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General definitions

Relative (to the sphere of radius R,) shape-dependent surface B,,
curvature B.. and Coulomb (or qmvi’ra’rional) B. func‘rions :

do do sff
— B*. — -‘El' _ _ ]r-/
B. [, A7 Ry? * fcr 'St Ry " 167 ./

(B,, B,, and B_= 1 for the sphere)

s L ful) [RED)
For axially symmetric shapes : ¢= 5/ o | TRy | S (Pide
v(0;) 3 /' P |:('l")i + p)% + (z Jgﬁ,}fl (k) — %[({Ji + !‘_‘))2 + (z; — ,JE]%DH) "

vy N Q?TROQ \/(,” —I—p}Q—I—(.:%——.’;JZ “w
(v(! ) is the potential at the surface of the shape)

Q) = ! (322 — r?)dr
Relative (dimensionless) quadrupole moment Ro®
Inverse effective moment of inertia: I, ' =1 "' —1,7"
. ). 75 r I, —1

Deformation parameter 3= V.1 )R> -1 3=9,/= ”

J‘x' .f' = =
P vV 5 51 + [}.—JI”Z



Link between the elliptic lemniscatoid L and the prolate E:
and oblate E: ellipsoids

When the point M generates the prolate ellipsoid E;,the point H,

projection of the origin onto the tangential plane in M, generates
the elliptic lemniscatoid L. M', the inverse of the point H, describes

the oblate ellipsoid E, .

Axially symmetric prolate ellipsoid:

x*ja* + y*ja* + 22/t =1

; o ;

Elliptic lemniscatoid:

2 | 2

2.2 2.2 2.2 2 2 .
ax"+ay +cz =xx"+y +2z°)
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Prolate and oblate ellipsoids

For axially symmetric ellipsoids and in polar coordinates :

1 /R(6)* = sin” @ /a* + cos* 6 /c*

a is the transverse semiaxis and c is half the elongation.
s = a/c. ( volume conservation: «’c = R})

For prolate deformations s < 1 and the eccentricity e? = 1 - s2,
For oblate deformations s > 1 and the eccentricity e = 1 - 52,

In the prolate case :

B, =

—3)l/3 - 5111_1({;?) Be — (1 —‘cr-?)l/S In (1 + r:-'-)
2 e(1 — e2)1/2 e 1

In the oblate case :

(14 €2)1/3 In(e + (1 + €2)1/2) 5 9 B (14 €2)1/3 I
BS:# 1+ (15 )2 e“ =5 —1 Bg_fta.u €
For the prolate ellipsoidal shapes :

—4/3 2/3 8T, _4 l
sTH3 4 s _ ST —4/3 _ 2/3
= > Iy =57 AR T =)
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Elliptic Lemniscatoids

R(6 )? = a@® sin?0 + ¢ cos?6. s =a/c.
a and ¢ are the radial and transverse semi-axes.
Assuming volume conservation, when s varies from O to 1 (or vice-
versa) the elliptic lemniscatoids evolve from two tangent spheres to a
sphere with the intfermediate formation of a deep neck.

(fors=1/3) 5



Elliptic Lemniscatoids

. R e A 2 35t (2 5
Volume . V = E;IRD = 13°¢ [4 1+ 65 + A= sinh 2 1—s
. . st _ 1
Surface area : S = 47 R2B, = 212 {1 + 71“’_ — sinh™ (?2 = .$4)}

Distance r between the mass centers o d3r
of the left and right parts of the system: L2
= ﬂ'i’i'd i i

Relative perpendicular and parallel moments of inertia :

5_2

_ c°s 112 | Q 1 902 _ 19rd | 120s*—135s°% . 1 —1 1—s2
I] el = 512(1_52}%5[ -5 + 8+ 30s 1355% + is? sinh ( —

L rel =

c®s? 32 | 4 2 4, 240s*—210s° _: 1.—1 1—s2
512(1—s2)Ro® |:S_2 + 48 + 100s* — 210s —i_ﬁh]ﬂll ( 5—2):|

Quadrupole moment :

TP s? 16 . . 24s5* — 155
Q=— |5 8- 14s% + 15s* - =" sinh~!
96(1 — s2)Rp” | s V1= 52




Asymmetric quasimolecular shapes

The transition from two unequal spheres to one sphere or vice versa can be
described in joining two different elliptic lemniscatoids assuming the same

transverse distance a and the volume conservation.

2 .2

< < /2

R(H)2: a 5?11294—{ 2 cos? “, 0<m/. Ro® — By% 4 RS
a?sin”f + cp?cos?h w/2 <0<

The two parameters s, = a/c, and s, = a/c, define the shape and the

]

two radii R, and R, connect s, and s, ) 512
Sy =
T 52+ (1= 512)(Ro/Ry

When s, increases from O to 1, the shape evolves continuously from two

touching different spheres to one sphere with the formation of a deep neck,
while keeping almost spherical ends.




Asxmmefr'ic guasimolecular shaEes

The distance r between the centers of mass of the two parts is
r = ri+r,. The volume of the two parts being conserved, r; and r,

depend on z,, the distance from the origin to the separation plane.

L
522 4-

3/2
g ¢ g 3 ’. !
‘ ] 7.} — .f.'f'“::pz Ii"14 + c'rzf'l“ + (.'44 i_'fll’figz Zv“(] - 52“) ('fz c'f3
Y 4 + 12 3(1 - 5,2) L Y

z, is the solution of the equation :

| 1 | 5 | . "y S . 7z - 4
5:3 — Eazz + E(&ff + Bcr“cg) + 3 cr? — aE[D“ sinh ™! ({E“) — D?sinh™! (E) — vz + Dz] = ng
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Hyperbolic lemniscatoids (Cassinian ovaloids)

For one-body shapes, a and ¢ are the radial and transverse semi-axes and s = a/c.

2?2 = —22 4+ 0.5c¢% (5% — 1) + 0.5¢4/8(1 — 52)22 + 2(1 + 52)?2
e 2 31+ s%)? 2¢/2(1 — 52,
V=— |-24+6s5"+ 1+ s7) _sinh ™! : u )
12 2(1 — s2) 1+ 52

For two-body shapes s is the opposite of the ratio of the distance between
the tips of the fragments and the system elongation. When s varies from 1 to
-1 the shapes vary continuously from a sphere fo two infinitely separated

spheres, assuming volume conservation.

1?2 = —22 — 0.5¢%(s% + 1) + 0.5c/8(1 + 52)22 + ¢2(1 — 52)2
3 T8 -2Y2 (- <YL /Y :
,oome | 3, S(l=s7)" 2(1+ s)/2(1 + s2)
V= 5 2(14s)”" + ) sinh ( 17




Hyperbolic lemniscatoids, formulas for one-body shapes

2(1 + 52)
1 — 52

s2F (3111_1 V1—s2 — ! )

V1+ 52

Relative surface: 1T 2

1—,‘-}2

1
E (:‘;iu_l V1—s2 _ )

v 14+ s2

g1+ 5%+ s

Distance r between the mass centers of each part: . — ;. T

Relative perpendicular and parallel moments of inertia:

5 IS0+ 59217 — 3052 + 175 2201 = 52
I = : 260 + 25152 — 1455* — 2555° — il CAIT) G (205D
1024(1 — s2) Ry’ 2./2(1 — 52) |+ s°
d

cd 7 4 6 15(1 +52)2(15 — 34s* + 1534) . [ 2v2 — 52)
= 147 — 275 — 155" — 225s5° — sinh
2/2(1 — 52)

T 512(1 — s2)R,]
Quadrupole moment:

T , 3(1 4+ 52)%(13 — 3852 + 13s* 2/2(1 — 52
0 e [5 + 6157 — 235* + 3955 + ( ) Ginh~! 1 (er, -

T 192(1 — s2)Rg 2./2(1 — 52)



Hyperbolic lemniscatoids, formulas for two-body shapes

Distance r between the mass centers of each part: 4 (1 — s2)3

L
T = X -
SRQS 1 —+ H‘z

Relative perpendicular and parallel moments of inertia and quadrupole moment:
3 ) _
Iy = | 147 4 2255 + 2757 — 155% — 155* + 275° + 2255° + 1475
512(1 4 s2)Ro

15(1 — s2)2(15 4 3452 + 155%) | (2(]+s) 2{1+52))}
— sinn ,

2./2(1 + 52) (1 —5)?
C

I, = % [269 + 2555 — 25152 — 145s> — 145s* — 2515° + 255s°
1024(1 + s2)Ry® [

15(1 — s2)2(17 + 3052 + 17s* 2(1 + 5)/2(1 + 2
+269s" — o )77 + 3057 + 175 )snﬂr_l (1+3) (2_#3 )
2¢/2(1 + s2) (1 —s)
T "5 & -
0= e | =5 — 395 — 6157 — 2357 — 23s* — 615> — 395° — 557
192(1 — s2)Ry’

_l_

3(1 —.?2)2(l3+38.93+ 1354) 201 + )2(1 + 5%
sinh ™! .

2/2(1 + 5%) (1 —s)?
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Symmetric prolate ternary shapes

From the elliptic lemniscatoids one can generate symmetric prolate ternary
shapes varying from one sphere to three aligned tangential identical spheres.

In the first quadrant:  x*=0.5[a”> —2(z —d)* +Va* +4(z — d)*(c? — a?)]

a is the neck radius, ¢ half the elongation of the generating binary case. s = a/c
varies from 1 to 0. d is the distance between the position of the crevice and the
transverse axis and h is the maximal transverse radial distance.

for0 < s < 0.5v2 ; 0.5¢/(1 = s)2 for0 < s < 0.5v2
o
for0.54/2 < s < 1 - a for 0.54/2 < s < 1
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Symmetric prolate ternary shapes

4 *[
. V=—nRy =- 4 + 65 + g(a)
Volume: 3T D
' 1 1 11 d/cand gand h functionsof ! ! ! 344 2 — 2421 — 52
i E— In | —— — :
ﬁ,e'l_sz ( fi'{a'} )]

Relative surface function:

i ]—25' 4 \-/—{1+ 1 '5'] Y {: { a.'] /

—_1+ H3E 4+ 2= n ( — \/“*-’ﬂ —— m)] for0 < s < 0.5v2
144/ 1—s5% i

1+ i (=) for 0.5v2 < s < |

Distance between the left and right parts:

T (11— Ss‘ ) .
 — .(_Q' + 48V (1—s52)2 ) for O g § < {:}S\/j

%{]—}—5“4—5) for 0.54/2 < s < |
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Asymmetric prolate ternary shapes

A symmetry plane cut the smallest fragment along its maximal orthogonal
distance. s, = a/c,and s, = a/c,. For s, = s, = 1, the shape is a sphere and for

s, = s, = 0, fTwo external spheres of radius R, are aligned and in contact with

a smaller central sphere of radius R,. s, and s, may be linked by:
2 S

i

T 5124+ (1 = 512)(Ry/Ry)?

In the first quadrant (i=1forz>dandi=2 for z < d):
;1'2 = —(,’: — f.'i)g -+ ':::'.:}Sizfﬁ'iz -+ '::L:H.Z'i ‘\/—_1(1 — Hiz](,’: — {.;1:)2 + 31'4{1'.5_2
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Asymmetric prolate ternary shapes

_ .3 2o 4 S
- L. *31. . 2 ]_ T el
= 1L {4 + 65, + % sinh™? ( v 5 ! )]

v1— 35 51
Volume:
—I—T{I:ES 6av + 6asa? — 8a® + Lﬁf sinh ™! 20V = 557
¥ ¥S9T — O — §
2 \/ 1 — 322 522
.4 / . 4
—y ‘ "-"1 . _ \/ ]_ — a‘.‘r]_
Surface: S = 27eq 2 {1 T —— sinh™! (—2)]
urrace. V1 — sq s1
4 9 1 _ end
: 52 o1 —1 “\/—( s2%)
+27c9? |ay/1 — s92 + ——=——sinh _
V1 — s5pd 592

Distance between the centers of mass of the two halves of the system:

.4 S = Qo 2 10 .6 -~ 8
. ;11 1452+ 514 + e {2& N fr.r__;;}- .—-J—l—{‘?ﬁha ir é.f;)?_ 162 }
For three aligned separated spherical fragments:
2+ (Ra2/Ry)? 3 (Ra/R1)*Ry 4
ST (24 (Ra/R1)3)2/3 " T 2 (Ra/Ry)3 ( 1 +§D)
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Two ellipsoids

Coulomb interaction energy between two coaxial prolate or oblate ellipsoids:

) L2 .2
Ecim(r) = 2! FQ [s(hp) 4+ 5(ho) — 1 4+ S(Ay,20)] e
-
3/1 I [+ A; 3
For the prolate case: s(hi)=—| — — In -
P ' -1-(;1, ;&.;3) (1 —.:M) 2;'\.;“

3/ 1
For the oblate case: s(4;i) = 5(
(5

f%-] A.Z ZZ 7j—|—l(2j+%}

j=1 k=1
3 (7J—I—2f’<)'

X
{2:’{+l)(2k+3} (27) 12K
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Pumpkin-like shapes and tori

A pumpkin-like configuration may be simulated using elliptic lemniscates and
taking the vertical axis as axis of revolution. s = a/c is also sufficient to define
the shape. When s decreases from 1 to O an hollow progressively appears in this
oblate lemniscatoid leading to a ring torus for which the upper and lower hollows
are just linked.

Later on, the evolution of the ring torus can be b

governed by: s, = (r,-r.)/2r..
r. and r.are the torus and sausage radii. '

CCccecee




Pumpkin-like shapes and tori

For the oblate elliptic lemniscatoids:
volume, surface, perpendicular moment of inertia and mean square radius

471—1?.03 —17[’(:'3 3 3 l";il'l_l (\/J_ — .‘-:’2 5 {-__.2 5 ")ill_l (, #1 _ 54)
= = 1 +s s+ = BS = 5 = 5 |5 + ;
5 Vi=s ATRy® 2Ry V1— st

; B 3¢5 sTs° 2583 N 355 b 7\ sin~' (V1 - s2)
e T O RS(1—s2) \ 24 16 102 128 16 3 o2

L

(<ﬁ )

V1

For the holed torus :
volume, surface, perpendicular moment of inertia and mean square radius

2
i ] Si't “{.t : P
5 — ‘_.’;Tz'!'flr'g — _1 (1 _|_ 2“:’1)- BS = . 5 — . 5 (J_ —|— Z.Ht}.
O :

. . 2/3

35 16 K . 2/3
I o1 =—(1+3s;+3s _ /2 5 16
sl 3—( ! ) (3’“'(1 T 2-‘-*'t)> Vel = 6“ + 2o+ 2500) (3?1’(1 + Qhﬂ)
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I

(thick skin) Bubbles _?O&

& 3

Assuming volume conservation, the bubble characteristics can be
expressed in terms of a single parameter, the ratio p = r,/r, of

the inner radius r, and the outer one r..

. 4A7Ry®  Anw
I p— 5 0 — ?} (rg - f‘13J
r1 = Rop(1 — p3)~ /3 ro = Ro(1 — ;_;3]_1/3_
5 1+ p? B 1=25p° + 1.5p°
T (1—p3)?s ¢ (1 —p3)5/3

IJ_,?"EE — (1 _1}5}(1 — f-}g}_uﬁa

2, 1/2 {"'2}’”2 : 511/2 3\—5/6
) = =1 =p")7"(1—=p")

i'-?r /rel p —
T v/ 3/5R,
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Liquid Drop Model energy

E e oy =E o+ EoyracetE +E

vol surface Coulomb proximity
! ! ! 2
E,!lad!k,I?»)A o 11N Z)/A
E . !a/(l!kI2)A2/3! a, ! 15.494 MeV
00272 dede 4nR§  a_ ! 17.9439 MeV
B 1 22 qudt k., '! 1.8
16m2R ° ‘r'! K k! 2.6
R, ! 1.28AV31 0.76! 0.8A'l/3
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Proximity energy

Additional energy to the surface energy taking into account the
finite range of the nuclear interaction between opposite nucleons in a
gap between incoming nuclei or in a neck in one-body compact shapes (~
- 9.4 MeV at the contact point of two ! )

hmax
E oximity (1) | 27 19!D(x,h)/b!2xhdh
h .

min




12C nucleus (triangular configuration)

<r?>2(gs, exp) = 2.47 fm
<r®>1/2 (GLDM) = 2.43 fm
(for a linear chain 3.16 fm)

Two data compatible with an equilateral triangular shape of the 2C ground
state, but not with a linear chain.

22



Deformation barrier versus the three-alphas configuration.

The difference between the energies of the minima of the linear chain
configuration and the minima of the oblate equilateral configuration is 7.36 MeV,

close to the energy 7.65 MeV of the excited Hoyle state. ’s



160 and 2°Ne nuclei

15 / --square
. —tetrahedron
-25
_35 |||||||||||||||||||
2.5 3.5 4.5 5.5 6.5
Q (fm)
40
20Ne  eeem-
20 F R
0 F
' — Pentagon
il
20 _.-'":' -~ Trigonal bipyramid
- [}
-40 F ,:' +++ Square pyramid
C f
_60 ||||||||||||||
2 4 6 8

B A &

4 and 6 bonds

DL

5, 8 and 9 bonds

rms radius (fm):
Exp: 2.70

Square: 2.83
Tetrahedron: 2.54
Linear chain: 4.15

rms radius (fm):
Exp: 3.01

Pentagon: 3.29
Square pyr.: 2.79
Trigonal bipyr.: 2.76
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Mg and 32S nuclei

-- hexagon : .i
— octahedron
.............. 6 and 12 bonds
2.5 4.5 6.5 8.5
Q (fm)
— Cube Q /l— -
-« Octogon
8 and 12 bonds
3 5 7 9

rms radius (fm):
Exp: 3.06
Hexagon: 3.79
Octahedron.: 2.85

rms radius (fm):
Exp: 3.26
Octagon: 4.85
Cube.: 3.37



Conclusion

Different axially symmetric shape sequences are proposed to describe ground or
excited states of leptodermous nuclear matter distributions and to follow their evolution in
the entrance or decay channels of nuclear reactions such as fusion, fission, alpha decay and
cluster radioactivities. These shapes are derived from the generalized lemniscate families.

The energies of the 2C, 0O, *Ne, ?*Mg and 32S 4n nuclei have been determined assuming
different planar and three-dimensional shapes of the ! molecules: linear chain, triangle,
square, tetrahedron, pentagon, trigonal bipyramid, square pyramid, hexagon, octahedron,
octagon and cube. These calculations suggest that an oblate equilateral triangular
configuration is compatible with the ground state shape of 2C and a prolate almost aligned
shape for the excited Hoyle state shape. The three dimensional shapes are favored for the
heavier nuclei.

Thank you for your attention
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Recent studies on light n-alpha clusters

' Evidence for Triangular D,;, Symmetry in 12C",
D.J. Marin-Lambarri et a/, PRL 113, 012502, (2014)

' Further improvement of the upper limit on the direct 3a Decay from the Hoyle State in 2C",
M. Itoh et al, PRL 113, 102501, (2014)

' Decay and structure of the Hoyle state ',

=  There appear to be some peaks in the interior density distribution corresponding to configurations of equilateral and
isosceles triangles

S. Ishikawa, PRC 90, 061604 (R), (2014)

' Giant Dipole Resonance as a Fingerprint of a Clustering Configurations in 2C and O,
W.B. He et al, PRL 113, 032506, (2014)

' One-Dimensional a Condensation of a-Linear-Chain States in 12C and O ',
T. Suhara et al, PRL 112, 062501, (2014)

' Evidence for ftetrahedral symmetry in O,
R. Bijker et al, PRL 112, 152501, (2014)

" Ab initio Calculation of the spectrum and structure of O,

- For the ground state ..tetrahedral configuration, for the first excited spin-0 state ..square configuration of alpha
clusters

E. Epelbaum et al, PRL 112, 102501, (2014)

' Signatures of a clustering in light nuclei from relativistic nuclear collisions '
W. Broniowski et a/, PRL 112, 112501, (2014)

and other papers ... 27



12€C nucleus

10 F 000
R S e Potential barriers governing the
20 @ | BT Rehe binary 2C<-> 8Be+*He and
-E— \! prolate ternary 2C<-> ‘He+*He+*He reactions.
-5 -
- Qs ! =7.27 MeV
-10 0 ] ] ] ]
0 5 10 15 20 25 30 Qe = 7-37 MeV
r (fm)
30
25
20
: = 15
L-dependent barriers for the prolate ternary =2 i
12C<-> 4He+*He+*He reaction. = :
0
-5
-10

r(fm) 28



12€C nucleus

i, C—Li+Li

- {_iﬁ s rmsnonC—9Be+ *He
E ; C—B+H

E /

= |

/E (] )

7] C—Be +He

0 10 20 30

12C <-> 6Li+6Li reactions.

2C <-> 10B+2H, 12C <-> 9Be+3He and

rsph rE,—,u'n Feont "E,-,u,; o0
2C « *Be 4+ *He
r (fm) 1.91 341 3.96 743
E (MeV) 0.00 —1.95 —0.63 8.77 7.365
12C s 108 4 2H
r (fm) 1.98 3.81 749
E (MeV) 0.00 18.26 26.06 25.19
2C — “Be 4+ “He
r (fm) 1.94 3.90 712
E (MeV) 0.00 20.97 27.73 26.28
2C — °Li4°Li
r (fm) 1.89 4.0 7.48
E (MeV) 0.00 19.63 2044 28.17

Potential barriers governing the 2C <-> éBe+*He,
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E (MeV)
[
(¥ ]

20Ne nucleus

B+B
_____ Be+ He+Be
e Ct+Be _
i O+ He
2 6 10 14 18
r (fm)
Reaction | O+*He | 12C+8Be | 8Be+*He+8Be 10B+10B
Q(MeV) 473 11.98 19.35 31.14
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24Mg nucleus

45 24\g
35
< —C+C
e!]
gzs QLBE____r___ Qé' ! ! ! ! !
w 15 —B+He+B 111 eV
> — Be + Be + Be
NS PR S S SR S ——
2 6 10 14 18
r (fm)
Reaction 2‘Ne+*He 12C+12C 160+8Be 8Be+%Be+5Be 10B+*He+1°B
Qreaction (MeV) 9.32 13.93 14.14 28.76 40.46
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32S nucleus

F 329 ==0+0 45
- -.Ne+C
35 F
>25 f
=
=15
5 =
-5 i L ]
2 10 14 18
r (fm)
Reaction 28Gj+*He 160+160 24Mg+2Be 20Ne+12C | 12C+8Be+2C | “N+*He+N
Qreaction 6.95 16.54 17.02 18.97 30.96 34.17
(MeV)

Qg ! !

!
!

Pl




Ground state rms radius

10 Square Tetrahedron Linear config. |
rms radius (fm) 2.83 2.54 4.15
| Exp : 2 70 fm
Q... (e.fm?) -49 .17 (Oblate) 0]
2Ne Pentagon |Trigonal bipyramid|Square pyramid
rms radius (fm) 3.29 2.76 2.79
| Exp : 3.01 fm
Q... (e.fm?) -89.63 (Oblate) 41.29 (Prolate) -29.73 (Oblate)
24Mg Hexagon Octahedron
rms radius (fm) 3.79 2.85
|_Exp : 3 06 fm
Q... (e.fm?) -149.75 (Oblate) 0]
325 Octogon Cube
rms radius (fm) 4.85 3.37
|_Exp : 326 fm
Q... (e.fm?) -345.3 (Oblate) (0]
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