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Sigma Model

Ly=10,070r0 — 2 (070 —?)°

Global Symmetry:  0(4) ~ SU(2) ® SU(2)

e V<O m%:—)\v2

o V2> 0: Ole|0) =v , (0|7|0)

Il
o
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Sigma Model

Ly=10,070r0 — 2 (070 —?)°

Global Symmetry:  0(4) ~ SU(2) ® SU(2)

o V2 <O m3 = —Av?
o v2>0: (0lg]0) =v , (0|7|0) =0
SSB: 0(4) — 0(3) [4%3 - % = 3 broken generators]

L, =3{0,60"6 + 0,7 0"7 — M282} — M5 (62 4 72) — M7 (52 4 72)?

o—vV : M2 =2\ 2

o)

3 Massless Goldstone Bosons
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1) X(x) = a(x)lp + i T7(x) ; (A) = Tr(A)
1 A 2
L, = @z E) - & (<):T):> —2v2)

O(4) ~SU(2)L ® SU(2)r Symmetry: X — g, Xgl ; g ,€SU2),,
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1) X(x) = o(x)la + i T7(x) ; (A) = Tr(A)
1 A 2
L, = @z E) - & (<):T):> —2v2)

O(4) ~SU(2)L ® SU(2)r Symmetry: X — g, Xgl ; g ,€SU2),,

2) X(x) = [v+ S(x)] U(x) ; UEexp{éf'(g}% gRUgLT

L, =% (1+3)° (9,UT0"U) + 1 (9,501S — M2S2) — M2 53 _ M g4
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1) X(x) = o(x)la + i T7(x) ; (A) = Tr(A)
1 A 2
L, = @z E) - & (<):T):> —2v2)

O(4) ~SU(2)L ® SU(2)r Symmetry: X — g, Xgl ; g ,€SU2),,

2) 5(x) = v+ SN UK i Usew{i7d} - gUg
L, =% (1+3)° (9,UT0"U) + 1 (9,501S — M2S2) — M2 53 _ M g4

Derivative Golstone Couplings
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1) X(x) = o(x)la + i T7(x) ; (A) = Tr(A)
1 A 2
L, = @z E) - & (<):T):> —2v2)

O(4) ~SU(2)L ® SU(2)r Symmetry: X — g, Xgl ; g ,€SU2),,

2) 5(x) = v+ SN UK i Usew{i7d} - gUg
L, =% (1+3)° (9,UT0"U) + 1 (9,501S — M2S2) — M2 53 _ M g4

Derivative Golstone Couplings

2
3) E<M~v: Ly ~ VT (9,U1 oU)
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O(N) Sigma Model: L, =10,0T0re — 2 (@Td —v?)?

=3

O = (¢1, -, Pn) Global O(N) symmetry
e Vacuum Manifold: [®2 =" ¢2 =2 Spherical surface SN—1
e Vacuum Choice: @] =(0,---,0,v) O(N — 1) symmetry

~

IN(N—1)—L(N—-1)(N—-2)=N—1 broken generators T,

Goldstones correspond to rotations of ®y over SV~1

( > = (1 + 5) Ux)®y ,  Ulx) = e 5" Teal)
v

Goldstone fields

VhEO(N—l), h®y=d

geO(N), U#gU =» U(x)=gU(x)h g, V)
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Symmetry Realizations

Symmetry G {T,} S e Conserved charges O,

d
Noether Theorem: 9, =0 ; Q,= /d3X INCIE ;=0

xPT A. Pich - 2017 6



Symmetry Realizations

Symmetry G {T,} S e Conserved charges O,
. 3 .0 d
Noether Theorem: 0,/ =0 ; Q,= /d xj;(x) p Q,=0
Wigner—Weyl
Q,|0)=0

e Exact Symmetry
e Degenerate Multiplets

e Linear Representation
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Symmetry Realizations

Symmetry G {T,} S e Conserved charges O,
d
Noether Theorem: 9,4 =0 ; Q,= / x20x) p Q,=0
Wigner—Weyl Nambu—Goldstone
Q,|0)=0 Q,]0)#0

e Exact Symmetry Spontaneously Broken Symmetry

Massless Goldstone Bosons

e Degenerate Multiplets

e Linear Representation Non-Linear Representation
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Goldstone Theorem

Q=[d%(x) ; 9t =0 ; 3FO: v(t)=(0][Q(t) O]|0) #0

3[n): OO[n) (nlj°10) #0 ;" E, 6P (B)=0 ; M,=0

xPT A. Pich - 2017



Goldstone Theorem

Q=[d%(x) ; 9t =0 ; 3FO: v(t)=(0][Q(t) O]|0) #0

3|n): (0|On) (nlj°0) #0 ; ~ E,d®)(B)=0 ; M,=0

Proof: O(x) = ePx j00) e P ; > iny(n| =1

n

xPT A. Pich - 2017



Goldstone Theorem

Q=[d%(x) ; 9t =0 ; 3FO: v(t)=(0][Q(t) O]|0) #0

3[n): OO[n) (nlj°10) #0 ;" E, 6P (B)=0 ; M,=0

Proof: O(x) = ePx j00) e P ; > iny(n| =1

v(t) = Z/d3x {{0l°()Im){n|O10) — (0lO]n)(nlj°(x)[0)}
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Goldstone Theorem

Q=[d%(x) ; 9t =0 ; 3FO: v(t)=(0][Q(t) O]|0) #0

3[n): OO[n) (nlj°10) #0 ;" E, 6P (B)=0 ; M,=0

Proof: J°(x) = P> jO0) e= P ; > iny(n| =1

n

(1) = 3 [ d*x {OU6n)al010) ~ (IOl (nl(x)10)}
= 3 [ & (e U0V} (010) ~ P 0IO]m)(nl(0)10)}
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Goldstone Theorem

Q=[d%(x) ; 9t =0 ; 3FO: v(t)=(0][Q(t) O]|0) #0

3[n): OO[n) (nlj°10) #0 ;" E, 6P (B)=0 ; M,=0

Proof: J°(x) = P> jO0) e= P ; > iny(n| =1

n

(1) = 3 [ d*x {OU6n)al010) ~ (IOl (nl(x)10)}
= 3 [ & (e U0V} (010) ~ P 0IO]m)(nl(0)10)}

= (20 Y 6(B) {e 7 {01°(0)|n) (n|O[0) — ™t (0|O|n)(n|j°(0)I0) } # O
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Goldstone Theorem

Q=[d%(x) ; 9t =0 ; 3FO: v(t)=(0][Q(t) O]|0) #0

3[n): OO[n) (nlj°10) #0 ;" E, 6P (B)=0 ; M,=0

Proof: J°(x) = P> jO0) e= P ; > iny(n| =1

) = 3 [ dx {0U°()In)(l010) — (OIOIn)(j*()[0}}
= 3 [ & (e U0V} (010) ~ P 0IO]m)(nl(0)10)}
= (20)° 32 69(51) {e 5 0L°(0)|n)(AIO10) — ¢ (0]} (nj°(0)0)} # 0

d
EV(t) =0
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Goldstone Theorem

Q=[d%(x) ; 9t =0 ; 3FO: v(t)=(0][Q(t) O]|0) #0

3[n): OO[n) (nlj°10) #0 ;" E, 6P (B)=0 ; M,=0

Proof: J°(x) = P> jO0) e= P ; > iny(n| =1

) = 3 [ dx {0U°()In)(l010) — (OIOIn)(j*()[0}}
= 3 [ & (e U0V} (010) ~ P 0IO]m)(nl(0)10)}
= (20)° 32 69(51) {e 5 0L°(0)|n)(AIO10) — ¢ (0]} (nj°(0)0)} # 0

L) = 0 = i) Y69 (50) £, { e (01°(0)|n) (n]010)

4 oiEat <0|(9|n><n|j°(0)|0>} -
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Chiral Sym metry mq =0 (Chiral Limit)

0 1 _ . _ .
£QCD — _Z G;VGSV + qLI’}/MDqu + qRI’YMD,LLqR

Q' =(u,d,s)
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Chiral Sym metry mq =0 (Chiral Limit)

0 1 _ . — .
£QCD - T2 G;VGju +a,iv"Dua, + a4z i7v"Dua,

qTE(u,d,S) q:<1;W5>q+(12W5>qqu+qR
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Chiral Sym metry mq=0 (Chiral Limit)

0 1 - . _ .
‘CQCD = _Z Gél GZV + qu’yuD/LqL + qR’VMD/LqR

Q' =(u,d,s)

o EZ)CD invariant under G = SU(3). ® SU(3)g:

q, > g.q, ; A, > 8:qx ; (gugR) €G
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Chiral Sym metry mq=0 (Chiral Limit)

0 1 _ . _ .
‘CQCD = _ZGél Gju“_qL"yMDlth+qR”7MDMqR
qQ"=(u,d,s)
o EOQCD invariant under G = SU(3). ® SU(3)g:
q, —g.4q, ; A, — 8x0Ug ; (gugR) €G

e Only SU(3)y in the hadronic spectrum: (7, K.7),; (p. K*,w),—; -
MO— < M0+ ; Ml* < M]_+
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Chiral Symmetry mq=0 (Chiral Limit)

0 1 _ . -
£QCD = _Z Gé Gju + qLI’yMD/LqL + qRI’yMD/LqR

Q' =(u,d,s)

. ﬁOQCD invariant under G = SU(3). ® SU(3)g:
4, —~ga,  Gx—g:ax  (8,.8:) €6
e Only SU(3)y in the hadronic spectrum: (7, K.7), : (p,K*,w), ;-
My- < My+ ; M- < M+

e The 0~ octet is nearly massless: m,; ~0
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Chiral Symmetry mq=0 (Chiral Limit)

0 1 - . _ .
£QCD = _Z Gé Gju + qLI’yMD/LqL + qRI’yMD/LqR

Q' =(u,d,s)

invariant under G = SU(3). ® SU(3)g:

°
Dho
Q
o)

a, > g4, A, ~ 80z (g,,8:) €G

Only SU(3)y in the hadronic spectrum: (7, K.n),_; (p, K" w),_; -
MO— < M0+ ; Ml* < M]_+

e The 0~ octet is nearly massless: m,; ~0

The vacuum is not invariant (SSB): (0] (a,a,+@zq,)[0) #0

8 Massless 0~ Goldstone Bosons
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Noether QCD Currents: G=5SU3)L®SUQB)r

S =gy a, Q1= [d*xJPO(x) (3=1- 8 X=L,R)
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Noether QCD Currents: G=5SU3)L®SUQB)r

S =g,y aq, Q1= [d*xJPO(x) s

Current Algebra ('60) : [Q2,0%] = id,, P QS
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Noether QCD Currents: G=5SU3)L®SUQB)r

S =a it ya, 0 Q= [d*xJP(x) =1 8s K= L)
Current Algebra ('60) : [Q2,0%] = id,, P QS

Dynamical Symmetry Breaking:

e 8 Pseudoscalar Goldstones = (m, K,n)
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Noether QCD Currents: G=5SU3)L®SUQB)r

S =a it ya, 0 Q= [d*xJP(x) =1 8s K= L)
Current Algebra ('60) : [Q2,0%] = id,, P QS

Dynamical Symmetry Breaking:

e 8 Pseudoscalar Goldstones = (m, K,n)
e Q1 =0r-Q ; 0P = gysAbq

(0/[€3.07)0) = 3 (0]a {3*,*} a [0} = —= (0/qa0)
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Noether QCD Currents: G =SUQB)L®SUQB)r
J;“:ﬁx7“§qx ) Q;:fd?’XJ;O(X) (a=1,---,8; X=L,R)
Current Algebra ('60) : [Q2,0%] = id,, P QS

Dynamical Symmetry Breaking:

e 8 Pseudoscalar Goldstones @ = (m, K,n)
e Q1 =0r-Q ; 0P = gysAbq

(0/[€3.07)0) = 3 (0]a {3*,*} a [0} = —= (0/qa0)

L (0] @u|0) = (0| d d|0) = (0] 55]0) #0
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Noether QCD Currents: G=5SU3)L®SUQB)r

S =a it ya, 0 Q= [d*xJP(x) =1 8s K= L)
Current Algebra ('60) : [Q2,0%] = id,, P QS

Dynamical Symmetry Breaking:

e 8 Pseudoscalar Goldstones = (m, K,n)
e Q1 =0r-Q ; 0P = gysAbq

a b 1 = a b 2 —
(01[Q2,0°]10) = =5 (0]a{\*,\*} a[0) = -3 (0]Gal0)
mm (07w |0) = (0|dd|0) = (0]55|0) #0

o (0] J|xb(p)) = i5% V2 F, pr
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Effective Goldstone Theory

e Mass Gap: m;~0 < M,

xPT A. Pich - 2017
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Effective Goldstone Theory

e Mass Gap: m;~0 < M,

e Low-Energy Goldstone Theory: E<M,

xPT A. Pich - 2017

10



Effective Goldstone Theory

e Mass Gap: m;~0 < M,

e Low-Energy Goldstone Theory: E<M,

O, a,l0)  =>  Us0) = {0 (iV20/F) ]

)
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Effective Goldstone Theory

e Mass Gap: m;~0 < M,

xPT

Low-Energy Goldstone Theory: E<M,

O, a,l0)  =>  Us0) = {0 (iV20/F) ]

%ﬂ'o—i—%n nt K+
ggz T —%7704—%77 KO

K- K ~/3n

)
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Effective Goldstone Theory

xPT

e Mass Gap: m;~0 < M,

e Low-Energy Goldstone Theory: E<M,

O, a,l0)  =>  Us0) = {0 (iV20/F) ]

)

b = %gg_ m _%WO‘F%U KO
K~ K© — %77
Uu— g, U gLT ; 8, € SUB)LR

A. Pich - 2017
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Energy Scale Fields Effective Theory

W: Z:?"@g
My T, W, €,V Standard Model
t,b,c,s,d,u
l OPE
78 My € Vi nf=3) AAS=12
S me s,d,u EégéD ) L
l N(_‘ — 0
YoM, €V
M m, K,n xPT
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Effective Lagrangian:

xPT

LU) =) Lo,

n

A. Pich - 2017
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Effective Lagrangian:

LU) =) Lo,

e Goldstone Fields

(0@, a’,10)

xPT

= U;(¢) = {exp (i\/§¢/f)}

if

A. Pich - 2017
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Effective Lagrangian: L(U) = Z Loy

e Goldstone Fields

0Fa,j0) = Uye) = {en(iv2e/r)}

i
e Expansion in powers of momenta <&  derivatives

Parity == even dimension ; UU' =1 ma» 2n>2
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Effective Lagrangian: L(U) = Z Loy

e Goldstone Fields

0Fa,j0) = Uye) = {en(iv2e/r)}

i
e Expansion in powers of momenta <&  derivatives

Parity == even dimension ; UU' =1 ma» 2n>2

e SU(3)L ® SU(3)r invariant
U = 8r U gf ; 8 S SU(?))LA’R
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Effective Lagrangian: L(U) = Z Loy

e Goldstone Fields

0Fa,j0) = Uye) = {en(iv2e/r)}

i
e Expansion in powers of momenta <&  derivatives

Parity == even dimension ; UU' =1 ma» 2n>2

e SU(3)L ® SU(3)r invariant
U = 8r U gf ; 8 S SU(?))LA’R

£2 Derivative
> Ly = — (9,Ut0"U) :
4 M Coupling

Goldstones become free at zero momenta

xPT A. Pich - 2017
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f? + 1
Lo = 7 (OUI0M0) = Gund'n" + S 0,m°0 70 + -

+ 6% {(7#3# W*) <7T+(5“7T7> + 2 (7‘(‘03# 77*) (ng”W(J) + o

+0 (7r6/f4)
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f? + 1
Lo = 7 (OUI0M0) = Gund'n" + S 0,m°0 70 + -

+ 6% {(7#3# w*) (77*3“#7) + 2(#03# 77*) (ng”W(J) + }

+0 (7r6/f4)

Chiral Symmetry Determines the Interaction:

m m

A Y 4 t
N ’ T (7T+’7TO — 7T+7TO) = —
N ’ f2
\N 7
/.\ t=(p} — ps)?
4 A Y
4 A Y
, )
, AN Weinberg
i v

xPT A. Pich - 2017
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2

f . 1
L = - (9,U'0"0) = Oum O + §au7r°a“7r° + -

+ 6% {(7#3# w*) <7T+(5“7T7> + 2 (wogﬂ 77*) (ﬂfg”W(J) + o

+ 0 (7r6/f4)

Chiral Symmetry Determines the Interaction:

m m

N 7’
A Y 4
A 7’
A 4
N 7
[

7 N
4 A
4 A Y
4 A Y
7’ A Y
’/T T

Non-Linear Lagrangian:

xPT

T (7T+’7TO — ’7T+’7TO) =

Weinberg

2w — 27,47, - -

A. Pich

2017
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Goldstones and Coset-Space Coordinates: G 598

Goldstone fields: ¢ = (¢1,....0n) — & =F(g.¢) , g€G

N=dim(G) —dim(H) . Fled=¢ . Flae =7 (s Fe )
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Goldstones and Coset-Space Coordinates: G 598

Goldstone fields: ¢ = (61,...,0n) — ¢ = ]?(g,qg) , g€G

B
o
&
Il
o

N = dim(G) — dim(H) Flaig, ¢) = F (gl, Fleas 5))

F: invertible mapping between Goldstone fields and G/H

F(gh,0)= F(g,0) VgeG,YheH

F(h,0)=0 , heH (vacuum invariant)

Flgi,0) = F(g,0) — & 'geH

Coset representative: &(0) € G
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Coset Space Coordinates: ¢ =su(3),®SU@)r =5 H=SU@B)v

H
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SCSB

Coset Space Coordinates: ¢ =su3).sU@3)r 5 H=su@B)y

' E(0) = (6,(6).6,(0) € G

£.(0) = g, &(0)hi(¢,8)
£2(0) 2 8o Ex(0) hT(0,8)
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SCSB

Coset Space Coordinates: ¢ =su3).sU@3)r 5 H=su@B)y

' E(0) = (6,(6).6,(0) € G

£.(0) = g, &(0)hi(¢,8)
£2(0) 2 8o Ex(0) hT(0,8)

U(g) = &(0)¢H(8) - g,U(0)g]

xPT A. Pich - 2017 16



SCSB

Coset Space Coordinates: ¢ =su3).sU@3)r 5 H=su@B)y

| () = (6,(6).£.(0)) € G

£.(0) = g, &(0)hi(¢,8)
£2(0) 2 8o Ex(0) hT(0,8)

U(g) = &(0)¢H(8) - g,U(0)g]
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