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I TASEP, ASEP, WASEP & KPZ



The asymmetric simple exclusion process (ASEP)

Continuous time Markov process
Detailed balance broken, irreversible

|P) = eM|Py)
M Markov matrix, non-Hermitian N = pL

particles
> clCIM=0 = Yc(ClF) =1

XXZ spin chain: _TM LA ~ Hyx7
. A:q1/2_|_q 1/2>1
L+1 1

Transfer matrix T(z) = trq[L,(2) ... Lo (2) L1 (2)]

(T(2)) =Y (CIT(2)|P) = 1+ ¢ 2F
C



WASEP and KPZ

1 4 : : : site 1t = xLL
WASEP ¢g=1 JI diffusive scaling {time ;= 7-L2/2
(1—q)t VL 23T p = 1/2 otherwise
Qi(t) - 4 Loco 2 <hA($’T)_hA($’O>+ 3 ) moving frame

e (Q;(t) net time-integrated current WASEP between sites i and ¢ + 1
e hy solution of the KPZ equation 8-h = 392h + A\(9zh)? + ¢

Scaling properties

2 3
§(2,7) = Vabé(z,7) = hy(z,7/A) = h1(Az, A°T)

A

Universal renormalization group flow
Edwards-Wilkinson — KPZ fixed point
A=20 A — 00

ASEP = TASEP
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I TASEP, ASEP, WASEP & KPZ

IT Infinite system

III Finite volume
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Bethe ansatz for ASEP on Z - ° o |o ole

N particles on Z, initial positions :1:?, final positions z; at time ¢

Solution of the master equation P;(x|x%) must verify

FPe(xx0) = YN (P(xx0) g1 + aPe(xX0) g g1 — (14 ) Pe(x,x0))
o Pi(...,z,z,...]x9) =0
o Po(x|x0) = 5X7X0

Solution (C.Tracy and H. Widom 2008)

Pt(X|X0)_Z 7{ dle ZN H 1_(1+Q)Z7j+qzzzj H x] xa(g) t(z —|—qzj—1 —q)
F(2im) V21 L 2N i< 1—(1+ q)z] + qz;2; =1
o(z)>o(9)
Infinite system: no Bethe equations

oceSN

TASEP ¢ =0: Y,cs, — det (G.M. Schiitz 1997)



q 1
Fredholm determinants ---e/ee/ejee .
C.Tracy and H. Widom 2008

_ . 0N L.._.0 1 . 4
Pt(X|X0) _ Z dzy - (j\,[ZN H 1—-(1+4+q)z + qzizy H Zj] Lo () et(zj +qzj—1—q)
seay 1O (2im) i< 1 - (14 q)z; + qziz; =1
o(i)>0(j)
Probability distribution m-th particle

e geometric sum over positions x1, ..., Tmym—1, Tym41, TN

e gO to large contours of integration: residues

25 T R

e step initial condition N — oo: algebraic identities = ||

ots)
1-(14q)zi+qzizj /)i j=1,....k

@)
1
e > o dzy ...dz, det(K(z;,2;)) = Fredholm determinant
k=0 " "“R

e Double product — Cauchy determinant det(

dx det( — gAK) 12,y 1 oz etz t4gz—1—q)

A Ag Dm K2 =

P(zm(t) < z) = T 2irl—(1+q)z+ qz2




Height fluctuations for droplet growth

Long time KPZ fluctuations: KPZ fixed point
TASEP g = 0: Johansson 2000 ASEP 0 < g < 1: Tracy-Widom 2009

Long time asymptotic analysis kernel = GUE Tracy-Widom

t
ﬂﬁm(r)—clt 61:1—2\/5
lim P 1 <s|=F = ot
ti>nc’>]o ( co t1/3 o S) GUE(S) m g co = 0'_1/6(1 — \/5)2/3

Finite-time KPZ fluctuations: universal renormalization group flow
WASEP: Sasamoto-Spohn 2010, Amir-Corwin-Quastel 2011
Replica KPZ equation: Dotsenko 2010, Calabrese-Le Doussal-Rosso 2010

Long time asymptotic analysis kernel:
weak asymmetry 1 — g ~ 3/t1/4

FB interpolating between Gaussian and Fgyg

Fj also appear for KPZ droplet time 7 = 33
trapped fermions




Multiple-point and multiple-time statistics

Multiple-point statistics: Airy processes

dA(u) :_A](\’[‘L>_|_W(u) A Hermitian N x N

u
Stationary distribution GUE

GUE Dyson’s Brownian motion

§j(u)
VN

d\; )\
Eigenvalues A1 < ... < Apn: éiu) 2&? Z ) - )\k(w

Aj NoN-Ccrossing Wlener processes

_|_

Av(2uN2/3) — 2y/N
Air rOCess: = |lim
Yo P -AQ(U) N oo N_1/6

h(t2/3z,t) — ct
KPZ droplet growth: lim ( nl) —c = Ar(z) — 22

t—00 at1/3

Multiple-time statistics: 7



III Finite volume

Sl = / (¢ )2 + 70(0))




Scaling properties finite volume KPZ equation

KPZ equation 9:h = vd2h + A(0zh)? + VD¢ 1e(5,0) = V?f_cg(az, )

Periodic interface x = x+{¢ = h, ) pe(z,7) = Xhl,l,l,f—g,Dé( 3 %5 ’7')
h (x, 03/2

One parameter family hy(x,7) = 1’1’1’6( * 7) r=x+1

Ve

Edwards-Wilkinson fixed point lim hy(x, V0 T)
_>

KPZ fixed point heo(z, 7)
o growth 7 — 0: 6h ~ 71/3 and 6z ~ 72/3 as in infinite system
e saturation  — oo: non-equilibrium steady state h~ 1 and dx ~ 1

Statistics hoo: finite volume analogues Tracy-Widom distributions ?



KPZ, CFT and phase separated regimes of ASEP
D. Karevski and G.M. Schutz 2017, G.M. Schutz 2017

Total current Q and activity A

<e>\62t+uAt> — Zc<c|etM(>\,u)|co>

N = pL
particles

u = 0: only current

e KPZ fluctuations \ ~ L—3/2

e Conformal regime A\ ~ L9 )\ > 0: large deviations higher current

e Phase Separated \ ~ LY, log g < A < O0: large deviations lower current



Bethe ansatz for ASEP

Eigenstates characterized by sets {ni,...,ny} of integers / half-integers
: : O)y __y N-1 N-3 N-3 N-1
Stationary state Fermi sea {n§ )} = {5 "5, T, )
—LiE Fermi momentum pg = 7N o

Spectral gap (Gwa-Spohn 1992, Kim 1995, Golinelli-Mallick 2004 )

EQN) N 1 1
SV =3 () and ) = B Bux)0)
-4 =1 1-y; 1-—qy;
with {y1,...,yn} solution of Bethe equations f(y;) = 7
TASER v () = 1og (1 — y) Lb o owith b—A=- % l0g “mean field”
1 1- 1 & 1y — i i
ASEP  f(y) = A+ log ( y) ~ 2% log (_y qyg> KPZ universality
yP 1 — qu L /= Y Yy — qy Extrapolation




Spectrum of TASEP

KPZ A=0

TASEP ¢ =0 L = 14 sites
N = 7 particles

A — oo:. free Fermions



One particle-hole spectrum of TASEP
k

KPZ AX=0 CFT A=1

Re(E(0) — E(k)) Re(E(0) — E(k))

il;_Q/B’

Luttinger liquid (imaginary time)

TASEP ¢q =0 L = 300 sites
N = 100 particles



Spectrum in the CFT regime

. Imbalance on right side of Fermi sea
Bethe roots z; =e'% =1 —y; A = (nb quasi-particles) — (nb holes)

10

Euler-Maclaurin formula

05

_ & pmt 1y (n+ Dsinc(mnp)
F(z) —m§1<m+1> m(pm + 1)

_ & pm+ 1y sinc(mmp) o,
H(Z)_mzj_l(m_l_l) pm + 1

E(\+ 272 ) .
i ('0(1—,0L) )L;:oo H(-e bmﬁ"’f

A — 00 = ¢; € one string

b(A\) — A = F( — e tO)

2 O2H( — e ()
By = (% + 212 A% — n(pr — pL) + in(1 — 2p)(pr +pL)> A <b”(>\) )




Spectrum at the KPZ fixed point

Nl
NIO1

_1
2

NIO1

I I 1
2 N =09 2 T2 T2

(PJH

A\

P~ | HT P| = |H]| H~ Pt

No imbalance |P¥| = |[HT|

Total momentum p= > k— > k
ke2rnP ke2mH

Euler-Maclaurin with square root singularities T
(2ik — 2v)3/2

— Lis/o(—e") (2ik — 2v)3/2
=(v) = — >
V2 ke%;ﬂ? 3 ke2rll 3
Fugacity KPZ regime s = \/p(l — p) AL3/2 v(s) solution of =/(v(s)) = s
(1 —2p)ip =(v(s))

E(A) —p(1 = p)AL >~ —

Universal scaling functions independent of density p: no parameter



Asymptotics of sums: Euler-Maclaurin formula

No singularity for f at O and 1: asymptotic expansion

5 FEEDY o ([ ausw) - $2 Beld+ D7) | 8 Bi(d+ DD
j=1 0

—1 —1
N =1 VN =1 /YN )
Logarithmic singularity: Stirling’s formula R
N :
j+d 1 ( V2 )
log (— ) ~ —N d+ s5)IogN + lo R
Py a () +(d+3)l0g N +109 (=27 ) +
Non-integer power: Hurwitz ¢ function
N . 00
J+dyv N ((—v,d+1) 1
) ~ R —1 ,d) =
j§1< ~ ) z/—|—1+ X + (v # —1) ((s,d) j;o G+ d)s

!

Triangle with non-integer powers: multi zeta functions Liy_ . (et2imd)
1—s

% gj(j+d)”(k+d’)”'=7 :V +V —V

j=1k=j+1

= ((-v,-V;d+1,d+1) + -V, -v; N+d +1, N+d) — ((-v,d+1)¢(-V, N+d' +1)



Accurate numerics: Richardson extrapolation
L.F. Richardson 1927

Integrable models: exact solutions & accurate numerics

Richardson extrapolation: extract asc from sequence aM

expansion apy Mioo 00 —|— M29 M39

“Deferred approach to the limit”: extrapolate f(x) = a1/, 1oz =0
from few values of M instead of large M

Bethe ansatz: finite size expansion in integrable models: 6 =1 (CFT)
6 =1/2 (KPZ)

Integral equations: groundstate energy 6-Bose/d-Fermi/Toda weak coupling

3/2
ep(1) 27— 5+ (- 1)12+075/2 = b~ —0.001587699865 ~ (342 1) L
ep(y) ~ w2/12 v/2—=~2/124+c~3 = ¢~ —0.0123402948369572 ~ —((3) /x4

eToda (V) ~ dv? = d ~ 3.35236412938821853512903205 ~:7?




Spectral gap KPZ renormallzatlon group flow

WASEP ]_—q:% — Egel(—f;) . \ ///
: %/”L’

00

Reduced Bethe roots w;
2w] 2w_j

yj ==l = o YN—j =~ —1— ~

w; — Zeroes of erfc
u—0

Truncated exponential fy;(z) = Zk 0( ,j)

“j

Zeroes z; = accumulate on Szegd curve

°J 1 29 with v zero of erfc
v 2 - - v .
M V2M g .

Quantum Wronskian Q(xz)P(z — p) — Q(z — p)P(x) = Ce%



Current fluctuations in the KPZ regime

Q;(t) time integrated current between sites 7 and i+ 1

Generating function

A0y = T EeM ey M) = e M) e Xije) = 3 a0
C j=1

Expansion over Bethe eigenstates

90 = ey (5100 (500 )

Large L asymptotics: universal KPZ regime p = l v =l A 28

5> t=127L3/2 — 73/2

R from deterministic hydrodynamics ¢t ~ L
Rfjat = Rstat = O Rstep — _|33|/2

Q) = Ly R4 XDV

Asymptotics eigenstates = (eSX(”"”T)> => ...
P,H



Effective field theory KPZ fixed point finite volume
P. 2016 Phys. Rev. Lett. 116:090601

-1
0~ (s)
@XD) =3 Al ¥ st = [T du (¢(0)2 + 7))
% -
Field o conjugate to the height constructed from particle / hole excitations

Lig/o(—e") . . _
o(v) = — — > V2ik—2v— )  V2ik—2v ==
V27 ke2rP ke2rH

p= >» k- > k total momentum
ke2nP ke2rH

/

5 1)1 7 11 7 11 35 13
2 22 2 N = o0 T2 2 2 22 2
P HT H~ P+
Measure for the summation over p, o:

_ V (P)?V (H)?
2 _P,Ha;{'w':'m” (41)2m ! (o1(5))
IP|=|H|=m

Initial conditions: step and stationary
flat — additional constraint P = H, extra factors of 1/2

V(A= [ (ik/4—iK'/4)

k>k'e2mA




Average density with step initial condition

0.4

0.2

- 27(0 (=, 7')>step

- Ramp 4+ shock at = /
- solution of Burgers

- equation at long time

- N
~N
N
B N

- Simulations L = 1000, N = 500
Averaging over 107 realizations

o(x,7) = 2V L(n;(t) — 3)
S sitei=(k+x)L




Stationary two-point function of the density

72/3(5(0,0)0(12/3y, 7))stat py

Prahofer-Spohn
scaling function

o(z,7) = 2VL(n;(t) — 5)

T =

Site 1 = xL

t
2L3/2

(0(0,0)0(x, 7))stat = ) _

p,¥

(ip)>e'P

690_1(0)/\/ 27

eST []

0.05

T = O.®4%/
_61/ ~
T=0. \ -0.05

Simulations L = 1024, N =512 -010
Averaging over 108 realizations




Current fluctuations with step initial condition

1/3 step

1or ((—x(0,7)/T/3)m2
S SENIPEEDEES S s e e
i I

05+ GUE Tracy-Widom cumulants
;_* — & — & ¢ —9——90——0o——¢——0¢o—0o—o o o e o o— 0n0:3
e — —————— T S G D - 1
i 0.2 04 0.6 0.8 1.0

p(z,07)

Qi —t/4 + |x|L/2

X(ZI?,T) — \/E/Q <es X(:I:,T)> — Z Seip:c eST[go]

sitei=(k+2x)L by
; o
_15F AT ®©® ® & | | | | | |® @ 57,3/2
- I © o e e o o & o o ¢ o o o o , . . n‘=1‘
- Simulations L = 1000, N = 500

Averaging over 107 realizations



Current fluctuations with flat initial condition

L0 ((—x(, ) /rt/3)mfat

05+ ® |® @ @ (& O |
I GOE Tracy-Widom cumulants
;—r—o———fap—:k— > ——eo——eo—0o—o—» ° ® ® ° ® —e
A A N S SRS A S AR SN AU S S S S —% T
i 0.2 0.4 0.6 0.8 n = {
I Qi —t/4 s x(x,7) S Srle]
* x(z,7) = e?XABT/) = ”"
-05+ VL/2 | > %(14-@90 1(s))1/4
g g o
- T 2L3/2

. Simulations L = 1000, N = 500 /

- Averaging over 107 realizations




Current fluctuations with stationary initial condition
% ((—x(z,)/rt/3)metat

- Simulations L = 1000, N = 500
Averaging over 107 realizations




PSP (u)

Probability distribution of current fluctuations

1) 4o (o ()2 ro(w
Generating function Gy -(s) = (e3X(®7)) = > Az s[e] el (‘p( )= ))

D,
J Fourier transform

@) .
Probability density function of x(z,7): Py r(u) :/ — e "G, (is)

—00 27

Change of variables s — v = ¢~ 1(s)
Explicit summation over eigenstates

Cumulative distribution function P(x(x,7) > u): Fredholm determinant
(P. 2016, Baik-Liu 2016)

PRt (u)




Bethe vectors of ASEP: determinants

Normalization of Bethe eigenstates: Gaudin-McCoy-Wu 1981, Korepin 1982

o o . \L N _
(B (H H (y; — ayr) (qy; yk)>det[3yilog<(ll_ y]>LHqQJ yk>Lj

j=1k=j+1 (yj — Yk)? qY;/  —1Y5 — 9Yk
Flat o1 e, @ @ | andstep .1 | | e @ @ @0 initial configurations:
Pozsgay 2014 Mossel-Caux 2010
1 1 2) 1 2j
(| F) ox ( 1] H )det [( +yk) _ (_+ qyk) ]
=1 k_]+1 (y5 — yr) (1 — qy;yk) 1 —yg 1—qyr/ Jjk

1 1 1
(h|S) o ( > det [ - ]
]H1 k_l}_|_1 Yj — Yk (1 —quy)? (1 —yp)ljk
Statlonary state and sum over flnal states: Slavnov 1989 4+ P. 2016

> (W IeL C) o< ) (Cle™ L ) o H (1—6_A ) X|C) —vag|€>
j=1

C C 7=0
States with no particle at site 1: Slavnov 1989 4+ P. 2016

Ax _Ax ip/L—pA -\ e “Aj
S wlerNo x> Clem ¥ o (P — e (] (1 e M)
C,n1(C)=0 C,n1(C)=0 j=1



Bethe vectors of TASEP (¢ = 0): product formulas

Normalization of Bethe eigenstates: the Gaudin determinant simplifies
Motegi-Sakai-Sato 2012

(W] o (H H : ><ﬁ(L_N+N)>§:N+(I%j—N)yj

2
] 1k—j+1(yj_y) j=1 Y5° ) j=1
Flat initial configuration N N
@A o (I I -y
| @ | | @ | | @ | | @ | | @ | | @ | | ST T
J=lk=j+1

Step initial configuration
L] e e e e e e,

(P|S) o< 1

Stationary state and sum over final states: Bogoliubov 2009 4+ P. 2016

N
>\
> | ¢|eL OCZC|€ LYy o« 1 X|C)y = > z;|C)
C j=1
States with no partlcle at site 1: Bogoliubov 2009 4+ P. 2016

S @etNox Y (cle |y x et/ _ e
C,nl(C):O C7"71(C)=0



Bethe vectors of ASEP: large L asymptotics

m .
Depend on ¢ only through global normalization N (q) = (1—-¢7)
=1

J

—1
" (s)
Action Sg = lim —2m2log/\—|—/ du ' ()2 m = [P| = [H]|
N—00 —A
: ik — ik
Vandermonde determinant of wave numbers V(A) = H 7
/
Total momentum p= Y k— Y & k”;ijﬂ“
ke2nP ke2mH
Normalization of N(@? VL/2  V(P)2V(H)2e5
Bethe eigenstates (Plp)  esVL/2 (—1)m16™My! (o~ 1(s))
—1 —1/4
Flat initial configuration WIF) _ _svIyja 4m<1 + e¥ (8)>
® @ & 8 ® (@ | N ( = © 1 {p=m) S0/2
q) V(P)V (H) e~0
Step initial configuration (|S)

ARV |

Ll 1000 e e e, N(g)




Conclusions

Exact results KPZ universality 141 dimension by stochastic integrability

Infinite system ---eleejejejefefe] | | | [o] | | | ---

e Bethe ansatz propagator as multiple integrals — Fredholm determinants

e universal scaling functions from random matrix theory

Finite volume
e Bethe eigenstates: singular Euler-Maclaurin asymptotics

Richardson extrapolation

—1(g
o effective field theory S-[o] = /SO “) 4o (gol(v)z —|—7g0(v))

— 00




