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propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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To assess the significance of our findings more quanti-
tatively, we define the parameters ΔMf=Mf and Δaf=af
that describe the fractional difference between the two
estimates of the final mass and spin, and we calculate their
joint posterior distribution, using for ðMf; afÞ the posterior
distribution obtained from the full IMR waveform; see
Ref. [60] for explicit expressions. The result is shown in the
bottom panel of Fig. 4; the solid line marks the isoprob-
ability contour that contains 90% of the posterior. The plus
symbol indicates the null (0,0) result expected in GR,
which lies on the isoprobability contour that encloses 28%
of the posterior.
We have checked to see that, if we perform this analysis

on NR signals added to LIGO instrumental noise, the null
(0,0) result expected in GR lies within the isoprobability

contour that encloses 68% of the posterior roughly 68% of
the time, as expected from random noise fluctuations. By
contrast, our test can rule out the null hypothesis (with high
statistical significance) when analyzing a simulated signal
that reflects a significant GR violation in the frequency
dependence of the energy and angular momentum loss [60],
even when we choose violations which would be too small
to be noticeable in double-pulsar observations [12]; for an
explicit example, we refer to Fig. 1 of Ref. [60]. This
includes signals with a χ2 value close to unity, so that they
would not have been missed by the modeled-signal
searches. Thus, our inspiral-merger-ringdown test shows
no evidence of discrepancies with the predictions of GR.
The component masses and spins estimated in Ref. [3],

together with NR-derived relations, imply Mf ¼ 68þ4
−4M⊙

(62þ4
−4 M⊙ in the source frame) and af ¼ 0.67þ0.05

−0.07 at
90% confidence. From the posterior distributions of the
mass and spin of the final black hole, we can predict the
frequency and decay time of the least-damped QNM (i.e.,
the l ¼ 2, m ¼ 2, n ¼ 0 overtone) [63]. We find fQNM220 ¼
251þ8

−8 Hz and τQNM220 ¼ 4.0þ0.3
−0.3 ms at 90% confidence.

Testing for the least-damped QNM in the data.—We
perform a test to check the consistency of the data with
the predicted least-damped QNM of the remnant black
hole. For this purpose, we compute the Bayes factor
between a damped-sinusoid waveform model and
Gaussian noise, and we estimate the corresponding param-
eter posteriors. The signal model used is hðt ≥ t0Þ ¼
Ae−ðt−t0Þ=τ cos ½2πf0ðt − t0Þ þ ϕ0&, hðt < t0Þ ¼ 0, with a
fixed starting time t0, and uniform priors over the unknown
frequency f0 ∈ ½200; 300& Hz and damping time
τ ∈ ½0.5; 20& ms. The prior on amplitude A and phase ϕ0

is chosen as a two-dimensional Gaussian isotropic prior in
fAs ≡ −A sinϕ0; Ac ≡ A cosϕ0gwith a characteristic scale
H, which is in turn marginalized over the range H ∈
½2; 10& × 10−22 with a prior ∝ 1=H. This is a practical
choice that encodes relative ignorance about the detectable
damped-sinusoid amplitude in this range. We use 8 s of data
(centered on GW150914) from both detectors, bandpassed
to [20, 1900] Hz. The data are analyzed coherently,
assuming the signal arrived 7 ms earlier at Livingston
compared to Hanford, and the amplitude received in the
two detectors has an approximately equal magnitude and
opposite sign (as seen in, e.g., Fig. 1 of Ref. [1]).
We compute the Bayes factor and posterior estimates of

ff0; τg as a function of the unknown QNM start time t0,
which we parametrize as an offset from a fiducial GPS
merger time tM ¼ 1126259462.423 s (at the LIGO
Hanford site). (The merger time is obtained by taking
the EOBNR MAP waveform and lining this waveform up
with the data such that the largest SNR is obtained. The
merger time is then defined as the point at which the
quadrature sum of the hþ and h× polarizations is maxi-
mum.) Figure 5 shows the 90% credible contours in the

FIG. 4. (Top panel) 90% credible regions in the joint posterior
distributions for the mass Mf and dimensionless spin af of the
final compact object as determined from the inspiral (dark violet,
dashed curve) and postinspiral (violet, dot-dashed curve) signals,
and from a full inspiral-merger-ringdown analysis (black curve).
(Bottom panel) Posterior distributions for the parameters
ΔMf=Mf and Δaf=af that describe the fractional difference
in the estimates of the final mass and spin from inspiral and
postinspiral signals. The contour shows the 90% confidence
region. The plus symbol indicates the expected GR value (0,0).
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Observed quasi-normal mode 
spectrum of the remnant

ff0; τg plane as a function of the merger-to-start time offset
t0 − tM, as well as the corresponding contour for the least-
damped QNM, as predicted in GR for the remnant mass
and spin parameters estimated for GW150914.
The 90% posterior contour starts to overlap with the GR

prediction from the IMR waveform for t0 ¼ tM þ 3 ms, or
∼10M after the merger. The corresponding log Bayes factor
at this point is log10 B ∼ 14 and the MAP waveform SNR is
∼8.5. For t0 ¼ tM þ 5 ms, the MAP parameters fall within
the contour predicted in GR for the least-damped QNM,
with log10B ∼ 6.5 and SNR ∼ 6.3. At t0 ¼ tM þ 6.5 ms, or
about 20M after merger, the Bayes factor is log10 B ∼ 3.5
with SNR ∼ 4.8. The signal becomes undetectable shortly
thereafter, for t0 ≳ tM þ 9 ms, where B≲ 1.
Measuring the frequency and decay time of one

damped sinusoid in the data does not by itself allow
us to conclude that we have observed the least-damped
QNM of the final black hole since the measured quality
factor could be biased by the presence of the other
QNMs in the ringdown signal (see, e.g., Refs. [63,64]
and the references therein). However, based on the
numerical simulations discussed in Refs. [65–67], one
should expect the GW frequency to level off at
10M–20M after the merger, which is where the descrip-
tion of ringdown in terms of QNMs becomes valid. For
a mass M ∼ 68M⊙, the corresponding range is ∼3–7 ms
after merger. Since this is where we observe the 90%
posterior contours of the damped-sinusoid waveform
model and the 90%-confidence region estimated from
the IMR waveform to be consistent with each other, we
may conclude that the data are compatible with the
presence of the least-damped QNM, as predicted by GR.

In the future, we will extend the analysis to two damped
sinusoids and will explore the possibility of independently
extracting the final black hole’s mass and spin. A test of the
general-relativistic no-hair theorem [68,69] requires the
identification of at least two QNM frequencies in the
ringdown waveform [64,70,71]. Such a test would benefit
from the observation of a system with a total mass similar to
the one of GW150914, but with a larger asymmetry
between component masses, which would increase the
amplitudes of the subdominant modes; a stronger misalign-
ment of the orbital angular momentum with the line of sight
would further improve their visibility [70]. Finally, the
determination of the remnant mass and spin independent of
binary component parameters will allow us to test the
second law of black-hole dynamics [72,73].
Constraining parametrized deviations from general-

relativistic inspiral-merger-ringdown waveforms.—
Because GW150914 was emitted by a binary black hole
in its final phase of rapid orbital evolution, its gravitational
phasing (or phase evolution) encodes nonlinear
conservative and dissipative effects that are not observable
in binary pulsars, whose orbital period changes at an
approximately constant rate. (Current binary-pulsar obser-
vations do constrain conservative dynamics at 1 PN order
and they partially constrain spin-orbit effects at 1.5 PN
order through geodetic spin precession [12].) Those effects
include tails of radiation due to backscattering of GWs by
the curved background around the coalescing black holes
[74], nonlinear tails (i.e., tails of tails) [75], couplings
between black-hole spins and the binary’s orbital angular
momentum, interactions between the spins of the two
bodies [76–78], and excitations of QNMs [28–30] as the
remnant black hole settles in the stationary configuration.
Whether all of these subtle effects can actually be

identified in GW150914 and tested against GR predictions
depends, of course, on their strength with respect to
instrument noise and on whether the available waveform
models are parametrized in terms of those physical
effects. GW150914 is moderately loud, with SNR ∼ 24,
certainly much smaller than what can be achieved in
binary-pulsar observations. Our ability to analyze the fine
structure of the GW150914 waveform is correspondingly
limited. Our approach is to adopt a parametrized analytical
family of inspiral-merger-ringdown waveforms, then treat
the waveform coefficients as free variables that can be
estimated (either individually or in groups) from the
GW150914 data [79–85]. We can then verify that the
posterior probability distributions for the coefficients
include their GR values.
The simplest and fastest parametrized waveform model

that is currently available [41] can be used to bound physical
effects only for the coefficients that enter the early-inspiral
phase because, for the late-inspiral, merger, and ringdown
phases, it uses phenomenological coefficients fitted to NR
waveforms. Louder GW events, to be collected as detector

FIG. 5. 90% credible regions in the joint posterior distributions
for the damped-sinusoid parameters f0 and τ (see the main text),
assuming start times t0 ¼ tM þ 1, 3, 5, 6.5 ms, where tM is the
merger time of the MAP waveform for GW150914. The black
solid line shows the 90% credible region for the frequency and
decay time of the l ¼ 2, m ¼ 2, n ¼ 0 (i.e., the least-damped)
QNM, as derived from the posterior distributions of the remnant
mass and spin parameters.
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Tidal deformability of the compact object

Qij = �� ✏ij

Induced quadrupole moment
External tidal field

Tidal love number

k2 =
3

2
G�R�5

Dimensionless tidal love number: 0 for BHs

Damour & Nagar, 2009
Bennington & Poisson, 2009 
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Higher order effects 
and hence difficult to 
measure.
Cardoso+, arXiv: 1701.01116 (2017)
Maselli+, arXiv:1703.10612 (2017)
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We propose a new way to test the BH nature
by measuring the spin-induced multipole moments of

a compact binary system.

A “No-hair”  Test for Compact Binaries
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Measure spin-induced deformations of binary components

Poisson, PRD 57, 5287 (1998);
Laarakkers+, ApJ 512, 282 (1999);
Pappas+, PRL 108, 231103 (2012);

F. D. Ryan, PRD 55, 6081 (1997)
Uchikata+, CQG 32,085008(2015)
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Gravitational Waveforms and spin 
deformations

Post-Newtonian inspiral, spinning waveforms with 
3.5PN phase and 2PN amplitude is now available. 

Spin-induced quadrupolar (spin-spin) corrections 
appear at 2PN and 3PN order in phase and at 2PN 
in amplitude :  

Spin-induced octupolar (spin-spin-spin) corrections 
appear at the 3.5PN order in phase:  

Marsat, CQG 32, 085008 (2015);
Buonanno+, PRD 87, 044009 (2012);
Bohe+, CQG 32, 195010 (2015); 

Arun+, PRD 79, 104023 (2009)
CKM+, PRD 93, 084054 (2016)
Krishnendu+,  arXiv:1701.06318(2017) 
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What we did
Fisher Matrix approach to parameter estimation 

— assumes Gaussian noise and high SNR 
— gives a lower bound on errors / highly inexpensive

Parameter Space:  
— alternatively, 

Compact Binary BBH

Large dimensionality and unreliable measurements 
— We set  
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What we did

— accuracies with which it can be measured gives 
constrain on BBH nature 

New parameter space: 

— The test may be viewed as a Null test of  
the BBH nature of a compact binary
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aLIGO
SNR=10; flow=20 Hz
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LISA
DL=3 Gpc; flow=10-4 Hz
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Summary and Conclusions
Even with a moderate SNR of 10, observations of aLIGO  
can be used to measure spin-induced quadrupolar 
deformations for a narrow range of parameter space.   

For configurations where the measurement accuracies are 
>100% these estimates can be used to put bounds on 
expected values for BH mimickers such as BSs and GSs. 

LISA observations on the other hand can be used to 
measure these deformations for a wide range of 
parameter space with moderate to high spins.
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I. SUPPLEMENTARY MATERIAL

A. Spin-induced quadrupole and octupole pieces in compact binary waveforms

While discussing the waveform model we mentioned that the waveform used in this work is a variant of the one that is
presented in Ref. [1]. These are constructed by simply making the dependences on parameters characterising the spin-induced
quadrupole moment (through s and a) and spin-induced octupole moment (through �s and �a) explicit in the waveform, which
were set to their respective values for Kerr BHs while writing the waveform model of Ref. [1]. In this note we list various pieces
of the waveform where such dependences occur.

Let us first recall the schematic expression for the frequency domain amplitude of a gravitational wave signal, h̃( f ), given in
Ref. [1]. 1 This reads

h̃( f ) =
M2

DL

s
5 ⇡
48⌘

4X

n=0

6X

k=1

Vn�7/2
k C(n)

k ei(k SPA( f /k)�⇡/4) . (1.1)

Here, M, ⌘ and DL denote the total mass, symmetric mass ratio parameter and the distance to the binary, respectively and the
indices n and k denote the PN order and harmonic number, respectively. The coe�cients C(n)

k denote the amplitude corrections
associated with the contribution from kth harmonic at nth order. Related expressions for each of the C(n)

k s can be found in
Ref. [1, 2]. Here we list the only coe�cient which has explicit dependence on the parameters (s and a) and corresponds to the
contributions from the 2nd harmonic at the 2PN order (C(4)

2 ). In addition,  SPA represents the phase of the first harmonic in the
frequency domain as obtained under the Stationary Phase Approximation (SPA) (see sec. VI of Ref. [2] for details on SPA).
Schematically the expression for this phase can be written as follows

 SPA( f ) = 2⇡ f tc � �c +

(
3

128⌘ v5
⇥
 NS +  SO +  SS +  SSS

⇤
)

v=V1( f )
, (1.2)

where �c denotes the orbital phase at the instant tc of coalescence.

Further, one can write the spin part of the SPA phase more explicitly as

 Spin ⌘  SO +  SS +  SSS = v
3
h
P3 + P4 v + P5 v

2 + P6 v
3 + P7v

4 + P8v
5 + · · ·

i
. (1.3)

Again expressions for the coe�cients Pn can be found in Ref. [1, 2] where explicit dependence on s and a is suppressed by
setting them to their respective values for Kerr BHs. Here we provide expressions for coe�cients that contain explicit dependence
on s and a. Below we list the amplitude/phase coe�cients that do contain explicit dependence on s and a and can be combined
to those listed in Ref. [1, 2] to write the final waveform expression.
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1 Pre-factor of Eq. 1 of Ref. [1] should be multiplied with a factor 1/p⌘. We have corrected this in the Eq. (1.1).
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presented in Ref. [1]. These are constructed by simply making the dependences on parameters characterising the spin-induced
quadrupole moment (through s and a) and spin-induced octupole moment (through �s and �a) explicit in the waveform, which
were set to their respective values for Kerr BHs while writing the waveform model of Ref. [1]. In this note we list various pieces
of the waveform where such dependences occur.

Let us first recall the schematic expression for the frequency domain amplitude of a gravitational wave signal, h̃( f ), given in
Ref. [1]. 1 This reads

h̃( f ) =
M2

DL

s
5 ⇡
48⌘

4X

n=0

6X

k=1

Vn�7/2
k C(n)

k ei(k SPA( f /k)�⇡/4) . (1.1)

Here, M, ⌘ and DL denote the total mass, symmetric mass ratio parameter and the distance to the binary, respectively and the
indices n and k denote the PN order and harmonic number, respectively. The coe�cients C(n)

k denote the amplitude corrections
associated with the contribution from kth harmonic at nth order. Related expressions for each of the C(n)

k s can be found in
Ref. [1, 2]. Here we list the only coe�cient which has explicit dependence on the parameters (s and a) and corresponds to the
contributions from the 2nd harmonic at the 2PN order (C(4)

2 ). In addition,  SPA represents the phase of the first harmonic in the
frequency domain as obtained under the Stationary Phase Approximation (SPA) (see sec. VI of Ref. [2] for details on SPA).
Schematically the expression for this phase can be written as follows

 SPA( f ) = 2⇡ f tc � �c +

(
3

128⌘ v5
⇥
 NS +  SO +  SS +  SSS

⇤
)

v=V1( f )
, (1.2)

where �c denotes the orbital phase at the instant tc of coalescence.

Further, one can write the spin part of the SPA phase more explicitly as

 Spin ⌘  SO +  SS +  SSS = v
3
h
P3 + P4 v + P5 v

2 + P6 v
3 + P7v

4 + P8v
5 + · · ·

i
. (1.3)

Again expressions for the coe�cients Pn can be found in Ref. [1, 2] where explicit dependence on s and a is suppressed by
setting them to their respective values for Kerr BHs. Here we provide expressions for coe�cients that contain explicit dependence
on s and a. Below we list the amplitude/phase coe�cients that do contain explicit dependence on s and a and can be combined
to those listed in Ref. [1, 2] to write the final waveform expression.
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1 Pre-factor of Eq. 1 of Ref. [1] should be multiplied with a factor 1/p⌘. We have corrected this in the Eq. (1.1).

2PN amplitude & 4PN phase

Amplitude corrections from kth harmonic at nth PN order



Waveforms and spin deformations

19

1

I. SUPPLEMENTARY MATERIAL

A. Spin-induced quadrupole and octupole pieces in compact binary waveforms

While discussing the waveform model we mentioned that the waveform used in this work is a variant of the one that is
presented in Ref. [1]. These are constructed by simply making the dependences on parameters characterising the spin-induced
quadrupole moment (through s and a) and spin-induced octupole moment (through �s and �a) explicit in the waveform, which
were set to their respective values for Kerr BHs while writing the waveform model of Ref. [1]. In this note we list various pieces
of the waveform where such dependences occur.

Let us first recall the schematic expression for the frequency domain amplitude of a gravitational wave signal, h̃( f ), given in
Ref. [1]. 1 This reads

h̃( f ) =
M2

DL

s
5 ⇡
48⌘

4X

n=0

6X

k=1

Vn�7/2
k C(n)

k ei(k SPA( f /k)�⇡/4) . (1.1)

Here, M, ⌘ and DL denote the total mass, symmetric mass ratio parameter and the distance to the binary, respectively and the
indices n and k denote the PN order and harmonic number, respectively. The coe�cients C(n)

k denote the amplitude corrections
associated with the contribution from kth harmonic at nth order. Related expressions for each of the C(n)

k s can be found in
Ref. [1, 2]. Here we list the only coe�cient which has explicit dependence on the parameters (s and a) and corresponds to the
contributions from the 2nd harmonic at the 2PN order (C(4)

2 ). In addition,  SPA represents the phase of the first harmonic in the
frequency domain as obtained under the Stationary Phase Approximation (SPA) (see sec. VI of Ref. [2] for details on SPA).
Schematically the expression for this phase can be written as follows

 SPA( f ) = 2⇡ f tc � �c +

(
3

128⌘ v5
⇥
 NS +  SO +  SS +  SSS

⇤
)

v=V1( f )
, (1.2)

where �c denotes the orbital phase at the instant tc of coalescence.

Further, one can write the spin part of the SPA phase more explicitly as

 Spin ⌘  SO +  SS +  SSS = v
3
h
P3 + P4 v + P5 v

2 + P6 v
3 + P7v

4 + P8v
5 + · · ·

i
. (1.3)

Again expressions for the coe�cients Pn can be found in Ref. [1, 2] where explicit dependence on s and a is suppressed by
setting them to their respective values for Kerr BHs. Here we provide expressions for coe�cients that contain explicit dependence
on s and a. Below we list the amplitude/phase coe�cients that do contain explicit dependence on s and a and can be combined
to those listed in Ref. [1, 2] to write the final waveform expression.
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1 Pre-factor of Eq. 1 of Ref. [1] should be multiplied with a factor 1/p⌘. We have corrected this in the Eq. (1.1).
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