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Examples of collective time-
dependent Vibrations

• x

a2,0
Quadrupole  vibration

   a3,0
Octupole vibration

 

web-docs.gsi.de/~wolle/TELEKOLLEG/KERN/index-
s.html

 a2,2
Quadrupole vibration
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Lord Rayleigh (John William Strutt) Proc. Roy. Soc. 29,71 (1879) Appendix II Equ. 40, got:

 (Frequency)2 =

for a superfluid incompressible liquid sphere.

For a charged spherical nucleus this becomes:

Cs ~ 18 MeV from the surface term in the  Weiszaker Mass Formula and the second term
has little effect for Z<80.

Quantizing using Eλ = ħω  gives E20 = 2.4 MeV and E30 = 4.6 MeV.

Moments-of-Inertia NOT Irrotational will also INCREASE Eλ 

Shell Corrections  will have the effect of INCREASING Eλ 

Classical Vibrations of a Liquid Drop

Also See: 
S Flügge, Ann Phys Lpz 431

(1941) 373
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Not � -vibrations

Two neutron pick-up
To well deformed 
168Er

LMU data;  PR C73 (2006) 064309

� -vibration

Monopole Pairing concentrates most of
the X-section into the GROUND STATE
Shiro Yoshida, Nucl. Phys. 33, 685 
(1962)
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J V Maher et al.
PRL 25 (1970) 302

238U(p,t)236
U

17 MeV
θ = 30º

02
+

02+ NOT a � -vibration 
NOR a pairing 

vibration
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Two Neutron Transfer to 154Gd 
(N=90)

N.B.  Log10 scale

Shahabuddin et al; NP A340 (1980) 
109

K
π 

=
 2

+
B

an
dh

ea
d

HENCE  Monopole Pairing is NOT 
Suff icient
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Conf iguration Dependent Pairing

R. E. Griffin, A. D. Jackson and A. B. Volkov, Phys. Lett. 36B, 281 (1971). 
Suggested that  � pp �   � oo  >>  � op

for Actinide Nuclei where 02+ states were observed in (p,t) that  were not pairing- or
β-vibrations.

Suppose there are n prolate and n oblate  degenerate levels at the Fermi Surface;

Assume that each pairing matrix element is the same for the same type -a

BUT the prolate-oblate  matrix elements are very weak –εa

Then if the  prolate n*n matrix is A, the oblate matrix is also A

The matrix for the total system is;    

 A  εA

 εA  A

Then there are (2n-2) states with ZERO energy and 2 states with energies

E1,2 = -(1 ± ε) na

(2n-2)

 02+
 01+

Prolate Oblate

I. Ragnarsson and R. A. Broglia, Nucl. Phys. A263, 315 (1976). 
coined the term “pairing isomers” for these 02+ states
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Jim Kolata and Mike Oothoudt
Phys. Rev. C15 (1977) 1947

N.B.
Log10
Scale

158Dy(p,t)156Dy 
~30 MeV  θ = 10°
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Ground state

Pairing
Isomer



[660]1/2+
“Prolate”

[505]11/2-
“Oblate”

Configuration
Dependent or
Quadrupole
Pairing; 
Assume  
 Δpp≈ Δoo>>
Δop

82 Neutrons

Prolate Deformation  =>

“Flying Fish”
Orbital
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e.g.

152Sm(a,4n)152Gd

147Sm(16O,4n)160Yb

Experiments in mass 160 region using AFRODITE array
of 8 or 9 clover detectors + LEP detectors

Typical statistics
of 1 or 2 Gevent
of g-g coincidences

148Sm(12C,4n)156Er

152Sm(12C,4n)160Er

144Sm(17O,3n)158Yb

152Sm(a,2n)154Gd
Z=70

Z=62

N=88 N=90 N=92



[505]11/2-

681 
keV
� 02+ 
>

K� =15/2-
    =2� + + 
[505]11/2-

15564Gd
91
High-K 
states

JFS-S et al.  EPJ A47 (2011) 6What you really need is
SPLIT MONOPOLE PAIRING

so that
-Hpairing = Gp-pṖp†Ṗp + Go-oṖo†Ṗo +

εGp-pṖpo†Ṗpo

ε ≈ 0.05 ??
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i13/2 neutron
AB alignments
from N =88 to
98 and Z = 62
to 72See:
Jerry Garrett et al.
PL B118 (1982) 297

Cranked Shell Model
Routhians e’
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Excitation Energies of 
02+ band-heads and 
ν[505]11/2-  isomers

02
+

ν[505]11/2
-

Excitation Energies of 
K = 2+ �  band-heads

K = 2+ �
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Systematics of the Energies
of the 01+ ground state band
and the 02+ first excited
band in even-even N = 88,
90, 92 nuclei.

Tshepo Dinoko et al. to be published

In complete
CONTRADICTION to the
predictions of the
Interacting Boson Model
of Arima and Iachello
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If “�  bands” are NOT time-dependent shape vibrations

What about K = 2+ “�  bands”   ??

X ?
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Has WRONG PHYSICS to get 02+

Triaxial Projected
Shell Model

Javid Sheikh et al. 

156Dy +ve Parity Bands
γ

Sn-band

Sn+Sp

γγ 
K=4

Jehangir et al., arXiv:1710.06621v1
Submitted to PRC
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What you really need is
SPLIT MONOPOLE PAIRING

so that
-Hpairing = Gp-pṖp†Ṗp + Go-oṖo†Ṗo + εGp-

pṖpo†Ṗpo

ε ≈ 0.05 ??

First Approach !! ; ALIGNMENTS



Experiment
Majola et al.

PRC91,034330 (2015)

TPSM Theory
Jehangir et al.

arXiv:1710.06621

156D
y

Staggering Parameter
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156D
y
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Return to the Bohr Hamiltonian: (i.e. is NOT microscopic !!          NO alignments)

How do you get Vcoll = V(β,γ) ? Relativistic Mean Field “Density Functionals” 
T. Niksic et al PRC 79, 034303 (2009), Z.P. Li et al., PRC 79, 054301 (2009)

How do you get the inertial parameters?
Moment of Inertia: Inglis-Belyaev formula
can be improved by using Thouless-Valatin moments-of-inertia  
Z.P. Li. et al PRC 86, 034334 (2012) but too time consuming !!
Hence; renormalize to 21+ energies

Second Approach !!
5-D Collective Hamiltonian (5DCH) + PC-PK1 Covarient Density Functional

Theory (CDFT)

Compare with
Vibration

Rotation

Mass 
parameter



Z. Shi, B.Y. Song, Z.P. Li,  S.Q. Zhang
5DCH-CDFT

162Yb
92
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“Landau-Zener”
band crossing

Linda Mdletshe MSc thesis
2017

ALSO; fits to Moments-of Inertia,
 E(0)s, E(2)s and branching ratios

Signature splitting in the γ band

N=8
8

N=9
0

N=9
2

Z=70

Z=62



Much More but
Finally1. Low-lying Time-dependent Quadrupole Vibrations

are not found in the Pairing Gap.
2. Rotations arise from breaking spherical symmetry,

K�  = 2 + bands arise from breaking axial symmetry.
3. Classical Considerations Suggest that Time-dependent 

Octupole Vibrations are Even Higher in Energy.
4. We do not have to worry about Rotation-Vibration

coupling. 
5. Etc. What are we left with ??

Excitation Energies in Nuclei represented by a Mean
Field Potential depend on the NUCLEAR SHAPE and

the existence of these DEGREES of FREEDOM
V(r,� ,� ,Y3,�  …)
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