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Determining the fundamental parameters of the SM.

SQCD[Aµ, ψ, ψ] =

∫
d4x

1
4

Fa
µνFa

µν +
∑

f
ψf γµ(∂µ + mq + ıgAµ)ψf

I Fundamental parameters (mMS, αMS) naturally defined at high energies (EW
scale).

I Well measured and clean QCD quantities naturally defined at low energies
(Mp,Mπ , . . . ).

I In principle one-to-one correspondence, but. . .
I . . .Common approach to compute observables in a QFT: perturbation theory

only works in the weakly coupled regime!!

A theoretical problem in strongly coupled QFT

I Lattice QCD
I Finite size scaling

Fundamental parameters (mMS, αMS) from hadronic input Mp,Mπ , . . .
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Computing path integrals: Lattice field theory
Lattice field theory −→ Non Perturbative definition of QFT.
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Uµ(x) = eiagAµ(x) ψ(x)

I Discretize space-time in an hyper-cubic lattice
(spacing a)

I Path integral −→multiple integral (one
variable for each field at each point)

I Compute the integral numerically→Monte
Carlo sampling.

〈O〉 =
1

Nconf

Nconf∑
i=1

O(Ui) +O(1/
√

Nconf)

Observable computed averaging over samples
I This works both in the perturbative and

non-perturbative regimes!

SG[U] =
β

6
∑

p∈Plaquettes
Tr(1− Up − U+

p ) −−−→
a→0

−
1
2

∫
d4x Tr(FµνFµν)

5/20



Motivation Lattice QCD Finite size scaling Nf = 3 Running coupling Conclusions

Computing path integrals: Lattice field theory
Lattice field theory −→ Non Perturbative definition of QFT.
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variable for each field at each point)

I Compute the integral numerically→Monte
Carlo sampling.

〈O〉 =
1

Nconf

Nconf∑
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O(Ui) +O(1/
√

Nconf)

Observable computed averaging over samples
I This works both in the perturbative and

non-perturbative regimes!

SG[U] =
β

6
∑

p∈Plaquettes
Tr(1− Up − U+

p ) −−−→
a→0

−
1
2

∫
d4x Tr(FµνFµν)

Lattice sp. a UV cutoff a−1 L−1 Mπ MK

0.086 fm 2.3 GeV 35 − 70 MeV 130 – 420 MeV 420 – 480 MeV

0.064 fm 3.1 GeV 50 − 64 MeV 200 – 420 MeV 420 – 480 MeV

0.05 fm 3.9 GeV 60 MeV 260 – 420 MeV 420 – 470 MeV

CLS ensembles [Bruno et al. ’15]

5/20



Motivation Lattice QCD Finite size scaling Nf = 3 Running coupling Conclusions

Overview

Motivation

Lattice QCD

Finite size scaling

Nf = 3 Running coupling

Conclusions

6/20



Motivation Lattice QCD Finite size scaling Nf = 3 Running coupling Conclusions

Finite size scaling and step scaling function [Lüscher, Weisz, Wolff ’91]

r

q q

αqq(µ) =
3r2

4
F(r)

∣∣∣
µ=1/r

a � 1
µmax

< 1
µmin

� L

a{ L

Huge computer resources: L/a ∼ 1000.

I Coupling α(µ) depends on no other scale but L (Notation: α(L), α(1/L)).
I a� 1/µ easily achieved: L/a ∼ 10− 40
I Step scaling function: How much changes the coupling when we change the

renormalization scale:
σ(u) = g2(µ/2)

∣∣∣
g2(µ)=u

achieved by simple changing L/a→ 2L/a!
I 1/L is a IR cutoff⇒ simulate directly mq = 0
I We need dedicated simulations of the femto-universe

Finite volume renormalization schemes: fix µL = constant
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Running coupling

β ⇐⇒ a; g2(L)⇐⇒ L⇐⇒ µ

 1

 2

 3

 4

 5

 6

 7

 8

 2.5  3  3.5  4  4.5  5

g
2
(L

)

β

L = constant = Lmax

L = constant = Lmax/2

L = constant = Lmax/4

a = constant

2L/a
L/a

Step scaling function

Σ−1(u, a/L) = g2(L/2)
∣∣∣
g2(L)=u

Continuum limit

σ−1(u) = lim
a/L→0

Σ−1(u, a/L)

Simulate several pair of lat-
tices
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σ(u) =⇒ β(g) =⇒Whatever!
[ M. Dalla Brida, P. Fritzsch, T. Korzec, A. R., S. Sint, R.Sommer]

I Once σ(u) is known, we can determine β(g) = µ
∂g(µ)
∂µ

log 2 = −
∫ g(µ/2)

g(µ)

dx
β(x)

= −
∫ √σ(u)

√
u

dx
β(x)

I . . . also the Λ parameter

Λ/µ =
[
b0g2(µ)

]−b1/2b2
0 e
− 1

2b0g2(µ) exp

{
−
∫ g(µ)

0
du
[

1
β(u)

+
1

b0u3 −
b1
b0u

]}

(Equivalent to determining αs(MZ))
I . . . and any ratio of scales

log
µ1
µ2

= −
∫ g(µ2)

g(µ1)

dx
β(x)
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femto-universes in the CRAY supercomputer (HLRN)

L

r
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Precise determination of σSF(u) for αSF(L) ∈ [0.1, 0.2] (∼ 4− 100 GeV)

0 0.005 0.01 0.015 0.02 0.025

1.10

1.12

1.14

1.16

1.18

1.20

1.22

(a/L)2

Σ(
u,

a/
L)
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T

Ci(x) C ′
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I αSF(L) measure how the system reacts to a change in boundary conditions
I Accurate determination of σSF(u) with L/a = 6, 8, (12)→ 12, 16, (24)

SF boundary conditions: Dirichlet bc for the gauge field Ak(x)|x0=0,T
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Yang-Mills gradient flow: basics [Narayanan, Neuberger ’06; Lüscher ’10]

I Add “extra” (flow) time coordinate t (6= x0), [t] = −2. Define Bµ(x, t)

Gνµ(x, t) = ∂νBµ(x, t)− ∂νBµ(x, t) + [Bν(x, t),Bµ(x, t)]
dBµ(x, t)

dt
= DνGνµ(x, t); Bµ(x, t = 0) = Aµ(x) .

I Since
dBµ(x, t)

dt
= DνGνµ(x, t)

(
∼ −

δSYM[B]

δBµ

)
limt→∞ Bµ(t, x) = Aclassical

µ (x).
I Correlation functions of the “smooth” field Bµ(x, t)

G(x1, x2, . . . ) = 〈B(x1, t)B(x2, t) · · · 〉

are finite after the usual bare parameter renormalization [Lüscher, Weisz. ’11].
I Action density (t > 0) is a renormalized observable at a scale µ = 1/

√
8t

t2〈E(x, t)〉 = −
t2

4
〈tr{Gµν(x, t)Gµν(x, t)}〉

I Suggests α(µ) ∝ t2〈E(x, t)〉with
√

8t = cL
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Why is a good choice? Nf = 2 and SU(3) simulations [P. Fritzsch, A.R. ’13 ]

L/a 6 8 10 12 16
β 5.2638 5.4689 5.6190 5.7580 5.9631
κsea 0.135985 0.136700 0.136785 0.136623 0.136422

Nmeas 12160 8320 8192 8280 8460

g2
SF(L1) 4.423(75) 4.473(83) 4.49(10) 4.501(91) 4.40(10)

g2
GF(µ) (c = 0.3) 4.8178(46) 4.7278(46) 4.6269(47) 4.5176(47) 4.4410(53)

g2
GF(µ) (c = 0.4) 6.0090(86) 5.6985(86) 5.5976(97) 5.4837(97) 5.410(12)

g2
GF(µ) (c = 0.5) 7.106(14) 6.817(15) 6.761(19) 6.658(19) 6.602(24)

I O(103) less expensive at g2 ∼ 4 (1 CPU day→ some CPU years).
I Finite variance when a→ 0 (i.e. V ∼ 〈E2(t)〉 − 〈E(t)〉2).
I Statistical precision independent of coupling value δg2/g2 ∼ constant.
I Smaller c =⇒ Larger cutoff effects, more precision. (c ∈ [0.3, 0.5])

Advantages of GF coupling definition

Ideal for matching with hadronic regime of QCD
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Precise determination of σGF(u) for αGF(L) ∈ [0.2, 1] (∼ 4− 0.2 GeV)
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Data

I Cutoff effects larger than in the αSF scheme
I Detailed investigation in a EFT approach [A.R., S. Sint ’16]

I +20 pages discussion in [Phys.Rev.D (2017) no.95, 014507]

I +4 variations to fit cutoff effects
I Accurate determination of σGF(u) with L/a = 8, 12, 16→ 16, 24, 32
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A precise determination of αs(mZ) from three-flavor QCD
[ M. Dalla Brida, P. Fritzsch, T. Korzec, A. Ramos, S. Sint, R.Sommer, M. Bruno, S. Schaefer, H. Simma ]
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A precise determination of αs(mZ) from three-flavor QCD
[ M. Dalla Brida, P. Fritzsch, T. Korzec, A. Ramos, S. Sint, R.Sommer, M. Bruno, S. Schaefer, H. Simma ]

Λ
(3)
MS

=
Λ

(3)
MS
Λ
×

Λ

µ0
×

µ0
µhad

×
µhad

Fk + 1
2 Fπ
× (Fk +

1
2

Fπ)

I
Λ
(3)
MS
Λ

. Known analytically.
I Λ

µ0
= 0.0308(8). Matching with PT ∼ 100GeV [Phys.Rev.Lett. 117 (2016) no.18, 182001]

I
µ0
µhad

= 21.86(42). “Low energy” running [Phys.Rev.D (2017) no.95, 014507.]

I
µhad

Fk+
1
2 Fπ

. Determined on CLS ensembles. “Large” volume simulations.

I Fk + 1
2 Fπ . Taken from experiment.

I Use perturbation theory (to be avoided in the future!)

Λ
(3)
MS
→ Λ

(4)
MS
→ Λ

(5)
MS
→ αs(MZ)

I Preliminary value (being finished); % accuracy!

αs(MZ) = 0.1179(10)(2)
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Conclusions and perspectives
I Lattice QCD and finite size scaling are a theoretically sound approach to the

computation of the fundamental parameters of the SM
I Progress comes from faster computers/better algorithms and also from new

ideas in field theory
I Many things need to be explored

I Better way to match with perturbation theory (avoid SF scheme)
I Understand quark thresholds
I QED corrections are an important issue [B. Lucini, A. Patella, A.R., N. Tantalo ’15]

I mq on the way [I. Campos, P. Fritzsch, C. Pena, D. Preti, A. R., A. Vladikas]
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Backup

Gradient Flow: How it works

dBµ(x, t)
dt

= DνGνµ(x, t); Bµ(x, 0) = Aµ(x)

Expand the flow field in powers of g0.

Bµ(x, t) =
∞∑

n=1
Bµ,n(x, t)gn

0

dBµ,1(x, t)
dt

= ∂2
νBµ,1(x, t)

that has solution

Bµ,1(x, t) =
∑

p
e−p2teıpxÃµ(p)

Bµ,1(x, t) =
1

4πt

∫
d4y e−

(x−y)2
4t Aµ(y)

GF ≡ Heat equation (+ gauge terms)

We are “looking” at world with a
resolution ∼

√
8t.
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