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Momentum Regions in 
the Sudakov Problem



Method of regions

In general, the expansion of integral in dim. reg. is 
obtained as follows: 

• Identify all regions of the integration which lead to 
singularities in the limit under consideration. 

• Expand the integrand in each region and integrate 
over the full phase space. 

• Summing the contribution from the different regions 
gives the expansion of the original integral.

For a review:  V.A. Smirnov Springer, Tracts Mod. Phys.177:1-262, 2002 
Steps towards a proof: B. Jantzen, JHEP 1112 (2011) 076 



Application to the Sudakov problem
Let us now perform the expansion in a situation, 
where particles have large energies, but small 
invariant masses. Simplest example is the integral 

We consider the limit                          .

envisioned in [8, 10, 13]. In the second part of the paper we develop SCETII in the presence
of the new modes and discuss some examples of the relevance of soft-collinear messenger
exchange.

A prominent example of quantities that are sensitive to soft-collinear exchange graphs
are heavy-to-light form factors at large recoil, for which soft-collinear modes can (and do)
contribute at first order in λ. They are needed to describe the “soft overlap” contribution,
which is formally the leading contribution to the form factors in the heavy-quark limit [14].
Another important application of the soft-collinear modes arises when one studies the endpoint
behavior of hard-scattering kernels in QCD factorization theorems. The demonstration of the
absence of endpoint singularities is an important part of factorization proofs (see, e.g., the
discussion in [9]). In the endpoint region x ≪ 1 the scaling of the momentum of a collinear
parton carrying longitudinal momentum fraction x inside a fast light hadron changes from
E(λ2, 1, λ) to E(λ2, λ, . . . ). Similarly, in the region l+ ≪ Λ the scaling of the momentum of
a soft parton inside the B meson changes from E(λ, λ, λ) to E(λ2, λ, . . . ). In both cases it is
natural to describe these endpoint configurations in terms of soft-collinear fields. For the case
of factorization for the exclusive decay B → K∗γ this will be illustrated in [15].

2 Relevance of the soft-collinear mode

It will be instructive to demonstrate the relevance of soft-collinear modes with an explicit
example. Consider the scalar triangle graph shown in Figure 2 in the kinematic region where
the external momenta are lµ ∼ (λ, λ, λ) soft, pµ ∼ (λ2, 1, λ) collinear, and qµ = (l − p)µ ∼
(λ, 1, λ) hard-collinear. We define the loop integral

I = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) [(k + l)2 + i0] [(k + p)2 + i0]
(2)

in d = 4 − 2ϵ space-time dimensions and analyze it for arbitrary external momenta obeying
the above scaling relations. It will be convenient to define the invariants

L2 ≡ −l2 − i0 , P 2 ≡ −p2 − i0 , Q2 ≡ −(l − p)2 − i0 = 2l+ · p− − i0 + . . . , (3)

which scale like L2, P 2 ∼ λ2 and Q2 ∼ λ. (In physical units, L2, P 2 ∼ Λ2 and Q2 ∼ EΛ with
E ≫ Λ.) As long as these momenta are off-shell the integral is ultra-violet and infra-red finite
and can be evaluated setting ϵ = 0, with the result

I =
1

Q2

[

ln
Q2

L2
ln

Q2

P 2
+

π2

3
+ O(λ)

]

. (4)

Let us now try to reproduce this result by evaluating the contributions from different mo-
mentum modes. The method of regions [16, 17] can be used to find the momentum configura-
tions giving rise to leading-order contributions to the integral I. There is no hard contribution,
since for kµ ∼ E(1, 1, 1) the integrand can be Taylor-expanded in the external momenta, giv-
ing scaleless integrals that vanish in dimensional regularization. A short-distance contribution
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k + pk + l
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Figure 2: Scalar triangle diagram with an external soft momentum l and a
collinear momentum p. The loop momentum is denoted by k.

arises from the region of hard-collinear loop momenta kµ ∼ E(λ, 1, λ1/2), and power counting
shows that it is indeed of leading power: IHC ∼ λ2 · (λ−1)3 ∼ λ−1 (where we display the scaling
of the integration measure and of the three propagators), which is of the same order as the
leading term in the result (4). Simplifying the propagators in the hard-collinear region we
obtain at leading power

IHC = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) (k2 + 2k− · l+ + i0) (k2 + 2k+ · p− + i0)

=
Γ(1 + ϵ)

2l+ · p−

Γ2(−ϵ)

Γ(1 − 2ϵ)

(

µ2

2l+ · p−

)ϵ

=
Γ(1 + ϵ)

Q2

(

1

ϵ2
+

1

ϵ
ln

µ2

Q2
+

1

2
ln2 µ2

Q2
−

π2

6

)

+ O(ϵ) , (5)

where in the last step we have replaced 2l+ · p− → Q2, which is legitimate at leading power.
The relevant physical scale of this contribution is the hard-collinear scale µ2 ∼ Q2 ∼ EΛ.

Long-distance contributions to the integral arise from the regions of soft or collinear loop
momenta, where kµ ∼ E(λ, λ, λ) or kµ ∼ E(λ2, 1, λ), respectively. Power counting shows
that both regions give rise to leading-order contributions: IS ∼ λ4 · (λ−2)2 · λ−1 ∼ λ−1, and
IC ∼ λ4 · λ−2 · λ−1 · λ−2 ∼ λ−1. Simplifying the propagators in the soft region we obtain at
leading power

IS = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) [(k + l)2 + i0] (2k+ · p− + i0)

= −
Γ(1 + ϵ)

2l+ · p−

Γ2(−ϵ)

Γ(1 − 2ϵ)

(

µ2

L2

)ϵ

=
Γ(1 + ϵ)

Q2

(

−
1

ϵ2
−

1

ϵ
ln

µ2

L2
−

1

2
ln2 µ2

L2
+

π2

6

)

+ O(ϵ) . (6)

The relevant physical scale of this contribution is the soft scale µ2 ∼ L2 ∼ Λ2. Similarly, in
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Figure 2: Scalar triangle diagram with an external soft momentum l and a
collinear momentum p. The loop momentum is denoted by k.

arises from the region of hard-collinear loop momenta kµ ∼ E(λ, 1, λ1/2), and power counting
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arises from the region of hard-collinear loop momenta kµ ∼ E(λ, 1, λ1/2), and power counting
shows that it is indeed of leading power: IHC ∼ λ2 · (λ−1)3 ∼ λ−1 (where we display the scaling
of the integration measure and of the three propagators), which is of the same order as the
leading term in the result (4). Simplifying the propagators in the hard-collinear region we
obtain at leading power
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where in the last step we have replaced 2l+ · p− → Q2, which is legitimate at leading power.
The relevant physical scale of this contribution is the hard-collinear scale µ2 ∼ Q2 ∼ EΛ.

Long-distance contributions to the integral arise from the regions of soft or collinear loop
momenta, where kµ ∼ E(λ, λ, λ) or kµ ∼ E(λ2, 1, λ), respectively. Power counting shows
that both regions give rise to leading-order contributions: IS ∼ λ4 · (λ−2)2 · λ−1 ∼ λ−1, and
IC ∼ λ4 · λ−2 · λ−1 · λ−2 ∼ λ−1. Simplifying the propagators in the soft region we obtain at
leading power
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∫
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= −
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6

)
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The relevant physical scale of this contribution is the soft scale µ2 ∼ L2 ∼ Λ2. Similarly, in
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We consider the scalar integral I, but the same 
momentum regions appear in tensor integrals. 

To obtain the expansion introduce light-like reference 
vectors in the directions of p and l

Any vector can be decomposed as 

envisioned in [8, 10, 13]. In the second part of the paper we develop SCETII in the presence
of the new modes and discuss some examples of the relevance of soft-collinear messenger
exchange.

A prominent example of quantities that are sensitive to soft-collinear exchange graphs
are heavy-to-light form factors at large recoil, for which soft-collinear modes can (and do)
contribute at first order in λ. They are needed to describe the “soft overlap” contribution,
which is formally the leading contribution to the form factors in the heavy-quark limit [14].
Another important application of the soft-collinear modes arises when one studies the endpoint
behavior of hard-scattering kernels in QCD factorization theorems. The demonstration of the
absence of endpoint singularities is an important part of factorization proofs (see, e.g., the
discussion in [9]). In the endpoint region x ≪ 1 the scaling of the momentum of a collinear
parton carrying longitudinal momentum fraction x inside a fast light hadron changes from
E(λ2, 1, λ) to E(λ2, λ, . . . ). Similarly, in the region l+ ≪ Λ the scaling of the momentum of
a soft parton inside the B meson changes from E(λ, λ, λ) to E(λ2, λ, . . . ). In both cases it is
natural to describe these endpoint configurations in terms of soft-collinear fields. For the case
of factorization for the exclusive decay B → K∗γ this will be illustrated in [15].

2 Relevance of the soft-collinear mode

It will be instructive to demonstrate the relevance of soft-collinear modes with an explicit
example. Consider the scalar triangle graph shown in Figure 2 in the kinematic region where
the external momenta are lµ ∼ (λ, λ, λ) soft, pµ ∼ (λ2, 1, λ) collinear, and qµ = (l − p)µ ∼
(λ, 1, λ) hard-collinear. We define the loop integral

I = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) [(k + l)2 + i0] [(k + p)2 + i0]
(2)

in d = 4 − 2ϵ space-time dimensions and analyze it for arbitrary external momenta obeying
the above scaling relations. It will be convenient to define the invariants

L2 ≡ −l2 − i0 , P 2 ≡ −p2 − i0 , Q2 ≡ −(l − p)2 − i0 = 2l+ · p− − i0 + . . . , (3)

which scale like L2, P 2 ∼ λ2 and Q2 ∼ λ. (In physical units, L2, P 2 ∼ Λ2 and Q2 ∼ EΛ with
E ≫ Λ.) As long as these momenta are off-shell the integral is ultra-violet and infra-red finite
and can be evaluated setting ϵ = 0, with the result

I =
1

Q2

[

ln
Q2

L2
ln

Q2

P 2
+

π2

3
+ O(λ)

]

. (4)

Let us now try to reproduce this result by evaluating the contributions from different mo-
mentum modes. The method of regions [16, 17] can be used to find the momentum configura-
tions giving rise to leading-order contributions to the integral I. There is no hard contribution,
since for kµ ∼ E(1, 1, 1) the integrand can be Taylor-expanded in the external momenta, giv-
ing scaleless integrals that vanish in dimensional regularization. A short-distance contribution
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nµ = (1, 0, 0, 1) n̄µ = (1, 0, 0,�1)

n2 = n̄2 = 0 n · n̄ = 2

1 Introduction

There is currently much effort devoted to applications of soft-collinear effective theory (SCET)
[1, 2, 3, 4, 5] to exclusive B decays [6, 7, 8, 9, 10]. SCET provides a systematic framework in
which to discuss QCD factorization theorems for these processes [11] and power corrections
using the language of effective field theory. The hadronic states relevant to exclusive decays
such as B → K∗γ or B → ππ contain highly energetic, collinear partons inside the final-state
light mesons, and soft partons inside the initial B meson. Understanding the intricate interplay
between soft and collinear degrees of freedom is a challenge that one hopes to address using
the effective theory. This interplay is relevant even in simpler processes such as semileptonic
B decays near q2 ≈ 0, which are described in terms of heavy-to-light form factors at large
recoil.

Power counting in SCET is based on an expansion parameter λ ∼ Λ/E, where E ≫ ΛQCD

is a large scale (typically E ∼ mb in B decays), and Λ ∼ ΛQCD is of order the QCD scale. A
complication in SCET is that different components of particle momenta and fields may scale
differently with the large scale E. To make this scaling explicit one introduces two light-like
vectors nµ and n̄µ satisfying n2 = n̄2 = 0 and n · n̄ = 2. Typically, nµ is the direction of an
outgoing fast hadron (or a jet of hadrons). Any 4-vector can then be decomposed as

pµ = (n · p)
n̄µ

2
+ (n̄ · p)

nµ

2
+ pµ

⊥ ≡ pµ
+ + pµ

− + pµ
⊥ , (1)

where p⊥ · n = p⊥ · n̄ = 0. The light-like vectors pµ
± are defined by this relation. The

relevant SCET degrees of freedom describing the partons in the external hadronic states
of exclusive B decays are soft and collinear, where pµ

s ∼ E(λ, λ, λ) for soft momenta and
pµ

c ∼ E(λ2, 1, λ) for collinear momenta. Here and below we indicate the scaling properties of
the components (n · p, n̄ · p, p⊥). The corresponding effective-theory fields and their scaling
relations are hv ∼ λ3/2 (soft heavy quark), qs ∼ λ3/2 (soft light quark), Aµ

s ∼ (λ, λ, λ) (soft
gluon), and ξ ∼ λ (collinear quark), Aµ

c ∼ (λ2, 1, λ) (collinear gluon). The collinear quark is
described by a 2-component spinor subject to the constraint /n ξ = 0.

Short-distance fluctuations in exclusive B decays are usually characterized by two different
large scales: the hard scale E2 ∼ m2

b associated with off-shell fluctuations of the heavy quark,
and the “hard-collinear” scale ps · pc ∼ EΛ arising in interactions involving both soft and
collinear degrees of freedom. In order to disentangle the physics associated with these two
scales it is sometimes useful to perform the matching of full QCD onto the low-energy effective
theory in two steps, by going through an intermediate effective theory (called SCETI) contain-
ing “hard-collinear” modes with virtualities p2

hc ∼ EΛ as dynamical degrees of freedom. In a
second step SCETI is matched onto the final theory (called SCETII) containing near on-shell
soft and collinear partons only. In this paper we are concerned with the structure of this final
effective theory.

At leading order in power counting the effective strong-interaction Lagrangian of SCETII

splits up into separate Lagrangians for the soft and collinear fields. This property implies
factorization of many processes involving soft and collinear partons at leading power in λ.
Factorization is however not guaranteed for quantities that vanish at leading power, such

1



Introduce expansion parameter 

The different components of pμ scale differently. Since 

and                     , we must have                        

�2 ⇠ P 2/Q2 ⇠ L2/Q2

p2 = n · p n̄ · p + p2
? ⇠ �2Q2

pµ ⇡ 1
2Q nµ

(n · p , n̄ · p , p?)

pµ ⇠
�
�2 , 1 , �

�
Q

lµ ⇠
�
1 , �2 , �

�
Q



Regions in the Sudakov problem
The following momentum regions contribute to the 
expansion of the integral 

•Hard (h)

•Collinear to p (c1) 

•Collinear to l (c2) 

•Soft (s)  

All other possible scalings (λa, λb, λc) lead to 
scaleless integrals upon expanding. →Exercise

(n · k , n̄ · k , k?)

Ic2 = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) (2k− · l+ + i0) [(k + p)2 + i0]

= −
Γ(1 + ϵ)

2l+ · p−

Γ2(−ϵ)

Γ(1 − 2ϵ)

(

µ2

P 2

)ϵ

=
Γ(1 + ϵ)

Q2

(

−
1

ϵ2
−

1

ϵ
ln

µ2

P 2
−

1

2
ln2 µ2

P 2
+

π2

6

)

+ O(ϵ) . (3)

Is = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) (2k− · l+ + l2 + i0) (2k+ · p− + p2 + i0)

= −
Γ(1 + ϵ)

2l+ · p−
Γ(ϵ)Γ(−ϵ)

(

2µ2l+ · p−
L2P 2

)ϵ

=
Γ(1 + ϵ)

Q2

(

1

ϵ2
+

1

ϵ
ln

µ2Q2

L2P 2
+

1

2
ln2 µ2Q2

L2P 2
+

π2

6

)

+ O(ϵ) . (4)

kµ ∼
(

1 , 1 , 1
)

Q

kµ ∼
(

λ2 , 1 , λ
)

Q

kµ ∼
(

1 , λ2 , λ
)

Q

kµ ∼
(

λ2 , λ2 , λ2
)

Q



Have expanded away small momentum 
components 

  

The hard region is given by the on-shell form factor 
integral.

I(I) =

∫

∞

0
dk k−ε k

(k2 + m2)M2

{

1 −
k2

M2
+

k4

M4
+ . . .

}

=
m−ϵ

M2

{

1

ϵ
+ O(ϵ)

}

+ · · · =
1

M2

{

1

ϵ
− lnm + O(ϵ)

}

+ . . .

I(II) =

∫

∞

0
dk k−ε k

k2(k2 + M2)

{

1 −
m2

k2
+

m4

k4
+ . . .

}

=
M−ϵ

M2

{

−
1

ϵ
+ O(ϵ)

}

+ · · · =
1

M2

{

−
1

ϵ
+ lnM

}

+ . . .

I = Γ
(

1 −
ε

2

)

Γ
(ε

2

) m−ε − M−ε

M2 − m2

I(I) =

∫ Λ

0
dk k−ε k

(k2 + m2)M2

{

1 −
k2

M2
+

k4

M4
+ . . .

}

=

[
∫

∞

0
dk −

∫

∞

Λ
dk

]

k−ε k

(k2 + m2)M2

{

1 −
k2

M2
+

k4

M4
+ . . .

}

I(I) =

∫ Λ

0
dk k−ε k

(k2 + m2)M2

{

1 −
k2

M2
+ . . .

}

=

[
∫

∞

0
dk −

∫

∞

Λ
dk

]

k−ε k

(k2 + m2)M2

{

1 −
k2

M2
+ . . .

}

∫

∞

Λ
dk k−ε k

(k2 + m2)M2

{

1 −
k2

M2
+ . . .

}

=

∫

∞

Λ
dk k−ε k

k2 M2

{

1 −
m2

k2
−

k2

M2
+ . . .

}

∼ Λ−ε

Expansion of the Sudakov integral

Ih = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) (k2 + 2k− · l+ + i0) (k2 + 2k+ · p− + i0)

=
Γ(1 + ϵ)

2l+ · p−

Γ2(−ϵ)

Γ(1 − 2ϵ)

(

µ2

2l+ · p−

)ϵ

=
Γ(1 + ϵ)

Q2

(

1

ϵ2
+

1

ϵ
ln

µ2

Q2
+

1

2
ln2 µ2

Q2
−

π2

6

)

+ O(ϵ) , (1)

Ic1 = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) [(k + l)2 + i0] (2k+ · p− + i0)

= −
Γ(1 + ϵ)

2l+ · p−

Γ2(−ϵ)

Γ(1 − 2ϵ)

(

µ2

L2

)ϵ

=
Γ(1 + ϵ)

Q2

(

−
1

ϵ2
−

1

ϵ
ln

µ2

L2
−

1

2
ln2 µ2

L2
+

π2

6

)

+ O(ϵ) . (2)

Ic2 = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) (2k− · l+ + i0) [(k + p)2 + i0]

= −
Γ(1 + ϵ)

2l+ · p−

Γ2(−ϵ)

Γ(1 − 2ϵ)

(

µ2

P 2

)ϵ

=
Γ(1 + ϵ)

Q2

(

−
1

ϵ2
−

1

ϵ
ln

µ2

P 2
−

1

2
ln2 µ2

P 2
+

π2

6

)

+ O(ϵ) . (3)

Is = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) (2k− · l+ + l2 + i0) (2k+ · p− + p2 + i0)

= −
Γ(1 + ϵ)

2l+ · p−
Γ(ϵ)Γ(−ϵ)

(

2µ2l+ · p−
L2P 2

)ϵ

=
Γ(1 + ϵ)

Q2

(

1

ϵ2
+

1

ϵ
ln

µ2Q2

L2P 2
+

1

2
ln2 µ2Q2

L2P 2
+

π2

6

)

+ O(ϵ) . (4)

kµ ∼
(

1 , 1 , 1
)

Q

kµ ∼
(

λ2 , 1 , λ
)

Q

kµ ∼
(

1 , λ2 , λ
)

Q

kµ ∼
(

λ2 , λ2 , λ2
)

Q

pµ → (n̄ · p)
nµ

2
≡ pµ

−
, lµ → (n · l)

n̄µ

2
≡ lµ+

IR divergences! 



Collinear contribution

The other collinear contribution Ic2 is obtained from 
exchanging l ↔ p . 

Have expanded 

Scales as (P2)-ε 

Ic1 = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) (2k− · l+ + i0) [(k + p)2 + i0]

= −
Γ(1 + ϵ)

2l+ · p−

Γ2(−ϵ)

Γ(1 − 2ϵ)

(

µ2

P 2

)ϵ

=
Γ(1 + ϵ)

Q2

(

−
1

ϵ2
−

1

ϵ
ln

µ2
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Soft contribution

Scales as (Λsoft2)-ε ~ (P2 L2/Q2)-ε . 

Expand 
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UV divergences! 
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Grand total

Finite (and correct!)
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EW Sudakov
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Cancellations
IR divergences of the hard part are in one-to-one 
correspondence to UV divergences of the low-energy regions 

• True in general: IR divergences of on-shell amplitudes 
are equal to UV divergences of soft+collinear 
contributions 

The cancellation of divergences involves a nontrivial interplay 
of soft and collinear log’s 

• Leads to interesting constraints on IR structure of on-
shell amplitudes. TB Neubert, ’09, Gardi Magnea ‘09

Ic1 = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) (2k− · l+ + i0) [(k + p)2 + i0]

= −
Γ(1 + ϵ)

2l+ · p−

Γ2(−ϵ)

Γ(1 − 2ϵ)

(

µ2

P 2

)ϵ

=
Γ(1 + ϵ)

Q2

(

−
1

ϵ2
−

1

ϵ
ln

µ2

P 2
−

1

2
ln2 µ2

P 2
+

π2

6

)

+ O(ϵ) . (3)

Is = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) (2k− · l+ + l2 + i0) (2k+ · p− + p2 + i0)

= −
Γ(1 + ϵ)

2l+ · p−
Γ(ϵ)Γ(−ϵ)

(

2µ2l+ · p−
L2P 2

)ϵ

=
Γ(1 + ϵ)

Q2

(

1

ϵ2
+

1

ϵ
ln

µ2Q2

L2P 2
+

1

2
ln2 µ2Q2

L2P 2
+

π2

6

)

+ O(ϵ) . (4)

kµ ∼
(

1 , 1 , 1
)

Q

kµ ∼
(

λ2 , 1 , λ
)

Q

kµ ∼
(

1 , λ2 , λ
)

Q

kµ ∼
(

λ2 , λ2 , λ2
)

Q

pµ → (n̄ · p)
nµ

2
≡ pµ

−
, lµ → (n · l)

n̄µ

2
≡ lµ+

(k − l)2 = 2k− · l+ + O(λ2)

Ih =
Γ(1 + ϵ)

Q2

(

1

ϵ2
+

1

ϵ
ln

µ2

Q2
+

1

2
ln2 µ2

Q2
−

π2

6

)

Ic1 =
Γ(1 + ϵ)

Q2

(

−
1

ϵ2
−

1

ϵ
ln

µ2

P 2
−

1

2
ln2 µ2

P 2
+

π2

6

)

Ic2 =
Γ(1 + ϵ)

Q2

(

−
1

ϵ2
−

1

ϵ
ln

µ2

L2
−

1

2
ln2 µ2

L2
+

π2

6

)

Is =
Γ(1 + ϵ)

Q2

(

1

ϵ2
+

1

ϵ
ln

µ2Q2

L2P 2
+

1

2
ln2 µ2Q2

L2P 2
+

π2

6

)

I = Ih + Ic1 + Ic2 + Is =
1

Q2

(

ln
Q2

L2
ln

Q2

P 2
+

π2

3
+ O(λ)

)

−
1

ϵ
ln

µ2

P 2
−

1

ϵ
ln

µ2

L2
+

1

ϵ
ln

µ2Q2

L2P 2
= −

1

ϵ
ln

µ2

Q2



Soft region
Note that the soft region has 

Interestingly, loop diagrams involve a lower scale 
than what is present on the external lines. Sometimes 
scaling                  is called ultra-soft. 

Implies e.g. that jet-production processes can involve 
non-perturbative physics, even when the masses of 
the jets are perturbative.

p2
s ⇠ �4Q2 ⇠ L2P 2

Q2

p2
s ⇠ �4Q2



Low energy regions
In contrast to expansion problems in Euclidean 
space, we encounter several low-energy regions. 
Each one is represented by a field in SCET.

hard

collinear

soft

H

J

S

QCD

SCET

SET

Q

M

M2/Q



Leading-power SCET 
Lagrangian



Leading-power SCET Lagrangian

where 

                                      and 

with 

This Lagrangian is exact, i.e. there are no matching 
corrections! 
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Gauge invariance
When performing gauge transformations, we 
must make sure that they respect the scaling of 
the fields. For example, transforming a soft field 
under a gauge transformation α(x) with collinear 
scaling would turn it into collinear field. 

We consider two gauge transformations 

where αs(x) has soft scaling, i.e.                             
, and αc(x) collinear  scaling.
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iDµ
s = i∂µ + g As(x)µ
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@

µ
↵s(x) ⇠ �

2
↵s(x)



Soft gauge transformations
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The soft fields transform in the usual way 

while the collinear fields transform as 

The x− instead of x dependence ensures that the 
transformation does not induce higher power 
corrections.  Also, the                       is a higher 
power correction for       and          .  The small 
component            only appears in the combination               
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Aµ
c⊥ n̄ · Ac n · Ac

in · D → Vs(x−) in · D V †
s (x−)

?

iDµ
s = i∂µ + g As(x)µ

iDµ
c = i∂µ + g Ac(x)µ

iDµ = i∂µ + g Aµ
c (x) + g n · As(x−)

n̄µ

2

Vs(x) = exp [ iαa
s(x) ta ] Vc(x) = exp [ iαa

c (x) ta ] grabrage asdfsdf

ψs(x) → Vs(x)ψs(x) Aµ
s (x) → Vs(x)Aµ

s (x)V †
s (x) +

i

g
Vs(x)

[

∂µ, V †
s

]

grabrage asdfsdf

ξ(x) → Vs(x−) ξ(x) Aµ
c (x) → Vs(x−)Aµ

c (x)V †
s (x−) grabrage asdfsdf

Aµ
c⊥ n̄ · Ac n · Ac

in · D → Vs(x−) in · D V †
s (x−)

?
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Under collinear transformations, the soft fields 
remain unchanged. The collinear fields transform as 

The soft piece in this transformation law ensures that                                          
.  

Both collinear and soft gauge transformations are 
homogenous and leave the Lagrangian invariant 
(exercise).  A thorough discussion of the gauge 
transformations and the construction of higher 
power terms in the Lagrangian is given in Beneke 
and Feldmann hep-ph/0211358.

iDµ
s = i∂µ + g As(x)µ

iDµ
c = i∂µ + g Ac(x)µ

iDµ = i∂µ + g Aµ
c (x) + g n · As(x−)

n̄µ

2

Vs(x) = exp [ iαa
s(x) ta ] Vc(x) = exp [ iαa

c (x) ta ] grabrage asdfsdf

ψs(x) → Vs(x)ψs(x) Aµ
s (x) → Vs(x)Aµ

s (x)V †
s (x) +

i

g
Vs(x)

[

∂µ, V †
s

]

grabrage asdfsdf

ξ(x) → Vs(x−) ξ(x) Aµ
c (x) → Vs(x−)Aµ

c (x)V †
s (x−) grabrage asdfsdf

Aµ
c⊥ n̄ · Ac n · Ac

in · D → Vs(x−) in · D V †
s (x−)

ξ(x) → Vc(x) ξ(x) , Aµ
c (x) → Vc(x)Aµ

c (x)V †
c (x) +

1

g
Vc(x)

[

i∂µ +
n̄µ

2
n · As(x−), V †

c (x)

]

grabrage asdfsdf

iDµ
s = i∂µ + g As(x)µ

iDµ
c = i∂µ + g Ac(x)µ

iDµ = i∂µ + g Aµ
c (x) + g n · As(x−)

n̄µ

2

Vs(x) = exp [ iαa
s(x) ta ] Vc(x) = exp [ iαa

c (x) ta ] grabrage asdfsdf

ψs(x) → Vs(x)ψs(x) Aµ
s (x) → Vs(x)Aµ

s (x)V †
s (x) +

i

g
Vs(x)

[

∂µ, V †
s

]

grabrage asdfsdf

ξ(x) → Vs(x−) ξ(x) Aµ
c (x) → Vs(x−)Aµ

c (x)V †
s (x−) grabrage asdfsdf

Aµ
c⊥ n̄ · Ac n · Ac

in · D → Vs(x−) in · D V †
s (x−)

ξ(x) → Vc(x) ξ(x) , Aµ
c (x) → Vc(x)Aµ

c (x)V †
c (x) +

1

g
Vc(x)

[

i∂µ +
n̄µ

2
n · As(x−), V †

c (x)

]

grabrage asdfsdf

in · D → Vc(x) in · D V †
c (x)


