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1

Lattice for EFTs, EFTs for the
lattice, and EFT on the lattice

1.1 Overview

For concreteness we consider 3+1 dimensions. Lattice field theories then approximate
the 4-d (Euclidean) space by the discrete set of points of a lattice. A hypercubic lattice,

A=aZ*={z, =an,|n, €Z, pn=0,1,2,3}, (1.1)

has enhanced symmetry which is important for renormalisation. For numerical com-
putations one considers a finite lattice,

A={z,=an,ln,=0,1,...L,/a—1} (1.2)
with mostly
Lo=T,Li=Ly=L3=1L. (1.3)
The action which appears in the path integral weight has the form

S = / A Leont(x) = a* Y Lia (@) (1.4)

TEA
=qat Z Liat(ang, any, ang, ang) . (1.5)

no,n1,Mn2,Mn3

We discuss Lagrangians L, later.
A feeling for relevant scales in numerical lattice QCD is provided by Table 1.1.

Table 1.1 Typical scales in lattice QCD. Quark masses are often varied. Restrictions are
due to limits in computer power (L/a = 32 — 128) and the need to avoid finite size effects
(m=L 2 4).

energy scale typical range remark
mass gap my 130 MeV — 500 MeV  infrared scale L > m_!
cutoff 1/a 1.5 GeV — 6 GeV in large volume L = 3 — 6fm

b-quark mass m;, &~ 5GeV
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Euclidean two-point functions

Gy (z,y) = (2" (2)2(y)) (1.6)
allow for the extraction of energies E,, and matrix elements M,, = (n|®(x)|0) through
750’ GF(ay) =Y [My[? e IFomwlEn (1.7)
Xy n>1
[e.g. & = &, = iuysd, ®* = idysu]. (1.8)

At large xg — yo, the lowest terms dominate and one can determine the low lying
energies and matrix elements. In particular when the two-point function is projected
to space momentum zero, p = 0, as done here by a? Y ox e0* and when there is a
bound state in the channel excited by ® (as opposed to just resonances), then

E; =m(a) (1.9)

is a particle mass and M is a vacuum-to-one-particle matrix element. The physical
mass is given by the continuum limit

Meont = ilg}) m(a). (1.10)

The big point is that the Euclidean, latticised, path integral can be evaluated by Monte
Carlo “simulations” (Luscher, 2010, Schaefer, 2009) and thus expansions in coupling or

Table 1.2 Examples for the interplay of EFT and lattice QCD.

role EFT range of EFT range of lattice QCD

1. Lattice for EFT
determine LEC’s Chiral PT low energy QCD “all energies” w. E < a1

2. EF'T for Lattice
discretisation effects Symanzik EFT E < a™!

finite volume effects Chiral PT L™t < mg, Aqep
quark mass effects Chiral PT my, md < Aqep
Heavy Meson  my > Aqep
Chiral PT My, ma < Aqep
combined effects HMrsChPT My, ma < Aqep, mp > Aqep, £ <K a~?
3. EFT on the Lattice
NP EFT QCD® E < me, mp, my
NP EFT HQET E, Aqcp < my, E<at m,Ja?
NP EFT NRQCD E, Aqcp < a™' < me,my,

NP EFT Nuclear EFT I am not an expert
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quark mass are not needed. Thus a lattice field theory gives us access to the non-
perturbative spectrum and selected matrix elements. It provides the non-perturbative
definition of the QFT and through MC simulations also a means for its numerical
solution.

The question arises, why then consider EFT’s in the context of lattice field theo-
ries. There are roughly speaking three reasons.

1. Lattice QCD can provide observables which add to experimental ones, in order to
determine the parameters of EFTs, e.g. mquark 7 Nature, aem # Nature.

2. EFTs can help extrapolations of numerical results of lattice QCD. Prominent ex-
amples are the extrapolations L — oo and to physical quark masses (Chiral PT)
and to the continuum limit (Symanzik EFT). In some cases there are parameter-free
asymptotic formulae, more generally the EFT dictates the functional form of extrap-
olations which will involve a (hopefully small) number of free parameters.

3. The third category are EFTs which are not solvable analytically, because they are
strongly interacting, such as HQET which describes heavy quarks interacting non-
perturbatively with the other QCD fields. Here the theory itself is discretised and
simulated on a lattice.

Table 1.2 contains examples, the relevant scales, and their relations which are
necessary for the EF'T to apply.

1.2 Why EFT on the lattice?

Apart from the theoretical interest in describing EFTs non-perturbatively, the advan-
tage of using HQET and not just QCD with the heavy b-quark as a relativistic Dirac
field is that the cutoff, i.e. the inverse lattice spacing does not need to be much larger
than the quark mass,

mp > Aews = a~ ' is ok in HQET. (1.11)

Thus b-quarks become treatable without extrapolations or other tricks. A feeling for
the relevant scales is provided by Table 1.1.

In these two lectures we focus on HQET and emphasize general features of non-
perturbative EFTs and the question how the parameters of the EFT can be determined
without loosing predictions. We also give a flavor of Symanzik EFT, our basis for
understanding how lattice field theories approach the continuum.
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Heavy Quark Effective Theory at
zero velocity

This theory was introduced by T. Mannel (Mannel, 2017). Our notation is

Q/Jh = ¢0‘Manne1 ’

dJB = X0|Mannel '

We repeat the definitions of the special case of zero velocity in Euclidean time and
in our notation. We still work in the formal (no regularisation) continuum theory.

2.1 Lagrangian and propagator

The Lagrangian is

L=z 4 g (2.1)
+ £+ AV 1 0() (2:2)
L = Py (my + Do)t [Z3 = ba(mn — Do¥n ], (23)
.,?kfl) = —2,,1% (Okin + Ospin) - (2.4)

Due to the constraints
Yn = Piyn,  Yp = P4y, (2.5)

with

Py=1(1+y), PP =0, (2.6)

the fields formally have four components but only two degrees of freedom. The mass-
dimension five fields composing fh(l) are

Okin(z) = ¢5(x) D* (), (2.7)
Ospin(2) = ¢y (z) 0 - B(2) (), (2.8)

with
ok = 3€ijk0ij . Br =i3€iu[Di, Dyl (2.9)

Analogous expressions for fl—fl) are skipped here.
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Consider the lowest order £ = £5**. The propagator, G5, of the field ¢y, is
defined by

(Do + m)G®*2 (z,y; A) = (0o + Ag(x) + m)G***(z,y) = 6(z —y) Pr.  (2.10)

Note that this is the propagator in the presence of a gauge-field A, (z) that one
integrates over in the path-integral. It is easy to write down explicitly:

G***(x,y; A) = 0o — yo) 6(x —y) Py exp(—m (zo — yo)) P(z < y), (2.11)

P(x <+ y) = Pora exp {— dzp Ao (20, x)} . (2.12)

Zo

Yo

Here P,.q denotes path ordering. Any 2-point function, with a heavy quark, e.g.

CRa'(wo) = a3 (AR @) (AFD0)) AT =Tt (213)

stat

eyl o 210

tr { G5 (2, 0; A, )vsv0 GUEM(0, 75 A,) Y05 e~ Jett 4]
sol. of Dirac eq.
satisfies
9% (@, ym) = C¥% (2, 0) exp(—m (20 — yo)) - (2.15)

Therefore the term m in the Lagrangian may be removed (strictly speaking we need
m — € > 0 and then consider the limit € — 0) and then all energies shifted by it:

En= Eyl,_o+m. (2.16)

This is exact; we did not use perturbation theory.

2.2 Symmetries

Symmetries
1. Flavor

If there are F heavy quarks, we just add a corresponding flavor index and use a
notation

Vh = Uh = Wngs-- o ¥np)’ s Up = U= Wug, .o Unp) (2.17)
L™ = ¢, (Do + ) - (2.18)

Then we obviously have the symmetry

Yu(@) = Vn(z), dyle) = 9@V, VeSUF) (2.19)
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and the same for the anti-quarks. Note that this symmetry emerges in the large mass
limit irrespective of how the limit is taken. For example we may take (F' = 2 with the
first heavy flavor identified with charm and the second with beauty)

mp —me =cx Aqgep, or mp/me=c, mp— o0 (2.20)
with either ¢ or ¢’ fixed when taking my — oo.

2. Spin

We further note that for each field there are also the two spin components but the
Lagrangian contains no spin-dependent interaction. The associated SU(2) rotations
are generated by the spin matrices eq. (2.9) (remember that ty, , 1, are kept as 4-
component fields with 2 components vanishing)

1 _ [ Ok 0
Ok = 5Cijk0ij = (0 Uk) ) (2:21)

where the symbol oy is used at the same time for the Pauli matrices and the 4 x 4
matrix. We here are in the Dirac representation where

o= (30) = (20) = (59). 2m)

The spin rotation is then
Un(x) = T gy (), y(2) = Py (a)e Tk, (2.23)

with arbitrary real parameters ay. It acts on each flavor component of the field. Ob-
viously, the symmetry is even bigger. We can take V € SU(2F) in eq. (2.19). This
plays a role in heavy meson ChPT (Wise, 1992, Grinstein et al., 1992, Burdman and
Donoghue, 1992).

3. Local Flavor-number

The static Lagrangian contains no space derivative. The transformation

Yn(x) = " (), () = dy(a)e” (2.24)

is therefore a symmetry for any local phase n(x). For every point x there is a corre-
sponding Noether charge

Qn(@) = ¥y (2)¢n(2) [= Yy (@)r0¢n(2) ] (2.25)
which we call local flavor number. It is conserved,

We can take these symmetries to be the defining properties of the (low-
est order) EFT.
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Non-perturbative formulation of EFT

We now describe the general concept and formulation of an effective field theory. The
special features of HQET will be mentioned in the following subsection. We consider
processes in a fundamental theory (QCD or the standard model of particle physics — the
important feature is the renormalizability of the theory) at low energy. In particular
we first focus on processes (scattering, decay) of particles with masses of this low
energy or below it (in HQET also the large mass particles are involved as discussed by
T. Mannel). In this situation, vacuum fluctuations involving much heavier particles are
suppressed and a true creation of the heavier particles is energetically forbidden. One
therefore expects to be able to describe the physics of these low energy processes by an
effective field theory containing only the fields of the light particles (Weinberg, 1979).
The leading order Lagrangian of the theory is formed first from the free field theory
Lagrangians and all the renormalizable interactions. Restricting to just renormalizable
interactions at the lowest order is not always possible. We will come back to that later.
For now we consider universal EFTs where the lowest order theory is renormalizable.

3.1 Universal EFTs

Assuming the usual power counting, all local composite fields with mass dimension
smaller or equal to four are allowed. Let us denote the Lagrangian by Lyo and the
Euclidean action is S*™© = [d*zLyo(z). Correlation functions are then defined by the
standard path integral

PO = ()10 = 7= / S0, g0 = / Az L1o(@), (3.1)
fields
Lio(x) =Y w®oC@), [0/°<4 [ >0. (3.2)

with (1)p,o = 1 and O some multi-local product of fields, e.g.

O = p(z)p(y) - (3.3)

In this way we start at LO with a renormalizable theory. For a lattice formulation
this means that the continuum limit of the theory exists when a finite number of
bare parameters is varied as a function of a with renormalized parameters kept fixed.

Higher order terms in the expansion of physical amplitudes (or correlation func-
tions) in - are given by including fields with higher mass dimension, which is com-

mp
pensated by the appropriate factor of the large mass in the denominator,
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Lnro = ij@n wj = m%ﬁjv [0;] =5, [&;]=0, (3.4)
J

where the parameters w; are dimensionless. M. Neubert called these coeflicients Wilson
coefficients. The fields contained in the (multi-local) O are expanded in the same way
as the action,

Ot =OrLo+ONLO+ - -

We now have to deal with interactions in eq. (3.4) which are not renormalizable (by
power counting). However, we are only interested in the expansion ® = ®L¢ + dNLO 4

. of observables ® in m,; L It is therefore sufficient to define the theory with the
weight in the path integral expanded,

S e S gNO Ly (3.5)

in g

20
P = <O> _ fﬁeldse — ) (36)
Joeras

At NLO accuracy the expansion is then given by

o = (0o (3.7)
(I)CNf%O _ <ONLO>LO _ <<OLOSNLO>LO . <OLO>LO <SNLO>LO>
——
from 1/Z
and

SNLO = /d4l’ LNLO(QS) .

The term ®NF© is renormalizable with a finite number of counter terms which are
equivalent to renormalizing the parameters w; (including the LO ones). Also parame-
ters in the fields O are part of the list of w;.

Let us give a short reasoning why this is so. Consider O of eq. (3.3). Then

0" (z) = or°(x) (3.8)
O (z) = oR“O(x) = > Z{ei(z),  Zf=Z(Acut,90) (3.9)
{i: [pi]<[¢NEO] }

renormalizes the first term. Assuming a single N without mixing we can write for
the second term

(OLOSNLOY, / 12 (00 3w, 05(=))ro (3.10)
J

— /d4Z <OLO ngZijﬁj(z»Lo (311)
"j

+/d42 <Z w;0; )10 5 Zij = Zij(Mcut, 9o) , wi = wi(Acut, go)

where the last terms arise from contact terms x — 2z, y — z. The OPE (in the strict
sense) dictates that the contact terms have this form.
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The structure of this expression is such that one has to make all coefficients
free functions of the cutoff and coupling gy in order to obtain a fully renormalized
expression. Starting with a linear combination of all fields allowed by the symmetries
in the action and in ¢, this is all that is to do.

In other words,

w; = wi(Acut,90) — NLO EFT is finite (3.12)

i € terms in action U terms in fields ¢ (3.13)

The finite parts of the coefficients can be chosen to match to the fundamental
theory up to (;-)?.

wi = wi(Acut,mn, go) =  NLO EFT is QCD up to O((51-)%) (3.14)

Renormalizability is particularly important for a non-perturbative evaluation of the
path integral in a lattice formulation. The continuum limit of an effective theory only
exists when we treat the higher dimensional interactions as insertions in correlation
functions in the form of eq. (3.8). The continuum limit is then also expected to be
universal, i.e. independent of the specific discretisation.

There are two important consequences of this discussion.

The first is that, given a renormalizable lowest order Lagrangian, it is irrelevant that
higher order terms have mass dimension greater than d (= 4). The only consequence
is that their coefficients have to be determined, by either matching to experiment
(phenomenological approach) or by matching to the fundamental theory. Whether
coefficients are finite (have a limit as the cutofl is removed) or not is irrelevant.

The second is that the result of the predictions of the EFT are entirely universal
in the following sense. They do not depend on the regularization, i.e. on the way the
theory was discretized if we use a lattice.

3.2 EFTs with an intrinsic cutoff

There are cases where physics dictates that the lowest order Lagrangian has to contain
non-renormalizable terms. One example, related to HQET, is the physics of quarkonia.
Here NRQCD needs to be used as explained in (Mannel, 2017). The only difference
between NRQCD and HQET is the following.

HQET ﬁLo = j}?tat s »CNLO - _ﬁ(okin + Ospin) (315)
NRQCD £LO = gﬁtat — 271“‘ Okin’ ['NLO - _Wlhospin . (316)

NRQCD is non-renormalizable. Removing the cutoff requires to add more and more
(eventually infinitely many) interaction (or counter-) terms. Since this can’t be done,
one has to live with and discuss the dependence on the cutoff. In a lattice theory the
cutoff is the inverse of the lattice spacing, Acye = a~!, With a fixed number of terms
in the Lagrangian one then has cutoff-effects a* of both positive & > 0 (discretisation
errors) and negative k < 0 (divergences).
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A window,
E<at<my, (3.17)

has to be present for both types of terms to be negligible.
Clearly this is a difficult situation. NRQCD on the lattice has been used frequently
in the past, but less so nowadays.
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Renormalization of HQET

k
—__ = - ]

Fig. 4.1 One-loop self energy graph of a static quark. Graph from T. Mannel’s lectures.

4.1 At leading order in 1/m,
4.1.1 Action

Before coming to a general discussion, it is instructive to look at the simplest case of
renormalisation and matching in perturbation theory. We start with the static effective
theory. Consider the self-energy of the static quark in perturbation theory, namely
the diagram Fig. 4.1. This diagram behaves like

1
Yregd [ A ~ A~ L. 4.1
go/ 12(lo + ko + i€) 7 a (4.1)

This divergence has to be compensated by a mass counterterm

2 4
om o~ I LTI T (4.2)
a

which we just expect on the basis of dimensions anyway.
The Lagrangian therefore contains the counterterm and reads

fﬁtat = QZJB (mbare + DO)wh 5 Mpare = om + Minite ) om ~ Acut ~ % (43)
with a single parameter, mpae. ¥ etc are the bare fields in the regularized path

integral. We note that the split into a finite mass (different for different heavy flavours
f if they are present) and the divergent piece dm is arbitrary.
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More importantly, note that asymptotic freedom tells us that
a ~ e~/ (o) A1 (4.4)

where Ay, is the A-parameter in the lattice minimal subtraction scheme, see e.g.
(Weisz, 2011). Therefore

a—0 [

om ‘X7 [s198 4 s0g5 + .. ] el/(20095) A (4.5)

and a finite number of terms in a series of g3 is not sufficient to determine §m such that
energies are finite, i.e. they have a continuum limit. The counterterm dm, or better
immediately the full combination my,.. needs to be determined non-perturbatively.

However, the explicit form of the heavy quark propagator, eq. (5.13), shows that
Mpare drops out of all observables (at LO) except for the relation between the QCD
quark mass and one energy level in the static theory, say the mass of the B-meson.
All energy differences and all properly normalized’ matrix elements are independent
of Mpare.

E, (mbare) - B, (mbare) =FE, (O) - En, (O) s (46)
M (mpare) = MPE2(0) . (4.7)
4.1.2 Composite fields

Interesting, non-trivial, renormalisation (and matching) happens for composite fields.
We choose here the time-component of the axial current,

QCD: AR (x) = Zathy () 15708 () - (4.8)

To distinguish it from the HQET field we label the heavy quark in QCD by b. The
normalization factor is

Za=14+2ZVg2 + ... (4.9)

with a pure number (no renormalization scale dependence) Z(Al)7 which can be chosen
(in any regularization) such that the chiral Ward identities hold. The matrix element,

(0| AR(O)|B(p = 0)) = my/* F, (4.10)

of the associated Hilbert space operator A defines the decay constant Fg, the only
hadronic parameter determining the decay rate B — fv.

Now go to HQET at LO, the static theory. For the moment just write down the
structure of the EFT expression at 1-loop order,

o 20 =2 —70/(2bo)
Macep(mp) = CV (my,) (2130(;92(7(7/;3)) Mitar (1) (4.11)

x (1+0(g%) + O(|p|/mp)) , M = (a| AF|B)

LA proper mass-independent non-relativistic normalization has to be chosen. The standard one is
(B(p)|B(p)) = 2(2m)%s(p — p').
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for any matrix element M of the current. We rewrite this as (to be precise take
my = Myg (mb))

Maep(mp) = C"(my,) o (4.12)
— ~——

CWis (i) /o(g(mn)) - @(3(1)) Maear (1)
x (1+0(lpl/mp)) , M = (o AFIB)

with

Putat(9) = [20052] /2" exp{—/og dz {gg; - ;OH } (4.13)

1+0(g?)

Note that MESGI does not depend on y or my,. Nor does it depend on a renormalisation
scheme [show this as an exercise; hint: take y large]. It is a pure number, a NP property
of the EFT. There are no corrections to eq. (4.13); corrections appear when 3, are
approximated by perturbation theory at a certain order. 2

There are methods to compute MESG! with negligible perturbative truncation error.
They involve “step scaling strategies”.

A complete (but here irrelevant) transition to RGIs is given by expressing CWils /o
as a function Cpg(M/A) = CWVis(my,)/¢(g(my)), with M the renormalization group
invariant mass and A the A-parameter of QCD.

Mass scaling. 'The g(my)-dependence is equivalently to the mass dependence and one
may define another RG function Ymatch,

mp  OMqep g0
Magep  Omy,

Ymaten (9) = Yog? — inetehgt (4.14)

An interesting application is the asymptotics of the decay constant of a heavy-light
pseudo-scalar (e.g. B):*

Myoe [I(M/A)0/ 20

mpg

Frs MESE x[1+O(Im(M/A) )], (415)

which one obtains easily by inserting the leading order RG functions. Higher orders
yield the indicated logarithmic corrections.
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[~ 1-loop — — 2-loop 3-loop| | 2-loop — — 3-loop 4-loop

0.257 0.257

0.20 0.20+

0.15 0.154

0.10 ~ 0.10

0051 005

Fig. 4.2 The function Ymaten(g) as a function of g2 = §%(my) for Ny = 3 flavors in the MS
scheme. On the left we show Ymaten = 'V:]Zc o, for the time component of the axial current, on
the right we show the difference ’yr‘;’;tch —’yﬁgmh. Note that at 1-loop order the latter vanishes.

4.1.3 On the accuracy of perturbation theory

When one evaluates functions such as Cpg in a given order of perturbation theory,
various quantities enter such as the S-function, the quark mass anomalous dimension.
Apart from vmaten, these all have a well behaved perturbative expansion in the MS
scheme as seen in the following table reproduced from appendix A.2.2 of (Sommer,
2011).

Keeping this in mind, we just discuss Ymatcn- In the left graph in Fig. 4.2 we plot
different orders of Ymatcn. For the larger values g2 in the plot one may get worried
about neglecting higher order terms. Note that g2 is around 2.5 for the b-quark and
it is out of the range of the graph for the charm quark.

However, a more serious reason for concern derives from the right hand side graph.
There the difference of the anomalous dimensions for Vj, and Ay is shown. For such
differences perturbation theory is known to one loop higher (Bekavac et al., 2010) and
the perturbative coefficients do grow further. Asymptotic convergence seems to be
useful only for rather small couplings or masses far above the b-quark mass. At the
b-quark mass every known perturbative order contributes about an equal amount.
Since we do not understand the reason for this behavior, it raises concern about

2When S is inserted in n + 1-loop approximation and the other functions in n-loop approximation,
the r.h.s. is correct up to O(a(p)™) uncertainties.

3Note that Ymatch is just the anomalous dimension of the axial current Aatat in a special renor-
malization scheme. In this scheme, at scale p = m(my,), its matrix elements are equal to the QCD
ones up to order %,

MQCD = Mmatch(mb) + O(%) .

h

We therefore refer to it as the matching scheme.

4Note the slow, logarithmic, decrease of the corrections in eq. (4.15). We will see below, in the
discussion of Fig. 4.2, that the perturbative evaluation of Cpg(My,/A) is somewhat problematic.
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coefficient i=1 i=2 i=3 i=4

(47)b; 0.71620  0.40529  0.32445 0.47367
(47)'d; 0.63662  0.76835  0.80114 0.90881
(47r)wstat i1 -0.31831 -0.26613 -0.25917

(4r)? ymgh i -0.31831  -0.57010 -0.94645

(4m) v it -0.31831 -0.87406 -3.12585

(4r)° [yg;gt;h o1~ Voo tchi1) 0 0.30396 2.17939  14.803

Table 4.1 We list coefficients of S-function (b;), anomalous dimension of the mass (d;),

anomalous dimension of the static-light current, (7;) and the mass scaling function 2t

for various currents. The first three refer to the MS scheme and also v™*" are expansion

coefficients of the MS-coupling, but the currents are defined such that they match QCD, i.e.
are physical.
The normalisation (4m-factors) of the numbers is such that these are coefficients of o'

using perturbation theory for the matching functions. How does one estimate their
uncertainty?

We emphasize, that the bad behavior is easily traced back to the function Ciyatcn
and was noted in (Bekavac et al., 2010). We tried earlier (Sommer, 2011) to rearrange
the perturbative series in order to find a more stable perturbative prediction, but we
did not succeed. Possibly the concept of ‘renormalon subtraction’ helps, but to our
knowledge this has not been shown for the case at hand.

Summary. Let us summarize the most important facts about renormalization and
matching at leading order in 1/my,.

e The Lagrangian has a single parameter, the quark mass, which needs to be
renormalized. It is linearly divergent and can therefore not be computed in
PT. However, it only enters the relation my, <> mp. All energy differences are
independent of mpaye.

e Asymptotic freedom allows, in principle, to fully renormalize and match the
electroweak currents in PT. One may split the renormalization and matching
transparently into the definition of RGI operators in the EFT and a matching
function. In practice, looking at three non-trivial orders, higher orders become
smaller than the lower ones only when the quark mass is significantly above

= 5GeV. For HQET applied to the b-quark it seems necessary to do this
step non-perturbatively.

4.2 At higher orders in 1/m,

For quantitative phenomenological results one has to compute also % corrections
in HQET. Is it consistent to match perturbatively as we discussed in the previous
sections? We saw that the uncertainty due to a truncation of the perturbative matching
expressions at n-loop order corresponds to a relative error
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6n—loops<MQCD) _ 6n—100ps(CPS) _2 n 1 "
Maoo Oy LAY el vy vl

As my, is made large, this perturbative error decreases only logarithmically. It becomes
dominant over the power correction which one wants to include by pushing the HQET
expansion to NLO,

5n7100ps (MQCD) 5nfloops(CPS) mp>A A
= > —. 4.16
Maqcp Cps m, (4.16)

With a perturbative matching function, one does not perform a consistent NLO ex-
pansion such that errors decrease as (1/my,)?.

A practically even more serious issue is that at NLO one has to deal with the mixing
of operators with lower dimensional ones. For example Oy, = 1, D%y, mixes with
1y, Doy, and 1Py, In this situation mixing coefficients are power divergent ~ a~". In
the example we have n = 1,2. Subtracting power divergences in perturbation theory
and then computing the matrix elements non-perturbatively always leaves a divergent
remainder. Matrix elements of perturbatively subtracted operators do not have a non-
perturbative continuum limit.

We are lead to conclude that it is necessary to perform matching and renormal-
ization non-perturbatively. The only alternative is to supplement the theory by as-
sumptions. Namely one may assume that at the lattice spacings available in practice,
power divergences of the form g2!/(mya)™ are small since my,a > 1. This then has to
be combined with the assumption that the b-quark is not large enough to be in the
asymptotic region of eq. (4.16).



5
The lattice formulation

We work on a hyper-cubic Euclidean lattice as specified before.

5.1 QCD on the lattice

Fermion fields ¢(z), ¢ (x) are associated to the points of the lattice. However, to formu-
late gauge-covariant derivatives, one has to parallel-transport the fermion fields from
one site to the other,

Plx+z+ap)=U(z,u) = ——=—— €8U(3), (5.1)
Pz +afi+z)=Ul(z,p) = ——=——— €SU@B).

The parallel transporters transform under gauge transformations, ¢ (z) — Q(z)y(x),
as

Ulw,p) — Q2)U(e, ) + i)’ (5.3)

such that the (finite difference, backward) derivative

(VEO)(@) = = [6(2) — U@ — ot w) bz — o) 4)

is gauge covariant. The lattice Dirac operator is formulated in terms of these covariant
derivatives.

The gauge action has to be local, gauge invariant, lattice (i.e. 90 degree) rotational
invariant, formed in terms of the gauge fields U. The trace of the parallel-transporter
around a plaquette (elementary square),

X+ av
——

l
L

O,(z) = tr Uz, ))U(z + afp, v)U ™ (x + av, p) U (z,v) = * xrtap o (5.5)

is the most local object and summing over all x, i, v leads to the most natural action,
the Wilson gauge action. Assuming the lattice gauge fields U to be constructed from
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a smooth continuum gauge field, the action reproduces the continuum up to effects of
order a2,

0t 30 (1= F:0ul@) ~ [ Aot B (@)Fu(a) + O?). (5.6)

[ 7%

Since in the path integral gauge fields are not smooth, this is called the naive continuum
limit of the action; it means we have the right classical theory.
Unfortunately I have no time to explain more of lattice QCD.

5.2 HQET on the lattice
5.2.1 Static Lagrangian
We simply use

Do ¢y (x) = Vi (x) (5.7)

and, for later convenience, insert a specific normalization factor, defining the static
lattice Lagrangian

£h1M5WHM+mmw. (58)

The following points are worth noting, at least for the students working in lattice FT.
e There are no doubler modes (it is not easy to write down a Dirac operator on the
lattice with chiral symmetry, describing a single fermion. However, here there is
no chiral symmetry).
e There is a positive hermitian transfer matrix and thus a hermitian Hamiltonian.
e The lattice action preserves all the continuum heavy quark symmetries discussed
in the continuum HQET section. Those formulae hold without a change.

5.2.2 Propagator
From the Lagrangian eq. (5.8) we have the defining equation for the propagator

1 _
Obviously Gy (z,y) is proportional to §(x — y). Writing Gn(x,y) = g(no, ko; x)d(x —
y)Py with zg = ang, yo = akp, the above equation yields a simple recursion for
g(no + 1, ko; x) in terms of g(ng, ko; x) which is solved by

g(ng, ko; x) = 0(ng — ko) (1 + adm) ™o =R P (g y) | (5.10)
Pz,z) =1, Pz y+al) =P« y)U(y,0), (5.11)
where
0 ng<ko
0 — ko) = 5.12
(no — ko) {1 no > ko (5.12)
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The static propagator then reads

Gh(,y) = 0(z0 — y0) 5(x —y) exp (— dm (x0 — y0)) Plw +y) Py, (5.13)
Sm = Ln(1+ asm). (5.14)

P(x,y) is just the lattice parallel transporter. Note that the derivation fixes (0) = 1
for the lattice f-function. As in the continuum, the mass counter term dm just yields
an energy shift; now, on the lattice, the shift is

E}?/CI%D = Elslt/aﬁt Sm=0 + Mbare s  Mbare = OM + M. (515)
m=

It is valid for all energies of states with a single heavy quark or anti-quark. As in the
continuum the split between dm and the finite m is convention dependent.

5.2.3 Symmetries

All HQET symmetries are preserved on the lattice. The symmetry transformations can
literally be carried over from the continuum, e.g. the local flavor number eq. (2.24).
One just replaces the continuum fields by the lattice ones.

Note that these HQET symmetries are defined in terms of transformations of the
heavy quark fields while the light quark fields and gauge fields do not change (unlike
e.g. standard parity). Integrating out just the quark fields in the path integral while
leaving the integral over the gauge fields, they thus yield identities for the integrand
or one may say for “correlation functions in any fixed gauge background field”.

5.2.4 Symanzik EFT

According to the — by now well tested — Symanzik conjecture, the cutoff (= discreti-
sation) effects of a lattice theory can be described in terms of an effective continuum
theory. (Symanzik, 1983a, Symanzik, 1983b, Liischer et al., 1996). Once the terms in
Symanzik’s effective Lagrangian are known, the cutoff effects can be canceled by adding
terms of the same form to the lattice action, resulting in an improved action.

For a static quark, Symanzik’s effective action is (Kurth and Sommer, 2001)

Set = So+aSy +..., S;i= /d4x£i(x) (5.16)

where Lo(z) = £5*(z) is the continuum static Lagrangian of eq. (??) and
5

Li(z) = Zc O;(z), (5.17)

is given in terms of local fields with mass dimension [O;(x)] = 5. Their coefficients
¢; are functions of the bare gauge coupling. Assuming for simplicity mass-degenerate
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light quarks with a mass m;, the set of possible dimension five fields, which share the
symmetries of the lattice theory, is

O3 = P DoDotpn, Os = my Y, Dothy, Oz =mi Pyibn . (5.18)

Note that P;oq; Py = 0 means there is no term t,00;Fojtn, and 1, D; Dy, can’t
occur because it violates the local phase invariance eq. (2.24). Finally 1,05 Fjrtn is
not invariant under the spin rotations eq. (2.23).

Furthermore, we are only interested in on-shell correlation functions and energies.
For this class of observables O3, O4 do not contribute (Liischer and Weisz, 1985,
Liischer et al., 1996) because they vanish by the equation of motion,

Dothy, = 0. (5.19)

The only remaining term, Os, induces a redefinition of the mass counter-term dm
which therefore depends explicitly on the light quark mass.

We note that for almost all applications, dm is explicitly canceled in the relation
between physical observables and one thus has automatic on-shell O(a) improvement
for the static action. No parameter has to be tuned to guarantee this property. Still,
the improvement of matrix elements and correlation functions requires to also con-
sider composite fields in the effective theory. For the axial current one finds one O(a)
operator. For a detailed description we refer to (Sommer, 2011).

5.2.5 mi terms.
h
Valid discretisations for these terms are easily written down:

Ouin(@) = ¥5(2) ViV tn (), (5.20)
Ospin(2) = ¢y(x) o - B(x) ¢hn (). (5.21)
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Non-perturbative HQET

6.1 1/my,-expansion of correlation functions, masses, and matrix
elements

ni] -term is needed when we
X

Let us consider just one composite field (only a single
consider the field at p = 0)

ZHT (45t wa ALY, AP =D st (6.1)
For now we assume that the coefficients
O(l) . Mbpare Z};IQETv
(6.2)
O(l/mb) ¢ Wkin y Wspin, WA ,

are known as a function of the bare coupling gy and the quark mass m. Their non-
perturbative determination will be discussed later.
The rules of the 1/myp-expansion are illustrated on the example

CR R wo) = a* > (Af(@)(A5)(0)) (6.3)

One uses eq. (6.1) and expands the expectation value consistently in 1/my,, count-
ing powers of 1/my, as in eq. (6.2). At order 1/my,, terms proportional to wiin X wa
etc. are to be dropped. [They have to be dropped! Q: why?] As a last step, we have
to take the energy shift between HQET and QCD into account. Therefore correlation
functions with a time separation xo obtain an extra factor exp(—xzgm), where the
scheme dependence of m is compensated by a corresponding one in dm.

Dropping all terms O(1/mi) without further notice, one arrives at the expansion

CR (o) = 0 (Z3T)2 [ CXR (w0) + wa O34 (w0) (6.4)
+ Wkin C}&iﬂ(%) + Wspin CIS&I] (xo)}

_ ommeo(ZHQET)2 stat () [1 + wa RS () (6.5)
+ Wiin RER (20) + Wepin R (550)}

with
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O3t (o) = a® Y (AF*(2)(AS” (0)N)star + @ Z<A<”<:c><Azm<o>>*>sm,

X

Ckin (LU()) _ 3 Z<Astat( ) Abtdt T 4 Z Okm

spln _ aS Z Abtat Abtat T 4 Z Ospm
It is now a straight forward exercise to obtain the expansion of the B-meson mass.
mp = — lim Jpln CSED(JZ()) (6.6)
To—r00
= Mpare + E%™ + wiin B 4+ wepin B + wa x 0, (6.7)
E* = — lim 9 In C34 () , [E5%%) =1, (6.8)
To—00 Sm=0
EX™ — — lim 9y R§R(z0), E™™ =— lim 8y RP"(zo), [EY"]=[EP"=2.
To—00 To—>00

Again we have made the dependence on dm explicit through mpae = my, + 5m and
then all quantities are defined in the theory with ém = 0. Note that the ratios R} 5
(and therefore Ekin E*P") do not depend on dm; the quantities Ekin Espin have mass
dimension two and we have already anticipated eq. (6.15). These equations tell us also
that

CXin () Aaenzo>L o nstant x 2 e~ 0 (6.9)

just like C’f&n.
The expansion for the decay constant is

. 1/2
Fgy/mg = lim {2 exp(mpao) CP (20) } / (6.10)
o oo
_ ZHQET q)stat {1 +p} (611)
stat _ stmt stat 1/2
o} —96(1]131OO {2exp(E*** z0) CX3*(20) }

pP= %xggnm [ wiin (2o EX™ + R¥A (20))

+ Wepin (20 EP™ 4+ RV (10))
+ waA RS (20) ] - (6.12)
Inserting 1 = Y, |B,n)(B,n|, with finite volume normalization (B,n|B,n) = 2L3,

and n labeling the eigenstates of the Hamiltonian, one further observes that (do it as
an exercise)

) 1 1
EXin — 2L3 (B|a® zokm (0,2)|B)stat = *§<B\@kin(0)|3>stat (6.13)
Espin - _*<B|Ospin(0)|B>stat ) (614)

0= hm DR (x0) (6.15)
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with |B) = |B,0). As expected, only the parameters of the action are relevant in
the expansion of hadron masses. Note that in lattice regularization there is a so-
called transfer matrix, which allows to define the Hamiltonian and the Hilbert space
rigorously and thus 1 = )" |B,n)(B,n| is rigorous.

A correct split of the terms in eq. (6.7) and eq. (6.12) into leading order and next
to leading order pieces which are separately renormalized and which hence separately
have a continuum limit requires more thought on the renormalization of the 1/my,-
expansion. We turn to this soon.

First, let us discuss how the HQET-parameters can be determined such that the
effective theory yields the 1/my, expansion of the QCD observables.

6.2 Strategy for non-perturbative matching

How can one non-perturbatively match HQET to QCD. Consider the action as well
as Ap (just at p = 0) and denote the free parameters of the effective theory by
Wi 1= 1~-~NHQET~

In static approximation we have the parameter vector

W = (s, I(Za) ), Nuger = 2 (616)

and including the first order terms in 1/m together with the static ones, the HQET
parameters are

WHQET = (mbare ’ ln(ZEQET) ; WA , Wkin ; Wspin )t NHQET =5. (617)

The pure 1/my, parameters may be defined as w(/™) = GHQET _ (stat  with all of

1 . . -
](Oa/rzl), non-zero. In fact our discussion of renormalization of the 1/my,

terms shows that méla/rzn) diverges as 1/(a?m).

With suitable observables, (M, = RGI mass of the heavy quark)

them, e.g. also m

(I)i(L,Mb,a) 5 1=1.. -NHQET 5
in a finite volume with L = T = L; ~ 0.5 fm, we require matching®
(I)l(L, Mb, a) = @?CD(Ll, Mb, O) 5 1=1... NHQET . (618)

Note that the continuum limit is taken in QCD, while in HQET we want to extract
the bare parameters of the theory from the matching equation and thus have a finite
value of a. It is convenient to pick observables with HQET expansions linear in wj,
e.g. ® =log(Caa) ,

(I)(LaMbaa) = n(L7a)+ ¢(L7a’) Xw(Mbaa)7 (619)
——
NuQeT X NHQET
in terms of a Nuqer X Nuqer coefficient matrix ¢. A natural choice for the first two
observables is to choose them as finite volume observables which converge (exponen-
tially) to interesting physical observables that one wants to predict,

IRecall that observables without a superscript refer to HQET.
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&, = Lmg(L) "2 Lmg (6.20)
®y = In((0; L|AR|B, L)) = log(L*/?Fg(L)\/ms(L)/2)
L2 log(L*? Fa/mz/2) . (6.21)

In static approximation these determine directly w; and wy. We will not discuss the
other ®@;, here. The explicit form of n, ¢ is

[stat LO...
01...

n=1¢ |, ¢= (6.22)

with

Ca = (L2 Fy (L) mB(L)/z)Stat . (6.23)

Mpare=0

rstat " m%tat(L) |mbam:0 ,
In static approximation, the structure of the matrix ¢ is perfect: one observable de-
termines one parameter. This is possible since there is no (non-trivial) mixing at that
order.

Having specified the matching conditions, the HQET parameters w;(M,,a) can
be obtained from eqs.(6.18,6.19), but only for rather small lattice spacings since a
reasonable suppression of lattice artifacts requires L/a > 10 and thus a < 0.05fm
(Think of L as L ~ 1/|p|).

Larger lattice spacings as needed in large volume, can be reached by adding a step
scaling strategy, illustrated in Fig. 6.1. Let us now go through the various steps of
this strategy. The initial value of L is set to L = L.

(1) Take the continuum limit

S1: ®Q°P (L, My, 0) = lim ®RP(Ly, My, a). (6.24)

a/L1—0

This requires Li/a =20...40, or a = 0.025fm...0.012 fm.
(2a) Set the HQET observables equal to the QCD ones, eq. (6.18) and extract the
parameters

S2: O(My,a) = ¢ YLy, a) [®(Ly, My, 0) —n(L1,a)] (6.25)

The only restriction here is L;/a >> 1, so one can use Li/a = 10...20, which
means a = 0.05fm...0.025 fm.
(2b.) Choose, e.g., Ly = 2Ly and insert @ into ®(Lq, My, a):

S3: ®(Lg, Mp,0) = lim O{?](Lg,a) + ¢(La,a) 0(My,a)} (6.26)

a/La—
(3.) Repeat (2a.) for Ly — Lo:
S4: w(My,a) = ¢ (Lo, a) [®(La, My, 0) —1(La,a)]. (6.27)

With the same resolutions Ly /a = 10. .. 20 one has now reached ¢ = 0.1fm .. .. 0.05 fm.
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QCcD HQET

L4 ; Ly Lo Lo Lo
E ) PN
H w w

P 4 S
E N
match SSF
S S Ss Sy Ss

Fig. 6.1 Strategy for non-perturbative HQET (Blossier et al., 2010). Note that in the realistic

implementation(Blossier et al., 2010) finer resolutions are used.
(4.) Finally insert w into the expansion of large volume observables, e.g.
S5: mp = lin}][wl (M, a) + E¥(a)]. (6.28)
a—

In the chosen example the result is the relation between the RGI b-quark mass and
the B-meson mass mg. It is illustrative to put the different steps into one equation,

i — (6.29)

lir%[Estat (a) — T (Ly, a)] a =0.1fm...0.05fm [S4, S5]
a—
+ lir%[FStat(Lg, a) — 5Ly, a)] a =0.05fm. . .0.025fm [Sa2, Ss5]

a—

1

+ — lim &4 (L1, My, a) a =0.025fm...0.012fm [S1] -

L1 a—0

We have indicated the lattices drawn in Fig. 6.1 and the typical lattice spacings of
these lattices. The explicit expression for the decay constant in static approximation
is even more simple; write it down as an exercise!

Including m%, terms and also other components of the weak flavour currents works
in the same way. A relevant point is that the matching conditions can be chosen to
have some block structure; not everything depends on everything.
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Messages

Here are the main results of our discussion and one point (dependence on matching
conditions) a little bit elaborated

©

©

An effective theory such as HQET can be implemented non-perturbatively. The
result is universal in the following sense: it does not depend on the (lattice)
regularisation.

Results
exist so far only for Ny = 0,2 (light quarks) QCD. The pattern found is that
(with the matching as described)

NLO = 0(10%) LO

No significant deviations of NLO to results using other methods are known. Un-
fortunately, the set of observables that have been evaluated is limited so far.
LO + NLO: B leptonic decays and mass of b-quark. (Sommer, 2015)

LO: B, semi-leptonic decay at fixed, large, ¢ (Bahr et al., 2016)

Therefore all indications are that NLO HQET has a precision of around 1% for
b-quarks (with momenta ~ 500MeV).

But there are intrinsic limitations in expansions such as the 1/my-expansion in
QFTs. These have nothing to do with the lattice regularisation.

Results at each order in the expansion are ambiguous by terms of the size of
the next order. Ambiguous means that they depend on the matching condition
imposed. As an example consider the often written formal HQET-expansion

1
my = Z[mB + 3mp-] (7.1)

- 1
=mp+ A+ —X +O(1/m?) (7.2)
2my
with (ignoring renormalization)
A1 = (B|Oxin|B) . (7.3)

The quantity A is referred to as “static binding energy” and A; as the kinetic en-
ergy of the b-quark inside the B-meson. Depending on how we choose the matching
conditions, we change A; by a term of order AéCD. In fact we could set
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®; = m§' (L) and take L large (7.4)
then (7.5)
LO:  my+A=m¥ (7.6)

_ 1 N
=\ =0. (7.8)

If we take L of order 0.5 fm and parametrize m%’ like eq. (7.2) we will have
A1 = cAdop # 0. As a remark, this is similar to the case of the gluon condensate.
A convenient non-perturbative definition is to set it to zero.



References

Bahr, Felix, Banerjee, Debasish, Bernardoni, Fabio, Joseph, Anosh, Koren, Mateusz,
Simma, Hubert, and Sommer, Rainer (2016). Continuum limit of the leading-order
HQET form factor in By — K/{v decays. Phys. Lett., B757, 473-479.

Bekavac, S., Grozin, A. G., Marquard, P., Piclum, J. H., Seidel, D., and Steinhauser,
M. (2010). Matching QCD and HQET heavy-light currents at three loops. Nucl.
Phys., B833, 46-63.

Blossier, Benoit, della Morte, Michele, Garron, Nicolas, and Sommer, Rainer (2010).
HQET at order 1/m: I. Non-perturbative parameters in the quenched approxima-
tion. JHEP, 1006, 002.

Burdman, Gustavo and Donoghue, John F. (1992). Union of chiral and heavy quark
symmetries. Phys. Lett., B280, 287-291.

Grinstein, Benjamin, Jenkins, Elizabeth, Manohar, Aneesh V., Savage, Martin J.,
and Wise, Mark B. (1992). Chiral perturbation theory for f d(s) / f d and b b(s) /
b b. Nucl. Phys., B380, 369-376.

Kurth, Martin and Sommer, Rainer (2001). Renormalization and O(a)-improvement
of the static axial current. Nucl. Phys., B597, 488-518.

Luscher, Martin (2010). Computational Strategies in Lattice QCD. In Modern per-
spectives in lattice QCD: Quantum field theory and high performance computing.
Proceedings, International School, 93rd Session, Les Houches, France, August 3-28,
2009, pp. 331-399.

Liischer, Martin, Sint, Stefan, Sommer, Rainer, and Weisz, Peter (1996). Chiral
symmetry and O(a) improvement in lattice QCD. Nucl. Phys., B478, 365-400.

Liischer, M. and Weisz, P. (1985). On-shell improved lattice gauge theories. Commun.
Math. Phys., 97, 59.

Mannel, Thomas (2017). Effective Field Theories for Heavy Quarks. in EFT in
Particle Physics and Cosmology, editors: Sacha Davidson, Paolo Gambino, Mikko
Laine, Matthias Neubert, to appear .

Schaefer, Stefan (2009). Simulations with the hybrid Monte Carlo algorithm: Im-
plementation and data analysis. In Modern perspectives in lattice QCD: Quantum
field theory and high performance computing. Proceedings, International School, 93rd
Session, Les Houches, France, August 3-28, 2009, pp. 401-422.

Sommer, Rainer (2011). Introduction to Non-perturbative Heavy Quark Effective
Theory. . in Modern perspectives in lattice QCD, editors: L. Lellouch, R. Sommer,
B. Svetitsky, A. Viadikas and L. F. Cugliandolo, Ozxford Univ. Pr., Ozford, UK .

Sommer, Rainer (2015). Non-perturbative Heavy Quark Effective Theory: Introduc-
tion and Status. Nucl. Part. Phys. Proc., 261-262, 338-367.

Symanzik, K. (1983a). Continuum limit and improved action in lattice theories. 1.
Principles and ¢* theory. Nucl. Phys., B226, 187.



References 29

Symanzik, K. (19835). Continuum limit and improved action in lattice theories. 2.
O(N) nonlinear sigma model in perturbation theory. Nucl. Phys., B226, 205.

Weinberg, Steven (1979). Phenomenological Lagrangians. Physica, A96, 327-340.

Weisz, Peter (2011). Renormalization and lattice artifacts. in Modern perspectives
in lattice QCD, editors: L. Lellouch, R. Sommer, B. Svetitsky, A. Vladikas and
L. F. Cugliandolo, Ozford Univ. Pr., Oxford, UK .

Wise, Mark B. (1992). Chiral perturbation theory for hadrons containing a heavy
quark. Phys. Rev., D45, 2188-2191.



