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Nuclear chirality

Chirality in atomic nuclei

Proposed by S. Frauendorf and J. Meng in Nucl. Phys. A617, 131 (1997).
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The chiral basis

Details of the derivation
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The chiral basis

Shapes

spherical axial triaxial
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The chiral basis

Laboratory/intrinsic reference frame
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|RM〉 =
K=R∑

K=−R

DR
MK (ω) |RK 〉

R angular momentum

M z-projection of R

K 3-projection of R

ω = (φ, θ, ψ) Euler angles
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The chiral basis

Hamiltonian for a rotor

HR =
~2

2

(
R2

1

J1
+

R2
2

J2
+

R2
3

J3

)

Ri for i=1, 2, 3 are rotor’s angular momentum components

Ji for i=1, 2, 3 are rotor’s principle-axes moments of inertia
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The chiral basis

D2 symmetry of the Hamiltonian

R2
κ(π) = 1, κ = 1, 2, 3[

R2
k ,Rκ(π)

]
= 0, k = 1, 2, 3, κ = 1, 2, 3

[HR ,Rκ(π)] = 0, κ = 1, 2, 3
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The chiral basis

D2 symmetric wave functions

Ŝ = 1 +R1(π) +R2(π) +R3(π)

|RMK 〉 =
1

N
ŜDR

MK (ω)

|RMK 〉 =
1 + (−1)K

2

1√
2(1 + δK ,0)

×√
2R + 1

8π2

(
DR

MK (ω) + (−1)RDR
MK

(ω)
)
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The chiral basis

Irrotational flow moments of inertia

A. Bohr and B Mottelson, Nuclear Structure vol. II
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The chiral basis

Quadrupole deformation

r(β, γ, θ, φ) = r0

{
1 + β

[
cos γY2,0(θ, φ)

+
1√
2

sin γ (Y2,2(θ, φ) + Y2,−2(θ, φ))
]}
.

rk = r0

(
1 +

√
5

4π
β cos(γ − k · 120◦)

)
, k = 1, 2, 3.
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The chiral basis

Irrotational flow moments of inertia

Jk = 4Bβ2 sin2(γ − k · 120◦)

= J0 sin2(γ − k · 120◦)

k = 1, 2, 3

= long,

short,

intermediate

A. Bohr and B Mottelson, Nuclear Structure vol. II
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The chiral basis

Axial γ = 0◦ or γ = 60◦ quadrupole deformation

r(β, γ, θ, φ) = r0 {1 + βY2,0(θ, φ)}

= r0

{
1 +

√
5

16π
β(3 cos2 θ − 1)

}

r1 = r2 = r0

{
1−

√
5

16π
β

}

r3 = r0

{
1 + 2

√
5

16π
β

}
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The chiral basis

Axial rotation of an axial body

J1 = J2 =
3

4
J0, J3 = 0

J3 = 0⇒ R3 = 0⇒ R2 = R2
1 + R2

2 ⇒ K = 0

ER =
2~2

3J0
R(R + 1) for even R
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The chiral basis

Axial rotor fit to 132Ce
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The chiral basis

Triaxial γ = 30◦ or γ = 90◦ quadrupole deformation

r(β, γ, θ, φ) = r0

{
1 +

β√
2

[Y2,2(θ, φ) + Y2,−2(θ, φ)]

}
= r0

{
1 +

√
15

16π
β sin2 θ cos 2φ

}

r1 = r0

{
1 +

√
15

16π
β

}

r2 = r0

{
1−

√
15

16π
β

}
r3 = r0
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The chiral basis

Axial rotation of a triaxial body

J1 = J2 =
1

4
J0, J3 = J0

HR =
3∑

k=1

R2
k~2

2Jk
=

2~2

J0
((R2

1 + R2
2 ) +

1

4
R2

3 ) =

2~2
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3 ) +
1

4
R2

3 ) =
2~2

J0
(R2 − 3

4
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3 )

ERK =
2~2

J0

(
R(R + 1)− 3

4
K 2

)
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The chiral basis

Trixial rotor fit to 132Ce
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The chiral basis

Unique-parity orbitals in a spherical mean field
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The chiral basis

Deformed mean field

Hsp = Hs + Hβ

Hβ(β, γ, r , θ, φ) = −κ(r)β [cos γY2,0(θ, φ)

+
1√
2

sin γ (Y2,2(θ, φ) + Y2,−2(θ, φ))

]
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The chiral basis

Single-j approximation for a deformed mean field

j0 = j3,

j±1 = ∓ 1√
2

(j1 ± ij2)

〈
j ,Ω
∣∣Y2,0

∣∣j ,Ω′〉 = −1

4

√
5

4π

〈
j ,Ω
∣∣3j2

0 − j2
∣∣j ,Ω′〉

j(j + 1)
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j ,Ω
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∣∣j ,Ω′〉
j(j + 1)
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The chiral basis

Spin alignment through the mean-field deformation
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The chiral basis

Single-j approximation in a deformed mean field

Axial deformation:

Hsp = Hs + Hβ =

= Hs + χβ(3j2
0 − j2)

Triaxial deformation:

Hsp = Hs + Hβ = Hs + χβ
√

3
(
j2
+1 + j2

−1

)
= Hs + χβ

√
3
(
j2
1 − j2

2

)
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The chiral basis

Single-j approximation for πh11/2 in axial potential
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The chiral basis

Single-j approximation for πh11/2 in triaxial potential
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The chiral basis

Particle-rotor model

H = HR + Hsp particle coupling

H = HR − Hsp hole coupling

~I = ~R +~j
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The chiral basis

Particle-rotor model

D2 symmetric wave functions are

|IMKjΩ〉 =
1 + (−1)K−Ω

2

1√
2

√
2I + 1

8π2
×(

D I
MK (ω) |jΩ〉+ (−1)I−jD I

MK
(ω)

∣∣jΩ〉) =

√
2I + 1

16π2

(
D I

MK (ω) |jΩ〉+ (−1)I−jD I
MK

(ω)
∣∣jΩ〉) ,

Kmin = 1/2, Kmax = I , Ωmin = −j , Ωmax = j ,

K − Ω even
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The chiral basis

Particle-axial-rotor model

J3 = 0⇒ R3 = 0⇒ I3 = j3 ⇒ K = Ω

|IMjΩ〉 =

√
2I + 1

16π2

(
D I

MΩ(ω) |jΩ〉+ (−1)I−jD I
MΩ

(ω)
∣∣jΩ〉)
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The chiral basis

Standard axial γ = 0◦ particle-rotor basis
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The chiral basis

Standard triaxial γ = 90◦ particle-rotor basis
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The chiral basis

Hole-triaxial-rotor model

H = Hd + Hp

Hd =
2~2

J0

(
I 2 + j2 − 3

4
I 2
0

)
−
√

3χβj2
1

Hd diagonal in the new basis

Hp =
2~2

J0

(
2I+1j−1 + 2I−1j+1 −

1

2
I0j0 −

3

4
j2
0

)
+
√

3χβj2
2

Hp perturbing eigen states of Hp
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The chiral basis

Hole-triaxial-rotor model

The new basis results from a π/2 rotation of standard single-hole states
around the 2nd (short) axis

|IMKjκ〉 =
∑

Ω

d j
κΩ

(
−π

2

)
|IMKjΩ〉

|IMKjκ〉 =
1

2

√
2I + 1

16π2

(
D I

MK (ω) |jκ〉

+ (−1)I−κD I
MK

(ω) |jκ〉
+ (−1)j+KD I

MK (ω) |jκ〉

+ (−1)I+j−κ−KD I
MK

(ω) |jκ〉
)
,

K > 0, κ > 0,

κ projection of j on the long axis
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The chiral basis

New (“chiral”) hole-rotor basis
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The chiral basis

Wave function in the standard and in the chiral basis
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The chiral basis

Standard particle-hole-rotor basis
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The chiral basis

Chiral particle-hole-rotor basis
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The chiral basis

Orthogonal coupling of three vectors
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The chiral basis

Particle-hole-triaxial-rotor model

The chiral basis results from a π/2 rotation of standard single-particle
proton/neutron states around the 1st (long) axis and a π/2 rotation of
standard single-particle neutron/proton states around the 2nd (short) axis

|jκ〉 =
∑

Ω

d j
κΩ (−π/2) |jΩ〉

|jκ〉 =
∑

Ω

(−i)κ−Ωd j
κΩ (−π/2) |jΩ〉

κ/κ projection of jν/jπ on the long/short axis.

Correlations built into the basis prior to diagonalization.
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The chiral basis

Particle-hole-triaxial-rotor model chiral wave functions

|IMKjπκπjνκν〉 =
1

2

√
2I + 1

8π2

(
D I

MK (ω) |jπκπ〉 |jνκν〉

+ (−1)I+jπ+κνD I
MK

(ω) |jπκπ〉 |jνκν〉

+ (−1)I−jν+K−κπ−κνD I
MK

(ω) |jπκπ〉 |jνκν〉

+ (−1)jπ+jν+K−κπD I
MK (ω) |jπκπ〉 |jνκν〉

)
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The chiral basis

Particle-hole-triaxial-rotor model chiral wave functions

|IMKjπκπjνκν〉 =
1

2

√
2I + 1

8π2

(
D I

MK (ω) |jπκπ〉 |jνκν〉

+ (−1)I+jπ+κνD I
MK

(ω) |jπκπ〉 |jνκν〉
+ (−1)I−jν+K−κπ−κνD I

MK
(ω) |jπκπ〉 |jνκν〉

+ (−1)jπ+jν+K−κπD I
MK (ω) |jπκπ〉 |jνκν〉

)
K = 0 or κ = ±1/2 or κ = 1/2 : planar states

K > 0, κ ∈ [3/2, j ] , κ ∈ [3/2, j ] : right-handed states

K > 0, κ ∈ [−j ,−3/2] , κ ∈ [3/2, j ] : left-handed states
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The chiral basis

Planar states
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The chiral basis

Chiral states
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The chiral basis

The Hamiltonian

standard chiral
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The chiral basis

The Hamiltonian for ME > 5 MeV

standard chiral
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The chiral basis

Eigen states of the Hamiltonian
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The chiral basis

πh11/2νh−1
11/2 particle-hole-triaxial-rotor model
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The chiral basis

πh11/2νh−1
11/2 particle-hole-triaxial-rotor model
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The chiral basis

πh11/2νh−1
11/2 particle-hole-triaxial-rotor model
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The chiral basis

πh11/2νh−1
11/2 particle-hole-triaxial-rotor model
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Conclusions

Conclusions

A new basis is proposed for the triaxial particle-rotor model.

It is applicable to particle/hole coupling in odd- and odd-odd nuclei.

High-j particle and high-j hole coupling to the triaxial core results in
basis states which are left-handed, right-handed, and planar.

Chiral basis diagonalize a significant fraction of the model Hamiltonian
providing efficient expansion for wave functions of final states.

Calculations confirm doubling of states arising from orthogonal coupling
of angular momentum vectors.

The wave function expanded in the left-handed, right-handed, and pla-
nar states will be used to identify and investigate observables sensitive
to chirality in angular momentum coupling.
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