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Modeling of heavy and very heavy nuclei

Main ingredients:

I Self-consistent mean-field

I Effective interaction / effective energy density functional

I Correlations ”beyond the mean field”
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Description of excited states

I single-particle excitations ⇒ blocked HFB

I rotational bands ⇒ cranked HFB

I small-amplitude shape vibrations ⇒ Random Phase Approximation (RPA)

I large-amplitude shape vibrations ⇒ Generator Coordinate Method (GCM)

I shape coexistence ⇒ Generator Coordinate Method

I Restoration of symmetries with projection methods is always a good idea
(selection rules, . . . )
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Indicators of (deformed) shell structure

Mass differences

Bender and Heenen, to be published

Spectra of bandheads
in odd-mass nuclei

Bender, Bonche, Duguet, Heenen, NPA723 (2003)

354

Moment of inertia

Bender and Heenen, J. Phys. Conf. Ser. 420

(2013) 012002
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Some noteworthy physics to expect
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Evolution of deformed shells with SLy4

Bender and Heenen, to be published

Z = 96 Z = 108
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Evolution of deformed shells with SLy4

Bender and Heenen, to be published

N = 152 N = 162
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Correlations beyond the mean field
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Collectivity-induced quenching of indicators of shell structure

−S2p(Z =50,N)/2

The global linear trend is taken out subtracting
N−82

2
[S2p(Z=50,N=50)−S2p(Z=50,N=82)]

using the spherical mean-field values

−S2n(Z ,N =50)/2

The global linear trend is taken out subtracting
N−50

2
[S2n(Z=28,N=50)−S2n(Z=50,N=50)]

using the spherical mean-field values

Bender, Bertsch, Heenen, PRC 78 (2008) 054312

M. Bender, IPN Lyon Description of properties of heavy and very heavy nuclei



charge radii: Experimental signatures of shape mixing

Bender, Bertsch, Heenen, PRC 78 (2008) 054312
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transition [17] allows the formalism of King to be used to
study the atomic properties of polonium by comparing
modified isotope shifts (see Fig. 2) [15]. The slope of this
so-called King plot is the ratio of the two F while the y
intercept is a linear combination of the MSMS from each
transition. The MSMS and F can also be calculated on
the basis of the Dirac-Coulomb-Breit Hamiltonian and a
Fermi-like distribution of the different isotopes. A series of
relativistic configuration interaction calculations have
been carried out with systematically enlarged wave func-
tion expansions within a restricted active space, including
the polarization of the electronic core and single and
double excitations into three additional layers of correla-
tion orbitals (n ¼ 8, 9, 10). Reasonable convergence with
the size of the wave functions was obtained, especially
for F, while the MSMS values appear more sensitive to
the details of the calculations. The results are shown in
Table II. The red dotted line in Fig. 2 displays the corre-
sponding relation according to the calculated parameters
and lies within 1! of the fitted trend. The good agreement
between the slope of the calculated parameters and that
of the fit shows the predictive power of the calculations
for F. The difference in the y intercept, however, raises
some questions on the theoretical accuracy of the calcu-
lated MSMS.

The "hr2i of the even-A isotopes 192–210;216;218Po were
extracted using those parameters and a 0.932 correction
for higher moments [22]. In order to take into account the
uncertainty of the different MSMS in the calculation, a
systematic error was introduced. It was deduced as the

difference between the "hr2i values using only the calcu-
lated atomic parameters for the 843.38 nm line and those
obtained via the King plot and the calculated atomic pa-
rameters from the 255.8 nm transition. The "hr2i (see
Table I) are compared with the predictions from the spheri-
cal FRDM [18] using the second parametrization from
Ref. [23] (see Fig. 3). On the neutron-deficient side, a
surprisingly large deviation from sphericity can be seen
starting from 198

114Po that becomes increasingly marked for
the lighter isotopes. The deviation is larger in magnitude
and occurs for larger neutron numbers than in the Z " 82
isotones. The data in the neutron-deficient radon and ra-
dium isotopes [24] do not extend far enough in the neutron-
deficient side to compare with the polonium isotopes.
In order to understand the unexpectedly large and early

deviation from sphericity in the polonium isotopes, the
"hr2i have been calculated using the same beyond mean
field method as in Refs. [25,26]. The most important
feature of the method for this study is that the ground-state
wave function is constructed as a superposition of mean-
field wave functions corresponding to a large set of axial
quadrupole deformations, projected on angular momentum
and particle number. The coefficients of the expansion
are determined by varying the energy corresponding to a
Skyrme energy density functional. The SLy4 Skyrme pa-
rametrization has been tested together with the effect of a
reduced pairing strength (SLy4#). Within this framework,
one cannot assign an intrinsic deformation to the wave
functions. Instead, they are a mixture of mean-field states
of different deformation and therefore different radii. In
general, deformed configurations have larger radii than
spherical ones. The two main effects that increase the radii
of neutron-deficient polonium isotopes, compared to the
global A1=3 trend set by spherical configurations, are the
spread of the collective wave function in deformation
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FIG. 3 (color online). (top) "hr2i for the even-Z isotopes from
platinum (Z ¼ 78) to radium (Z ¼ 88) [5,7,24,27,29–31]. The
solid black line represents the predictions from the spherical
FRDM [18] using the second parametrization from Ref. [23].
(bottom) Difference between the measured "hr2i to the spherical
FRDM. The dotted lines represent the beyond mean field calcu-
lations with the SLy4 and SLy4# (with reduced pairing) inter-
actions [25,26].
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FIG. 2 (color online). King plot between the transitions at
255.8 nm ([17], x axis) and at 843.38 nm (present work, y
axis) for 200–210Po. The solid line is a linear fit through the
data points; the dotted red line is the calculated relation from
the large-scale atomic calculation and lies within 1! of the fit.

TABLE II. Calculated atomic electronic factors F and specific
mass shifts MSMS.

Transition [nm] F [GHz=fm2] MSMS [GHz $ amu]

255.8 28.363 51
843.38 %12:786 %311

PRL 106, 052503 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

4 FEBRUARY 2011

052503-3

Cocolios, et al, PRL 106 (2011) 052503.
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Transition moments

Bender, Bonche, Duguet, Heenen, PRC 69 (2004) 064303.
Experiment: Grahn et al, PRL 97 (2006) 062501 I in-band and out-of-band E2 transition

moments calculated in the laboratory
frame, respecting selection rules

I full model space of occupied particles

I only occupied single-particle states
contribute to the kernels (”horizontal
expansion”)

I ⇒ no effective charges necessary

I no adjustable parameters

B(E2; J′ν′ → Jν) =
e2

2J′ + 1

+J∑
M=−J

+J′∑
M′=−J′

+2∑
µ=−2

|〈JMν|Q̂2µ|J′M′ν′〉|2

β
(t)
2 =

4π

3R2A

√
B(E2; J → J − 2)

(J 0 2 0 |(J − 2) 0)2e2
with R = 1.2 A1/3
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Coexistence in normal nuclei, exotic nuclei, and elsewhere

Heyde & Woods, RMP 83 (2011) 1467

for some rare-earth nuclei and nuclei in the Pb region (Girod
and Reinhard, 1982; Girod et al., 1989). A more detailed
study was carried out for the 190;192;194Hg nuclei by Delaroche
et al. (1989). Recently, the full solution of the collective
5DCH has been studied within constrained HFB theory based
on the Gogny D1S force. Studies in the Pb mass region have
been carried out (Libert, Girod, and Delaroche, 1999), and
also studying shell closure for light nuclei at N ¼ 16
(Obertelli et al., 2005) and for the N ¼ 20 and N ¼ 28
neutron-rich nuclei (Peru, Girod, and Berger, 2000) and the
role of triaxiality in the light Kr nuclei (Girod et al., 2009).
An overview of low-lying collective properties over the
whole mass region has been given, using the same methods,
by Delaroche et al. (2010).

A different approach was proposed by Walecka who de-
veloped a relativistic mean-field formulation (RMF)
(Walecka, 1974). A detailed discussion on the Lagrangians
used is given in several review papers (Serot and Walecka,
1986; Reinhard, 1989; Serot, 1992; Ring, 1996). A study
within the relativistic Hartree-Bogoliubov (RHB) framework
was performed specifically concentrating on shape coexis-
tence in the Pt-Hg-Pb nuclei (Nikšić et al., 2002). Within the
RMF approach, beyond-relativistic-mean-field studies were
performed recently, also incorporating configuration mixing
of mean-field wave functions projected onto angular momen-
tum J and particle number ðN; ZÞ, using the GCM approach,
restricting to axially symmetric systems (encompassing vi-
brational and rotational degrees of freedom) with applications
for 32Mg and 194Hg (Nikšić, Vretenar, and Ring, 2006a) (only
J projected) and for 24Mg, 32S, and 36Ar (J and particle
number projected) (Nikšić, Vretenar, and Ring, 2006b).
Even more general studies have been performed using pro-
jected states starting from triaxial quadrupole constraints on
the mean-field level with applications to the neutron-rich Mg
nuclei (Yao et al., 2009) as well as using the resulting three-
dimensional relativistic mean-field wave functions in a GCM
configuration mixing calculation (Yao et al., 2010) with
application for 24Mg. We mention that more restricted studies
of potential energy surfaces, aiming at the study of triaxial
ground-state shapes for the Sm and Pt nuclei, making use of
the three-dimensional RHB model have been performed
(Nikšić et al., 2010) also.

Relativistic mean-field theory was also used to extensively
study the 5DCH, starting from the relativistic energy density
functional, and applied to the even-even Gd nuclei (Nikšić
et al., 2009) and recently to the study of even-even Ba and Xe
nuclei (Li et al., 2010).

C. Similarities between shell-model and mean-field approaches

We come to the point that shell-model and mean-field
approaches, if technically possible, lead to much the same
physics. It seems clear that starting from a spherical mean
field only, and getting both the advantages and disadvantages
from the ensuing spherical closed-shell configurations near
stability, one inevitably runs out of computer capabilities.
Moreover, the model wave functions do not give genuine
physics insight (billions of components). Still, this approach
is a consistent and robust approach with strong predictive
power, such that systematic deviations between experiment

and theory have to be taken seriously and cannot be hidden by
parameter changes. On the other hand, making use of self-
consistent mean-field methods, one starts from an effective
nucleon-nucleon interaction in order to derive an optimized
deformed (quadrupole deformation, pairing, etc.) basis
j !ðqÞi. Whereas the shell-model space itself is a Hilbert
space, the set of Slater determinants constitutes a geometrical
surface within the Hilbert space [see Rowe and Wood (2010)
for a more detailed exposition]. The mean-field method
produces an energy surface which is semiclassical. As a
consequence and in order to reach results to be compared
with the data in nuclei, one needs to go beyond the mean-field
approximation. Here the technicalities of projecting from the
intrinsic frame to the lab frame, with good J; N; Z; . . . are
demanding when exploring the full space of the !, " quad-
rupole variables. Moreover, one has to take into account
mixing of the various intrinsic projected states in order to
arrive at the exact eigenstates. Calculations starting from a
spherical shell-model basis, or, using mean-field methods
(applied to the Mg, S, and Zr istopes) resulted in a strong
resemblance [see Reinhard et al. (1999) for a detailed
discussion]. A particular example is 40Ca for which both
the shell-model results (see Sec. II.A.1 and Fig. 1) and
beyond-mean-field calculations (Bender, Flocard, and
Heenen, 2003) are available.

III. MANIFESTATION OF COEXISTENCE IN NUCLEI

The occurrence of energy gaps, due to spherical shells or
subshells, and the mixing of the resulting proton and neutron
configurations are the essential ingredients to a unified view
of coexistence in nuclei. Figure 8 shows the regions of shape
coexistence that are discussed in this review and their location
with respect to magic numbers.

We present the experimental data that motivate this unified
view in a particular order. We first review mass regions for
which extensive data support the widespread and unequivocal
manifestation of shape coexistence, i.e., the regions centered

FIG. 8 (color online). The main regions of nuclear shape coex-
istence discussed in Sec. III are shown in relationship to closed
shells. Regions A, F: see Sec. III.B.1; regions B, C, D, and E: see
Sec. III.B.2; region G: see Sec. III.A.8; region H: see Sec. III.A.5;
region I: see Sec. III.A.3; region J: see Sec. III.A.2; region K: see
Sec. III.A.4; and region L: see Sec. III.A.1.

1476 Kris Heyde and John L. Wood: Shape coexistence in atomic nuclei

Rev. Mod. Phys., Vol. 83, No. 4, October–December 2011

Heenen, Bender, Bally & Ryssens, EPJ WoC 131 2016 02001
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Coexistence in normal nuclei, exotic nuclei, and elsewhere

Heyde & Woods, RMP 83 (2011) 1467
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and Reinhard, 1982; Girod et al., 1989). A more detailed
study was carried out for the 190;192;194Hg nuclei by Delaroche
et al. (1989). Recently, the full solution of the collective
5DCH has been studied within constrained HFB theory based
on the Gogny D1S force. Studies in the Pb mass region have
been carried out (Libert, Girod, and Delaroche, 1999), and
also studying shell closure for light nuclei at N ¼ 16
(Obertelli et al., 2005) and for the N ¼ 20 and N ¼ 28
neutron-rich nuclei (Peru, Girod, and Berger, 2000) and the
role of triaxiality in the light Kr nuclei (Girod et al., 2009).
An overview of low-lying collective properties over the
whole mass region has been given, using the same methods,
by Delaroche et al. (2010).

A different approach was proposed by Walecka who de-
veloped a relativistic mean-field formulation (RMF)
(Walecka, 1974). A detailed discussion on the Lagrangians
used is given in several review papers (Serot and Walecka,
1986; Reinhard, 1989; Serot, 1992; Ring, 1996). A study
within the relativistic Hartree-Bogoliubov (RHB) framework
was performed specifically concentrating on shape coexis-
tence in the Pt-Hg-Pb nuclei (Nikšić et al., 2002). Within the
RMF approach, beyond-relativistic-mean-field studies were
performed recently, also incorporating configuration mixing
of mean-field wave functions projected onto angular momen-
tum J and particle number ðN; ZÞ, using the GCM approach,
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brational and rotational degrees of freedom) with applications
for 32Mg and 194Hg (Nikšić, Vretenar, and Ring, 2006a) (only
J projected) and for 24Mg, 32S, and 36Ar (J and particle
number projected) (Nikšić, Vretenar, and Ring, 2006b).
Even more general studies have been performed using pro-
jected states starting from triaxial quadrupole constraints on
the mean-field level with applications to the neutron-rich Mg
nuclei (Yao et al., 2009) as well as using the resulting three-
dimensional relativistic mean-field wave functions in a GCM
configuration mixing calculation (Yao et al., 2010) with
application for 24Mg. We mention that more restricted studies
of potential energy surfaces, aiming at the study of triaxial
ground-state shapes for the Sm and Pt nuclei, making use of
the three-dimensional RHB model have been performed
(Nikšić et al., 2010) also.

Relativistic mean-field theory was also used to extensively
study the 5DCH, starting from the relativistic energy density
functional, and applied to the even-even Gd nuclei (Nikšić
et al., 2009) and recently to the study of even-even Ba and Xe
nuclei (Li et al., 2010).

C. Similarities between shell-model and mean-field approaches

We come to the point that shell-model and mean-field
approaches, if technically possible, lead to much the same
physics. It seems clear that starting from a spherical mean
field only, and getting both the advantages and disadvantages
from the ensuing spherical closed-shell configurations near
stability, one inevitably runs out of computer capabilities.
Moreover, the model wave functions do not give genuine
physics insight (billions of components). Still, this approach
is a consistent and robust approach with strong predictive
power, such that systematic deviations between experiment

and theory have to be taken seriously and cannot be hidden by
parameter changes. On the other hand, making use of self-
consistent mean-field methods, one starts from an effective
nucleon-nucleon interaction in order to derive an optimized
deformed (quadrupole deformation, pairing, etc.) basis
j !ðqÞi. Whereas the shell-model space itself is a Hilbert
space, the set of Slater determinants constitutes a geometrical
surface within the Hilbert space [see Rowe and Wood (2010)
for a more detailed exposition]. The mean-field method
produces an energy surface which is semiclassical. As a
consequence and in order to reach results to be compared
with the data in nuclei, one needs to go beyond the mean-field
approximation. Here the technicalities of projecting from the
intrinsic frame to the lab frame, with good J; N; Z; . . . are
demanding when exploring the full space of the !, " quad-
rupole variables. Moreover, one has to take into account
mixing of the various intrinsic projected states in order to
arrive at the exact eigenstates. Calculations starting from a
spherical shell-model basis, or, using mean-field methods
(applied to the Mg, S, and Zr istopes) resulted in a strong
resemblance [see Reinhard et al. (1999) for a detailed
discussion]. A particular example is 40Ca for which both
the shell-model results (see Sec. II.A.1 and Fig. 1) and
beyond-mean-field calculations (Bender, Flocard, and
Heenen, 2003) are available.

III. MANIFESTATION OF COEXISTENCE IN NUCLEI

The occurrence of energy gaps, due to spherical shells or
subshells, and the mixing of the resulting proton and neutron
configurations are the essential ingredients to a unified view
of coexistence in nuclei. Figure 8 shows the regions of shape
coexistence that are discussed in this review and their location
with respect to magic numbers.

We present the experimental data that motivate this unified
view in a particular order. We first review mass regions for
which extensive data support the widespread and unequivocal
manifestation of shape coexistence, i.e., the regions centered

FIG. 8 (color online). The main regions of nuclear shape coex-
istence discussed in Sec. III are shown in relationship to closed
shells. Regions A, F: see Sec. III.B.1; regions B, C, D, and E: see
Sec. III.B.2; region G: see Sec. III.A.8; region H: see Sec. III.A.5;
region I: see Sec. III.A.3; region J: see Sec. III.A.2; region K: see
Sec. III.A.4; and region L: see Sec. III.A.1.

1476 Kris Heyde and John L. Wood: Shape coexistence in atomic nuclei

Rev. Mod. Phys., Vol. 83, No. 4, October–December 2011

Heenen, Bender, Bally & Ryssens, EPJ WoC 131 2016 02001
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Configuration mixing for superheavy nuclei

Bender and Heenen, to be published
extension of Bender, Bertsch, Heenen, PRC 73 (2006) 034322 to heavier nuclei
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Modeling in progress

M. Bender, IPN Lyon Description of properties of heavy and very heavy nuclei



Mean-field-based models – Ongoing research

Construction of better effective interactions

I construction of better parameterizations of existing forms (which cannot
be pushed much further)

I construction of new forms of the nuclear EDF

I recognition of formal constraints on the form of the nuclear EDF

Refined modeling of the nuclear states:

I towards symmetry-unrestricted mean-field calculations

I explicit treatment of correlation effects
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Symmetry considerations

I quasiparticle excitations (and odd- and odd-odd nuclei in general)
⇔ broken time-reversal symmetry

I rotating nuclei (”cranking”) ⇔ broken time-reversal symmetry

I collectively rotating nuclei (”cranking”) ⇔ broken axial symmetry

I octupole correlations ⇔ broken parity

I rotating quasiparticle excitations ⇔ broken signature symmetry

Up to now, very few calculations combine broken time-reversal symmetry and
broken parity, or broken signature in addition to broken time-reversal symmetry.
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Known deficiencies: incorrect deformed shell closures

Bender and Heenen, J. Phys. Conf. Ser. 420 (2013) 012002

Nilsson diagrams of 250Fm
SLy4

standard spin-orbit
SkI3

modified spin-orbit
SkI4

modified spin-orbit
T44

tensor force added

I Nilsson diagram of protons (top) and neutrons (bottom) going from spherical
shape (left) to the prolate deformed ground state (right)

I different colours indicate different mean values of jz

I compare bunching of levels, not the details.
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Known deficiencies: incorrect deformed shell closures

Nilsson diagrams of 254No
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Known deficiencies: One-quasiparticle states in 249Bk and 251Cf
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I intruder levels (π 7/2[633] and ν 11/2[725]) misplaced in the spectrum (which
can be partially cured with local readjustment of the spin-orbit interaction, [Shi,
Dobaczewski, Greenlees, PRC 89 (2014) 034309]), but that’s not the only
problem.

Dobaczewski, Afanasjev, Bender, Robledo, Shi, NPA944 (2015) 388
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One-quasiparticle states (bandheads) in the N = 151 chain

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

]

7/2[514]
1/2[521]

EXPERIMENT (Z=99)

N= 146 148 150 152

7/2[633]

3/2[521]

154 156144

9/2[624]

1/2[400]

*

* *
*

*
*

*

The states with tentative configuration
 assignments are marked with asterisk(s)

1/2[620]

3/2[622]

5/2[622]

7/2[613]

1/2[631]

EXPERIMENT (N=151)

Z= 94 96 98 100

7/2[624]

1/2[7]
9/2[615]

9/2[734]

102 10492

* *
* *

*
*

*

*
*
*
*

*
*

The states with tentative configuration
 assignments are marked with asterisk(s)

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

]

7/2[514]

1/2[521]

SLy4 (Z=99)

5/2[512]

7/2[633]

9/2[505]

3/2[521]

5/2[642]

5/2[523]

3/2[651]

9/2[624]

1/2[400]1/2[505]

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

]

7/2[514]
1/2[521]

UNEDF2 (Z=99)

N= 146 148 150 152

5/2[512]

1/2[651]

7/2[633]

9/2[624]

3/2[521]

154 156144

5/2[642]

5/2[523]

1/2[400]

3/2[651] 11/2[505]

1/2[620]

1/2[750]

5/2[622]

7/2[613]

1/2[631]

SLy4 (N=151)

11/2[725]

3/2[622]

7/2[624]

7/2[743]

9/2[615]

9/2[734]

1/2[620]
11/2[725]

7/2[624]

UNEDF2 (N=151)

Z= 94 96 98 100

3/2[622]

1/2[770]

7/2[613]

9/2[615]

9/2[734]

102 10492

5/2[622]

1/2[631]

5/2[633]

7/2[743]

1/2[501]

-2

-1

0

1

2
O

n
e-

q
u

as
ip

ar
ti

cl
e 

 e
n

er
g

ie
s 

 [
M

eV
]

7/2[514]

1/2[521]

SLy4 (Z=99)

5/2[512]

7/2[633]

9/2[505]

3/2[521]

5/2[642]

5/2[523]

3/2[651]

9/2[624]

1/2[400]1/2[505]

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

]

7/2[514]
1/2[521]

UNEDF2 (Z=99)

N= 146 148 150 152

5/2[512]

1/2[651]

7/2[633]

9/2[624]

3/2[521]

154 156144

5/2[642]

5/2[523]

1/2[400]

3/2[651] 11/2[505]

1/2[620]

1/2[750]

5/2[622]

7/2[613]

1/2[631]

SLy4 (N=151)

11/2[725]

3/2[622]

7/2[624]

7/2[743]

9/2[615]

9/2[734]

1/2[620]
11/2[725]

7/2[624]

UNEDF2 (N=151)

Z= 94 96 98 100

3/2[622]

1/2[770]

7/2[613]

9/2[615]

9/2[734]

102 10492

5/2[622]

1/2[631]

5/2[633]

7/2[743]

1/2[501]

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

]

7/2[514]

1/2[521]

SLy4 (Z=99)

5/2[512]

7/2[633]

9/2[505]

3/2[521]

5/2[642]

5/2[523]

3/2[651]

9/2[624]

1/2[400]1/2[505]

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

]

7/2[514]
1/2[521]

UNEDF2 (Z=99)

N= 146 148 150 152

5/2[512]

1/2[651]

7/2[633]

9/2[624]

3/2[521]

154 156144

5/2[642]

5/2[523]

1/2[400]

3/2[651] 11/2[505]

1/2[620]

1/2[750]

5/2[622]

7/2[613]

1/2[631]

SLy4 (N=151)

11/2[725]

3/2[622]

7/2[624]

7/2[743]

9/2[615]

9/2[734]

1/2[620]
11/2[725]

7/2[624]

UNEDF2 (N=151)

Z= 94 96 98 100

3/2[622]

1/2[770]

7/2[613]

9/2[615]

9/2[734]

102 10492

5/2[622]

1/2[631]

5/2[633]

7/2[743]

1/2[501]

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

]

3/2[521]

1/2[521]
7/2[633]

5/2[642]

1/2[640]

7/2[514]

5/2[512]

9/2[624]

3/2[631]

11/2[505]

5/2[523]

1/2[521]

1/2[651]

9/2[505]

D1S (Z=99)

1/2[620]

7/2[624]

3/2[622]

5/2[622]

9/2[734]

1/2[501]

7/2[613]

9/2[615]

11/2[725]

1/2[770]

D1S (N=151)

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

]

3/2[521]

1/2[521]

D1M (Z=99)

7/2[633]

5/2[642]

1/2[640]

7/2[514]

5/2[512]

9/2[624]

3/2[631]

11/2[505]

5/2[523]

9/2[505]

1/2[651]

N= 146 148 150 152 154 156144

1/2[620]

7/2[624]

3/2[622]

5/2[622]

1/2[501]

7/2[613]

1/2[631]

9/2[615]

11/2[725]

1/2[631]

1/2[770]

D1M (N=151)

Z= 94 96 98 100

9/2[734]

102 10492

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

]

7/2[514]

1/2[521]

SLy4 (Z=99)

5/2[512]

7/2[633]

9/2[505]

3/2[521]

5/2[642]

5/2[523]

3/2[651]

9/2[624]

1/2[400]1/2[505]

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

]

7/2[514]
1/2[521]

UNEDF2 (Z=99)

N= 146 148 150 152

5/2[512]

1/2[651]

7/2[633]

9/2[624]

3/2[521]

154 156144

5/2[642]

5/2[523]

1/2[400]

3/2[651] 11/2[505]

1/2[620]

1/2[750]

5/2[622]

7/2[613]

1/2[631]

SLy4 (N=151)

11/2[725]

3/2[622]

7/2[624]

7/2[743]

9/2[615]

9/2[734]

1/2[620]
11/2[725]

7/2[624]

UNEDF2 (N=151)

Z= 94 96 98 100

3/2[622]

1/2[770]

7/2[613]

9/2[615]

9/2[734]

102 10492

5/2[622]

1/2[631]

5/2[633]

7/2[743]

1/2[501]

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

]

1/2[521]

1/2[651]

NL1 (Z=99)

9/2[505]

7/2[514]
3/2[521]

5/2[642]

3/2[651]

9/2[624]

1/2[530]
1/2[400]

7/2[633]

1/2[521]

1/2[400]

1/2[620]

1/2[7]

5/2[622]

7/2[613]

1/2[631]

NL1 (N=151)

11/2[725]

3/2[622]

7/2[624]

1/2[620]

9/2[615]

1/2[501]

1/2[501]

3/2[501]

7/2[743]

13/2[606]

1/2[631]

7/2[743]

9/2[734]

5/2[752] 1/2[501]

-2

-1

0

1

2

O
n

e-
q

u
as

ip
ar

ti
cl

e 
 e

n
er

g
ie

s 
 [

M
eV

] 9/2[505]

1/2[651]

NL3* (Z=99)

N= 146 148 150 152

9/2[505]

7/2[633]
7/2[514]

154 156144

5/2[642]

3/2[651]

9/2[624]

1/2[530]
1/2[400]

3/2[521]

1/2[521]

1/2[400]

1/2[620]

1/2[7]

5/2[622]

7/2[613]

1/2[631]

NL3* (N=151)

Z= 94 96 98 100

11/2[725]

3/2[622]

7/2[624]

1/2[620]

9/2[615]
9/2[734]

102 10492

1/2[501]

1/2[501]

1/2[631]

3/2[501]

3/2[622]
3/2[622]

Dobaczewski, Afanasjev, Bender, Robledo, Shi, NPA944 (2015) 388

M. Bender, IPN Lyon Description of properties of heavy and very heavy nuclei



Known deficiencies: fission barrier heights

I most Skyrme parameterizations
overestimate fission barriers . . .

I . . . although a few do well . . .

I and a very few even systematically
underestimate them.

Jodon, Bennaceur, Meyer, Bender, PRC94 (2016) 024355

M. Bender, IPN Lyon Description of properties of heavy and very heavy nuclei



Construction of better parameterizations: control of surface properties

I add constraint on surface tension to
the fit protocol

I (which requires understanding of the
ambiguities of its determination)

I fit of SLy5s1, SLy5s2, . . . SLy5s8 as
proof of principle.

Jodon, Bennaceur, Meyer, Bender, PRC94 (2016) 024355
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Construction of better parameterizations: control of surface properties

Ryssens, Bender, Heenen, unpublished

PoS(BORMIO2016)033

Symmetry-unrestricted Skyrme-mean-field study of heavy nuclei W. Ryssens

Figure 3: Fission barrier of 226Ra as a function of b20 for the SLy5sX functionals with X = 1, . . . ,8 with
HFB+LN pairing. Energy is relative to minimum of the deformation surface.

ergy landscapes can be attributed to slight differences in the properties of the effective interactions
used in both cases, in particular concerning shell structure and its change with deformation. There
is however no fundamental difference between both approaches.

Note that it cannot be assumed that the symmetry-restricted energy curve (the black line in
Fig. 2) corresponds to a physical fission path with higher symmetries, i.e. that it is a local mini-
mum in all non-constrained multipole degrees of freedom. In general, only the much more time-
consuming calculation of a multi-dimensional energy surface can answer this question. Similarly,
multi-dimensional calculations are sometimes needed to find the correct height of saddle points
when the calculated fission path jumps from one valley to another, which is signaled by discontinu-
ities in the non-constrained multipole moments. The calculation of deformation energy curves as
presented here, however, is sufficient to analyze the overall structure of a fission barrier and to iden-
tify the relevant shape degrees of freedom for such more detailed studies. Such multi-dimensional
studies are planned for the near future, and MOCCa is capable to carry them out.

6

Ryssens, Heenen, Bender, PoS (BORMIO2016) 033
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Construction of better parameterizations: how to improve shell structure

I better local control of single-particle structure possible,
Shi, Dobaczewski, Greenlees, PRC 89 (2014) 034309

I . . . but better global control of single-particle structure is difficult
Lesinski, M. B., Bennaceur, Duguet, Meyer, PRC 76 (2007) 014312

M. B., Bennaceur, Duguet, Heenen, Lesinski, Meyer, PRC 80 (2009) 064302

Kortelainen, Dobaczewski, Mizuyama, Toivanen, PRC 77 (2008) 064307

Kortelainen, McDonnell, Nazarewicz, Olsen, Reinhard, Sarich, Schunck, Wild, Davesne, Erler, Pastore, PRC 89 (2014) 054314

I . . . withing the existing forms of the nuclear EDF

I ⇒ new forms of the EDF are needed.

M. Bender, IPN Lyon Description of properties of heavy and very heavy nuclei



MOCCa: a new flexible HFB solver using coordinate-space representation

I coordinate space representation

I flexible description of shapes of the density
and the current distribution. At present, any
subgroup out of P̂, R̂x , ŜT

y , and T̂ is possible.

I high numerical precision obtained with
Lagrange-mesh techniques
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I multiple constraints on the shape of densities
and currents.

I HFB.

4. Numerical Implementation
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ŠT

y

 
(g)

n
P̂
o

(h) ;

Figure 4.2: Spatial degrees of freedom actually represented in MOCCa when using di↵erent generator sets.

44

W. Ryssens, Ph.D. thesis (Université Libre de Bruxelles, 2016).
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Fun with MOCCa: Broken-parity and broken time-reversal non-axial shapes

Example: rotational bands of 222Th and 223Th obtained in cranked HFB
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data: Marquart et al, PRC 95 (2017) 034304

Ryssens, Heenen, Bender, unpublished
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MOCCa: Broken signature and broken time-reversal non-axial shapes

Example: rotational bands build on two-quasiparticle states of 178Hf obtained in
cranked HFB

2qp K = 8 state, blocked protons
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Ryssens, Heenen, Bender, unpublished

I Low-lying states also change.

I as spins have more freedom to orient themselves, magnetic moments might be
sensitive (but should be calculated from projected states)
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Proof-of-principle: Symmetry-restoration for 251Md
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Bally, M. B., Heenen, unpublished
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Proof-of-principle: Symmetry-restoration for 251Md

Other observables:

I radii

I magnetic moments µ

I spectroscopic quadrupole moments Qs

I B(E2) values

I B(M1) values

J rrmsp rrmsn mu Q_s <Lz> <Sz> <Jz> J

(fm) (fm) (mu_N) e fm^2

-------------------------------------------------------------------------

7/2 5.8769 6.0193 1.4540 596.84 3.835 -0.335 3.500 3.501

9/2 5.8769 6.0194 1.8407 232.67 4.753 -0.253 4.500 4.500

11/2 5.8769 6.0194 2.2308 14.27 5.692 -0.192 5.500 5.500

13/2 5.8769 6.0194 2.6230 -127.63 6.644 -0.144 6.500 6.500

15/2 5.8770 6.0194 3.0164 -225.40 7.604 -0.104 7.500 7.500

17/2 5.8770 6.0195 3.4108 -295.86 8.570 -0.069 8.500 8.500

19/2 5.8771 6.0195 3.8057 -348.48 9.539 -0.039 9.500 9.500

21/2 5.8771 6.0196 4.2011 -388.91 10.512 -0.012 10.500 10.500

23/2 5.8772 6.0196 4.5968 -420.74 11.487 0.013 11.501 11.500

25/2 5.8773 6.0197 4.9928 -446.29 12.464 0.037 12.501 12.500

transition B(E2) M(M1)

(e^2 fm^4) (mu_N^2)

------------------------------------

9/2 -> 7/2 55214 2.6167 E-04

11/2 -> 7/2 11834 ---

11/2 -> 9/2 55760 3.9979 E-04

13/2 -> 9/2 21953 ---

13/2 -> 11/2 47809 4.8087 E-04

M. Bender, IPN Lyon Description of properties of heavy and very heavy nuclei



Take-away messages

I Many efforts underway to improve the description of the properties of
low-lying states in mean-field-based models

I construction of more general (less symmetry restricted) configurations
I improved parameterizations (better fit protocols)
I improved effective interactions (additional terms)

I projection on good quantum numbers restores selection rules for transitions

I configuration mixing (Generator coordinate method) might significantly
alter results for soft nuclei and/or nuclei exhibiting shape coexistence.
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