
Pðνμ → νμÞ ¼ 1 − 4
X4

i¼1

X4

j>i

jUμij2jUμjj2sin2Δji: ð3Þ

In the analysis presented in this Letter, we use the exact
oscillation probability to extract limits on the parameters. In
the following discussion of the phenomenology, for sim-
plicity we only show leading terms.
Terms in Δ21 are negligible, and we can approximate

Δm2
32 ≈ Δm2

31. In the limit Δm2
41 ≫ Δm2

31 we can also
approximate Δm2

43 ≈ Δm2
42 ≈ Δm2

41 and expand the oscil-
lation probability to second order in the small terms s13,
s14, s24 and cos 2θ23, yielding

Pðνμ → νμÞ ≈ 1 − sin22θ23 cos 2θ24sin2Δ31

− sin22θ24sin2Δ41: ð4Þ

Thus, mixing with sterile neutrinos in the MINOS CC νμ
sample is controlled by θ24 and would be seen as a
depletion of events for Δ41 ≳ π=2, as shown in the top
panel of Fig. 1.

For 10−3 ≲ Δm2
41 ≲ 0.1 eV2 an energy-dependent

depletion would be observed at the FD with no effect at
the ND. The Δm2

41 ¼ 0.05 eV2 curve in the top panel of
Fig. 1 shows an example of this behavior. As Δm2

41

increases toward 1 eV2 we have Δ41 ≫ π=2 at the FD.
In this case—the fast-oscillation regime—an energy-inde-
pendent reduction in the event rate would be observed,
since sin2Δ41 → ½ when the finite energy resolution of the
detectors is considered. The Δm2

41 ¼ 0.50 eV2 curve in the
top panel of Fig. 1 shows an example of fast oscillations.
For Δm2

41 ≳ 1 eV2 an additional energy-dependent
depletion of νμ would be seen at the ND, with the energy
of maximum oscillation increasing with Δm2

41. An example
of these ND oscillations is shown by the Δm2

41 ¼ 5.00 eV2

curve in the top panel of Fig. 1. For Δm2
41 ≳ 100 eV2 fast

oscillations occur at both detectors.
MINOS is also sensitive to sterile neutrinos via the

disappearance of NC events [21–23], as shown in the
bottom panel of Fig. 1, which would occur with a
probability

1 − Pðνμ → νsÞ ≈ 1 − c414c
2
34sin

22θ24sin2Δ41

− Asin2Δ31 þ B sin 2Δ31: ð5Þ

The terms A and B are functions of the mixing angles
and phases. To first order, A ¼ s234sin

22θ23 and B ¼
1
2 sin δ24s24 sin 2θ34 sin 2θ23. The NC sample is therefore
sensitive to θ34 and δ24 in addition to θ24, although that
sensitivity is limited by poor neutrino-energy resolution
(due to the undetected outgoing neutrino), a lower event
rate due to cross sections, and νμ and νe CC backgrounds.
The MINOS apparatus and NuMI beam have been

described in detail elsewhere [20,24]. We analyze an
exposure of 10.56 × 1020 protons on target (POT) used
to produce a νμ-dominated beam with a peak energy of
3 GeV. The detectors are magnetized steel-scintillator,
tracking-sampling calorimeters that utilize an average field
of 1.3 T to measure the charge and momentum of muons.
The energy of hadronic showers is measured using calo-
rimetry. In the case of CC νμ interactions, this is combined
with topological information through a k-nearest-neighbor
algorithm [25].
A sample of NC-enhanced events is isolated by search-

ing for interactions that induce activity spread over fewer
than 47 steel-scintillator planes. Events with a recon-
structed track are required to penetrate no more than five
detector planes beyond the end of the hadronic shower.
Additional selection requirements are imposed in the ND to
remove cases in which the reconstruction program was
confused by multiple coincident events. The selected NC
sample in the ND has an efficiency of 79.9% and a purity of
58.9%, both estimated from Monte Carlo (MC) simulation.
The background is composed of 86.9% CC νμ interactions

〉) µν
→ µ

 P
(ν

〈

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1
ND FD

 CCµν

110210 11010
Reconstructed energy (GeV)

-210 -110 1 10 210 310

〉) sν
→ µν

 1
 -

 P
(

〈

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

3-flavor prob.
2 = 0.05 eV41

2m∆
2 = 0.50 eV41

2m∆
2 = 5.00 eV41

2m∆

ND FD

NC

L / E (km / GeV)

22

FIG. 1. Muon neutrino oscillation probabilities as a function of
L=E, where L is the distance traveled by the neutrinos, and E is
the reconstructed neutrino energy (top horizontal axis of each
panel), for three different values of Δm2

41, with θ14 ¼ 0.15,
θ24 ¼ 0.2, θ34 ¼ 0.5, and values of Δm2

31, Δm2
21, θ12, θ23, and θ13

from Ref. [1]. The dip in Pðνμ → νμÞ at 500 km=GeV is due to
oscillations driven by Δm2

31. As L=E increases, the various
oscillation probabilities become similar and the lines overlap.
The gray bands indicate the regions of reconstructed energy
where CC νμ interactions (top panel) and NC interactions (bottom
panel) are observed in the two detectors.
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