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Gravitational Lensing

ESA/Hubble & NASA Oguri et al. [1] NASA, ESA & STScI
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Effects of Gravitational Lensing

F = 4πMLfGW = 2π
RLS
λGW

Geometric optics (F � 1)

I (De)-magnification
I Multiple images
I Einstein rings

Wave Optics (F ∼ 1)

I Scattering
I Dispersion (by matter)
I Diffraction
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Regions of interest
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What is the rate of lensed
gravitational-wave signals?

Tjonnie Li GWPAW2017, Annecy, France 4
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Rate of Lensed GW events

Perform Monte Carlo simulation to determine rate

I Masses from stellar
evolution simulations

I Lensing optical depth
τ(z) ∝ 0.01 (dc/dH)

I Magnification universal
for high magnification
P (µ) ∝ µ−3

I Uniform distribution in
orientation and volume
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Rate of Lensed GW events

Perform Monte Carlo simulation to determine rate

I Masses from stellar
evolution simulations

I Lensing optical depth
τ(z) ∝ 0.01 (dc/dH)

I Magnification universal
for high magnification
P (µ) ∝ µ−3

I Uniform distribution in
orientation and volume

E. L. Turner et al. ApJ 284 (1984)

Tjonnie Li GWPAW2017, Annecy, France 5



Introduction Rate Population Multiple Images Diffraction

Rate of Lensed GW events

Perform Monte Carlo simulation to determine rate

I Masses from stellar
evolution simulations

I Lensing optical depth
τ(z) ∝ 0.01 (dc/dH)

I Magnification universal
for high magnification
P (µ) ∝ µ−3

I Uniform distribution in
orientation and volume

M. Lima et al. MNRAS 406 (2010)
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Rate of Lensed GW events
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Can we observe the population of lensed
signals?
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Magnification Bias

J. L. Wardlow et al. ApJ 762, 59 (2013)

I Submillimeter
galaxies

I S500 > 80mJy
I Total count greater

predicted without
lensing

I Total count
consistent with
lensing

Observe lensing through brightness distribution
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Lensing Bias for Gravitational Waves

P (m) ∝ m−α
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Observing the Lensing Bias
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Observing the Lensing Bias
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Can we observe multiple images?
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Multiple Images
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Multiple Images
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Multiple Images

100 101 102 103 104 105 106 107

∆t

0.0

0.2

0.4

0.6

0.8

1.0

P
(<

∆
t)

Overlapping signal Multiple signals in a LIGO run

Detect auxiliary signals within observation run

K. K. W. Wong et al, in preparation

Tjonnie Li GWPAW2017, Annecy, France 13



Introduction Rate Population Multiple Images Diffraction

Can be observe diffraction effects?
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Diffraction

h(f)→ h′(f) = F (f)h(f)

F (f) =
DSζ

2
0 (1 + zL)

DLDLS

f

i

∫
d2x exp [2πiftd(x,y)]

R. Takahashi et al. ApJ 595 (2003)
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Diffraction – Waveform

IMR waveform lensed by a point mass lens
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Detecting Diffraction – Overlapping signals
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Diffraction – Measurability

Matches deviate for ML ∼ 102 − 104M�
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Diffraction – Measurability

Matches deviate for ML ∼ 102 − 104M�
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Concluding Remarks

I Possible to see a lensed event in Advanced detector era
I Distinguish the lensed population in 3rd generation detectors.
I Multiple images within the same observation run
I Diffraction can cause missed events
I Diffraction can reveal the nature of the lens

I Test GR with lensed signals
I Measure cosmological parameters using lensed signals

Tjonnie Li GWPAW2017, Annecy, France 19
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Mass Distribution

Masses from stellar evolution simulations
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Optical Depth

Lensing optical depth τ(z) ∝ 0.01 (dc/dH)

E. L. Turner et al. ApJ 284 (1984)
Tjonnie Li GWPAW2017, Annecy, France 22



Magnification

Magnification universal for high magnification P (µ) ∝ µ−3

Lima et al. [5]Tjonnie Li GWPAW2017, Annecy, France 23



Rate of Lensed GW events – Chirp Mass
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Rate of Lensed GW events – Redshift

0.0 0.5 1.0 1.5 2.0
Source Redshift zs

10−5

10−4

10−3

10−2

10−1

100

101

102

103

D
iff

er
en

tia
lr

at
es

(y
r−

1 )

Total, P (Θ) Design
Total, P (Θ) Midway
Total, P (Θ) O1

Lensed, P (Θ) Design
Lensed, P (Θ) Midway
Lensed, P (Θ) O1

K. K. Y. Ng et al. ArXiv e-prints (2017)
Tjonnie Li GWPAW2017, Annecy, France 25



Multiple Images
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Multiple Images
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Diffraction – Theory

I Thin-lens approximation with surface density Σ(ξ)

F (f) =
DSζ

2
0 (1 + zL)

DLDLS

f

i

∫
d2x exp [2πiftd(x,y)] (1)

I x = ξ/ξ0, y = ηDL/ξ0DS

I td is the arrival time at the observer from the source

td(x,y) =
DSξ

2
0

DLDLS
(1 + zL)

[
1

2
|x− y|2 − ψ(x) + φm(y)

]
(2)

I Deflection potential ψ(x) is given by

∇2
xψ =

2Σ

Σcr
(3)
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Diffraction – Measurability
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Detecting Diffraction – Overlapping signals
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Abstract

Gravitational lensing phenomena are widespread in
electromagnetic astrophysics, and in principle may also be
uncovered with gravitational waves. We examine gravitational
wave events in the limit of geometric optics, where we expect to
see multiple signals from the same event with different arrival
times and amplitudes, and wave optics, where we expect to see
effects such as interference and diffraction. We estimate the rate
of lensed signals in the Advanced LIGO era, and discuss the
strategies to identify them. Moreover, we investigate the physics
that we can extract from lensed gravitational-wave signals such
as the particulars of the lens.
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