedom > O(1010)  

• Evaluate discretised path integral by means of Markov Chain Monte Carlo  
on state-of-the-art HPC installations

Lattice QCD

formulate QCD on Euclidean discretised space-time
provides gauge-invariant regularisation wt. cut-off ∝ a−1

g, mf are only free parameters

observable in terms of expectation value of discretised path integral
⟨0|O|0⟩ = 1

Z

∫

D[U ,ψ, ψ̄]Oe−Slat[U ,ψ,ψ̄]

= 1
Z

∫

D[U]Õ∏
i
det(D +Mi)e−Slat[U]

Evaluate discretised path integral in finite volume by means of Monte
Carlo integration
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State of the art of lattice QCD simulations
What we can do
• simulations of QCD with dynamical (sea)  

u,d,s,c quarks with masses 
as found in nature

• bottom only as valence quark
• cut-off 
• volume

Nf = 2, 2 + 1, 2 + 1 + 1

a�1  4GeV
L  6fm

action density of RBC/UKQCD physical point DWF ensemble
Parameter tuning
start from educated guesses and:

• tune light quark mass aml such that  

• tune strange quark mass such that  

• determine physical lattice spacing 

am⇡

amP
=

mPDG
⇡

mPDG
P

am⇡

amK
=

mPDG
⇡

mPDG
K

a =
af⇡

fPDG
⇡

IMPORTANT: 
once the QCD-parameters  
are tuned no further 
parameters need to be fixed  
and we can make fully 
predictive simulations of 
QCD



benchmark - the hadron spectrum

Kronfeld, Ann. Rev. of Nucl. Part. Sci 2012 62
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“tree” kaon/pion decays
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f0 that occurs in the effective Lagrangian and represents the value of fπ in the chiral limit.
Although trading fπ for f0 in the expression for the NLO term affects the result only at
NNLO, it may make a significant numerical difference in calculations where the latter are
not explicitly accounted for (the lattice results concerning the value of the ratio fπ/f0 are
reviewed in Sec. 5.3).

[222]
[223]
[224]
[225]
[226]

Figure 7: Comparison of lattice results (squares) for f+(0) and fK±/fπ± with various model
estimates based on χPT (blue circles). The ratio fK±/fπ± is obtained in pure QCD including
the SU(2) isospin-breaking correction (see Sec. 4.3). The black squares and grey bands
indicate our estimates. The significance of the colours is explained in Sec. 2.

The lattice results shown in the left panel of Fig. 7 indicate that the higher order contri-
butions ∆f ≡ f+(0)− 1− f2 are negative and thus amplify the effect generated by f2. This
confirms the expectation that the exotic contributions are small. The entries in the lower part
of the left panel represent various model estimates for f4. In Ref. [226] the symmetry-breaking
effects are estimated in the framework of the quark model. The more recent calculations are
more sophisticated, as they make use of the known explicit expression for the Kℓ3 form fac-
tors to NNLO in χPT [225, 227]. The corresponding formula for f4 accounts for the chiral
logarithms occurring at NNLO and is not subject to the ambiguity mentioned above.17 The
numerical result, however, depends on the model used to estimate the low-energy constants
occurring in f4 [222–225]. The figure indicates that the most recent numbers obtained in this
way correspond to a positive or an almost vanishing rather than a negative value for ∆f . We
note that FNAL/MILC 12I [23] have made an attempt at determining a combination of some
of the low-energy constants appearing in f4 from lattice data.

4.3 Direct determination of f+(0) and fK±/fπ±

All lattice results for the form factor f+(0) and many available results for the ratio of decay
constants, that we summarize here in Tabs. 13 and 14, respectively, have been computed in
isospin-symmetric QCD. The reason for this unphysical parameter choice is that there are
only few simulations of SU(2) isospin-breaking effects in lattice QCD, which is ultimately

17Fortran programs for the numerical evaluation of the form factor representation in Ref. [225] are available
on request from Johan Bijnens.
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FLAG — Flavour Lattice Averaging Group
“What’s currently the best lattice value for a particular quantity?”

FLAG-1 (Eur. Phys. J. C71 (2011) 1695)

FLAG-2  (Eur. Phys.J. C74 (2014) 2890)  

FLAG-3 (Eur.Phys.J. C77 (2017) no.2, 112, http://itpwiki.unibe.ch/flag/ )
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• quantities: mu,d,s,c,b

fK/f⇡, fK⇡
+ (0), BK , SU(2) andSU(3) LECs

fD(s)
, fB(s)

, BB(s)
, B(s)� and D(s)�semileptonics

↵s

FLAG-4 kickoff meeting end of April at Higgs Centre for Theoretical Physics, Edinburgh 

• summary of results
• evaluation according to FLAG quality criteria (colour coding)
• averages of best values where possible
• detailed summary of properties of individual simulations

http://itpwiki.unibe.ch/flag/


“tree” kaon/pion decays
leptons semileptonic 
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Although trading fπ for f0 in the expression for the NLO term affects the result only at
NNLO, it may make a significant numerical difference in calculations where the latter are
not explicitly accounted for (the lattice results concerning the value of the ratio fπ/f0 are
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the SU(2) isospin-breaking correction (see Sec. 4.3). The black squares and grey bands
indicate our estimates. The significance of the colours is explained in Sec. 2.

The lattice results shown in the left panel of Fig. 7 indicate that the higher order contri-
butions ∆f ≡ f+(0)− 1− f2 are negative and thus amplify the effect generated by f2. This
confirms the expectation that the exotic contributions are small. The entries in the lower part
of the left panel represent various model estimates for f4. In Ref. [226] the symmetry-breaking
effects are estimated in the framework of the quark model. The more recent calculations are
more sophisticated, as they make use of the known explicit expression for the Kℓ3 form fac-
tors to NNLO in χPT [225, 227]. The corresponding formula for f4 accounts for the chiral
logarithms occurring at NNLO and is not subject to the ambiguity mentioned above.17 The
numerical result, however, depends on the model used to estimate the low-energy constants
occurring in f4 [222–225]. The figure indicates that the most recent numbers obtained in this
way correspond to a positive or an almost vanishing rather than a negative value for ∆f . We
note that FNAL/MILC 12I [23] have made an attempt at determining a combination of some
of the low-energy constants appearing in f4 from lattice data.

4.3 Direct determination of f+(0) and fK±/fπ±

All lattice results for the form factor f+(0) and many available results for the ratio of decay
constants, that we summarize here in Tabs. 13 and 14, respectively, have been computed in
isospin-symmetric QCD. The reason for this unphysical parameter choice is that there are
only few simulations of SU(2) isospin-breaking effects in lattice QCD, which is ultimately

17Fortran programs for the numerical evaluation of the form factor representation in Ref. [225] are available
on request from Johan Bijnens.
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|Vud|2 + |Vus|2 + |Vub|2 ⇡ |Vud|2 + |Vus|2
?
= 1

|Vus|fK0⇡�

+ (0) = 0.2163(5)
fK+

f⇡+

|Vus|
|Vud|

= 0.2758(5)
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(Continuation on the reverse page)

The plot compares the information for |Vud|, |Vus| obtained on the lattice with the experimental 
result extracted from nuclear b transitions. The dotted line indicates the correlation 

between |Vud| and |Vus| that follows if the CKM-matrix is unitary. 
From the Flavour Lattice Averaging Group (FLAG): Review of lattice results concerning  low-energy particle physics.
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Summary I

• (non-rare) Lattice QCD for Kaon Flavour Physics has matured 
(leptonic, semi-leptonic decays, kaon distribution amplitudes, 
hadronic kaon decay, …)  

• independent groups with different approaches competing  

• (sub-)percent precision for small set of quantities feasible in 
QCD 

• FLAG summarises particularly mature quantities in a way  
accessible/usable to the wider community



“Beyond Precision Lattice QCD”

treat jointly in lattice QCD+QED
�
exp.
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Go beyond factorisation
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Go beyond short distance physics
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Including QED in meson decay MEs

• most results in FLAG report based on QCD with ml=mu=md and αEM=0

• isospin breaking corrections computed in effective theory, e.g. ChPT  
based on factorisation of QCD and QED

• with 1% precision on QCD matrix elements isospin breaking  
needs to be taken into account properly  
 
                                 αEM ≈ 1/137       (mu-md)/ΛQCD ≈ O(1%)  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Isospin corrections are important
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QCD+QED
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QCD+QED Action:

• MC simulation of discretised theory
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Very lively research topic — important questions:
• photon is massless - what to do with zero mode?
• finite volume effects more severe (QCD’s mass gap ensures FVE              )  

for simple MEs
• dealing with IR divergencies 

/ e�m⇡L



QED zero mode

• QEDTL drop 4d zero mode Aμ(k=0)=0 Duncan, Eighteen PRL 76 3894 (1996)

• QEDL drop T 3d zero modes Aμ(k0, k=0)=0 for all k0 Hayakawa, Uno PRP 120 413 (2008)

• QEDγ introduce photon mass Endress et al. PRL 117 072002 (2016)

• C* boundary conditions Lucini et al. JHEP 02 (2016) 076  

(fields periodic in μ=i up to charge conjugation)  

each one has its pros and cons …

in the following QEDL

Feynman gauge  
photon propagator (discretised) �
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Finite volume effects for QCD+QED
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•no mass gap in QED (as opposed to QCD)

•Example: FV correction to scalar QED self energy
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Finite volume effects for QCD+QED
leading behaviour universal in 𝜅 (structure- and spin-independent)
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BMW Collaboration 
Science 347 (2015) 1452-1455 
arXiv:1406.4088

Figure 4: Zoomed view of Figure 3.

5

Southampton group: James Harrison  
data: scalar QED simulation  

curve: analytical formula
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Lot’s of work going on to analytically 
predict finite volume effects in the 
presence of photons 
(e.g. Lubicz et al. Phys.Rev. D95 (2017) no.3, 034504)

These predictions will be used to correct
for QED-induced finite volume effects

http://arxiv.org/abs/arXiv:1406.4088


Including QED in meson decay MEs

• leptonic decay at O(α0):
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• including elm. effects @ O(α) - we no longer speak in terms of the decay constant

�(⇡+ ! l+⌫l(�)) = �(⇡+ ! l+⌫l) + �(⇡+ ! l+⌫l�) IR div. cancel between 
terms on r.h.s. between 
virtual and real photons  

(Bloch Nordsieck)
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Beyond including QED effects in LQCD for spectra and a small number of 
hadronic matrix elements it gets quite tricky:

≣         Γ0                    +          Γ1



Including QED in meson decay MEs
• cut on small photon momentum < ∆E → γ sees point-like π 
∆E≈20MeV experimentally accessible and π “point like”, i.e. no structure

Carrasco et al. PRD 91 074506 (2015) arXiv:1502.00257
Lubicz eta l. PRD 95 (2017) arXiv:1611.08497

lattice and analytical  
finite V

analytically in V→∞ 

both terms separately IR finite, gauge invariant on its own

�(�E) = lim
V!1

(�0 � �pt
0 ) + lim

V!1
(�pt

0 + �pt
1 (�E))

Γ(π+→l+νl) Γ(π+→l+νlγ(∆E))

point approximation
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http://arxiv.org/abs/arXiv:1502.00257
http://arxiv.org/abs/arXiv:1611.08497


QCD+QED: first applications for ME
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• these finite volume effects are universal, i.e. structure independent  
 
they should therefore cancel in  

• O(1/L2) corrections are structure dependent

�0 � �pt
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Carrasco et al. PRD 91 074506 (2015) arXiv:1502.00257
Lubicz eta l. PRD 95 (2017) arXiv:1611.08497

http://arxiv.org/abs/arXiv:1502.00257
http://arxiv.org/abs/arXiv:1611.08497


QCD+QED: first applications for ME
• light flavour matrix elements fπ, fK, f+(0), …  

the way we do exp+th. analyses will change - reference to  
decay constants and form factors may disappear

• lattice predictions of leading hadronic contribution to muon g-2

• lattice (mu-md = 0, αEM = 0) is getting  
competitive with experimental determination  
(e+e-→hadrons))

• next step would be inclusion of isospin breaking  
effects

23

inclusion of QED effects will be one of the big challenges in  
Lattice phenomenology over the next years



Neutral kaon mixing - short distance

• SM kaon bag parameter here excellent agreement at the 1.3%-level
• results for BSM bag parameters B2, B3, B4, B5 also available → FLAG report
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Long distance effects in neutral kaon mixing

Long Distance effects amount to O(5%), so certainly worth considering on the lattice

two 4-quark OP
length scale 1/ΛQCD

single 4-quark OP,
length scale 10-18m               

Christ, Izubuchi, Sachrajda, Soni, Yu  
arXiv:1212.5931

1st order Weak 2nd order Weak

25



Long distance effects in kaon mixing: ΔMK

• experimentally ∆MK=3.483(6)⨉10-12MeV (PDG)  

• 2nd order EW, suppressed by 14 orders of 
magnitude with respect  
to QCD  → poses strong BSM constraints  
(e.g. (1/Λ)2              BSM contribution) knowing  
∆MK at 10%-level → Λ≥104TeV 

• SD about 70% of experimental value - rest LD?  

• PT large contributions at μ∼mc where PT turns  
out to converge badly (NLO->NNLO constitutes  
36% correction)

s̄ds̄d

Brod, Gorbahn PRL 108 121801 (2012) arXiv:1108.2036
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long distance effects:  
Rare kaon decays

Two new experiments dedicated to rare kaon decays  
NA62 (CERN) and KOTO (J-PARC) are running

• FCNC (W-W or γ/Z-exchange diagrams)
• deep probe into flavour mixing and SM/BSM  

due to suppression in the SM
• can determine Vtd, Vts and test SM

K+ π+W

u, c, t

s

u u

d

γ l+
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K+ π+

WW

⌫

u, c, ts

u

d
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s
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d

γ/Z
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compute in lattice QCD 

1.73(+1.15
�1.05)⇥ 10�10

0.911(72)⇥ 10�10

d
ddd

• 1-photon exchange LD dominated
• indirect contribution to CP-violating  

rare KL decay
• SM prediction mainly ChPT
• lattice can predict ME and LECs
• experimenters will be able to look at  

 these channels as well

K+ ! ⇡+l+l� KS ! ⇡0l+l� K+ ! ⇡+⌫⌫̄

• NA62 (CERN)
• CP conserving 
• exp. BR 

theory BR
• small LD contribution,  

candidate for lattice

ss

KL ! ⇡0⌫⌫̄

• KOTO (J-PARC)
• direct CP violation
• exp. BR 

theory BR
• GIM → top dominated and 

charm suppressed, purely SD
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3.0(3)⇥ 10�11



long distance effects

Integrate operators (here HW) over time interval where initial and final kaon dominate

K̄0 K0
HW HW

T

A = h0|T

8
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2

tBZ
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dt2
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tA

dt1HW (t2)HW (t1)K
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9
=

; |0i
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In previous examples generic situation is two Weak Hamiltonians separated  
by hadronic length scales



long distance effects — ΔMK

A = N2
Ke�MK(tf�ti)

X

n

hK̄0|HW |nihn|HW |K0i
MK � En

✓
�T � 1

MK � En
+

e(MK�En)T

MK � En

◆

amplitude irrelevant  
constant�mFV

K

exponential term  
needs to be subtracted

N. Christ et al. PRD 88 (2013) 014508  arXiv:1212.5931  
Bai et al. PRL 113 (2014) 112003  arXiv:1406.0916

�

FV
(�MK) = � cot (�(MK) + �0(MK))

d(�(E)+�0(E))
dE |E=MK |h ¯K0|HW |⇡⇡,MKiV0 |2

• finite volume corrections from two-particle intermediate state can be sizeable  
N. Christ et al. PRD91 (2015) 114510 arXiv:1504.01170 also: Briceno, Hansen arXiv:1502.04314

    extension of Lellouch-Lüscher correction to 2nd order weak MEs

• multiple hadrons in intermediate states causing difficulties  
and need to be subtracted π

π

π0,η,η’
K̄0

K̄0 K0

K0

• what happens when the two HW approach each other (GIM in action)?
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http://arxiv.org/abs/1212.5931
http://arxiv.org/abs/arXiv:1406.0916


      Rare kaon decays K+ ! ⇡+l+l�

Decay amplitude in terms of elm. transition form factor 

Ai = �GF↵

4⇡
Vi(z)(k + p)µūl(p�)�µ⌫l(p+) (i = +, S)

Vi(z) = ai + biz + V ⇡⇡
i (z)

• the aS and a+ can be extracted from experiment or lattice
• aS parameterises also the CP-violating contribution  

to the KL decay  

N. Christ et al. arXiv:1507.03094 
arXiv:1602.01374

Qq
1 =

�
s̄i�

L
µ di

� �
q̄j�

L
µ qj

�
, Qq

2 =
�
s̄i�

L
µ qi

� �
q̄j�

L
µ dj

�

LD contribution given through K→γ*  
contribution which is computed as 

K+ π+W

u, c, t

s

u u

d

γ l+

l-

Aµ = (q2)

Z
d4xh⇡(p)|T [Jµ(0)HW (x)] |K(k)i

dominant operators:
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Summary II
• considerable set of SM parameters, spectra and matrix elements now  

reliably and precisely predicted in full lattice QCD — “bread and butter”  

• results with good control over systematics summarised by  
Flavour Lattice Averaging Group (FLAG) (3rd edition is out)  

• New challenges in Flavour physics:
• precision on “bread and butter” such that isospin breaking  

in matrix elements and spectra needs to be taken into account
• long distance effects (neutral main mixing, rare kaon decays, …)

    loads of new questions and theoretical problems and potential  
    impact on SM and BSM phenomenology
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