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Sigma Model ΦT ≡ (~π, σ)

Lσ = 1
2 ∂µΦ

T∂µΦ − λ
4

(
ΦTΦ− v2

)2

Global Symmetry: O(4) ∼ SU(2)⊗ SU(2)

• v2 < 0: m2
Φ = −λ v2

• v2 > 0: 〈0|σ|0〉 = v , 〈0|~π|0〉 = 0
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Sigma Model ΦT ≡ (~π, σ)

Lσ = 1
2 ∂µΦ

T∂µΦ − λ
4

(
ΦTΦ− v2

)2

Global Symmetry: O(4) ∼ SU(2)⊗ SU(2)

• v2 < 0: m2
Φ = −λ v2

• v2 > 0: 〈0|σ|0〉 = v , 〈0|~π|0〉 = 0

SSB: O(4) → O(3) [ 4×3
2

− 3×2
2

= 3 broken generators]

Lσ = 1
2

{
∂µσ̂ ∂µσ̂ + ∂µ~π ∂µ~π −M2σ̂2

}
− M2

2v σ̂
(
σ̂2 + ~π2

)
− M2

8v2

(
σ̂2 + ~π2

)2

σ̂ ≡ σ − v ; M2 = 2λ v2

3 Massless Goldstone Bosons
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1) Σ(x) ≡ σ(x) I2 + i ~τ ~π(x) ; 〈A〉 ≡ Tr (A)

Lσ =
1

4
〈∂µΣ† ∂µΣ〉 − λ

16

(

〈Σ†Σ〉 − 2 v2
)2
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1) Σ(x) ≡ σ(x) I2 + i ~τ ~π(x) ; 〈A〉 ≡ Tr (A)

Lσ =
1

4
〈∂µΣ† ∂µΣ〉 − λ

16

(

〈Σ†Σ〉 − 2 v2
)2

O(4) ∼ SU(2)L ⊗ SU(2)R Symmetry: Σ → g
R
Σ g †

L
; g

L,R
∈ SU(2)

L,R
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1) Σ(x) ≡ σ(x) I2 + i ~τ ~π(x) ; 〈A〉 ≡ Tr (A)

Lσ =
1

4
〈∂µΣ† ∂µΣ〉 − λ

16

(

〈Σ†Σ〉 − 2 v2
)2

O(4) ∼ SU(2)L ⊗ SU(2)R Symmetry: Σ → g
R
Σ g †

L
; g

L,R
∈ SU(2)

L,R

2) Σ(x) ≡ [v + S(x)] U(x) ; U ≡ exp
{

i
v
~τ ~φ

}

→ g
R
U g †

L

Lσ = v2

4

(
1 + S

v

)2 〈∂µU†∂µU〉+ 1
2

(
∂µS ∂µS −M2S2

)
− M2

2v S3 − M2

8v2 S
4
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Derivative Golstone Couplings
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U g †
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(
1 + S

v

)2 〈∂µU†∂µU〉+ 1
2

(
∂µS ∂µS −M2S2

)
− M2

2v S3 − M2

8v2 S
4

Derivative Golstone Couplings

3) E ≪ M ∼ v : Lσ ≈ v2

4
〈∂µU† ∂µU〉
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O(N) Sigma Model: Lσ = 1
2 ∂µΦ

T∂µΦ − λ
4

(
ΦTΦ− v2

)2

ΦT = (φ1, · · · , φN) Global O(N) symmetry

• Vacuum Manifold: |Φ|2 = ∑N
i=1 φ

2
i = v2 Spherical surface SN−1

• Vacuum Choice: ΦT
0 = (0, · · · , 0, v) O(N − 1) symmetry

O

NU

U
′

gU

1
2 N(N − 1) − 1

2 (N − 1)(N − 2) = N − 1 broken generators T̂a

Goldstones correspond to rotations of Φ0 over SN−1

Φ =

(

1 +
S

v

)

U(x)Φ0 , U(x) = e
i
∑N−1

a=1 T̂aϕa(x)

︸ ︷︷ ︸

Goldstone fields

∀h ∈ O(N − 1) , h Φ0 = Φ0

g ∈ O(N) , U ′ 6= g U U ′(x) = g U(x) h−1(g ,U)

χPT A. Pich – 2017 5



Symmetry Realizations

Symmetry G {Ta} Conserved charges Qa

Noether Theorem: ∂µj
µ
a = 0 ; Qa =

∫

d3x j0a (x) ;
d

dt
Qa = 0
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Symmetry Realizations

Symmetry G {Ta} Conserved charges Qa

Noether Theorem: ∂µj
µ
a = 0 ; Qa =

∫

d3x j0a (x) ;
d

dt
Qa = 0

Wigner–Weyl

Qa | 0 〉 = 0

• Exact Symmetry

• Degenerate Multiplets

• Linear Representation
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Symmetry Realizations

Symmetry G {Ta} Conserved charges Qa

Noether Theorem: ∂µj
µ
a = 0 ; Qa =

∫

d3x j0a (x) ;
d

dt
Qa = 0

Wigner–Weyl

Qa | 0 〉 = 0

• Exact Symmetry

• Degenerate Multiplets

• Linear Representation

Nambu–Goldstone

Qa | 0 〉 6= 0

• Spontaneously Broken Symmetry

• Massless Goldstone Bosons

• Non-Linear Representation
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Goldstone Theorem
Q =

∫
d3x j0(x) ; ∂µj

µ = 0 ; ∃O : v(t) ≡ 〈0| [Q(t),O] |0〉 6= 0

∃ |n〉 : 〈0|O|n〉 〈n|j0|0〉 6= 0 ; En δ(3) (~pn) = 0 ; Mn = 0
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Goldstone Theorem
Q =

∫
d3x j0(x) ; ∂µj

µ = 0 ; ∃O : v(t) ≡ 〈0| [Q(t),O] |0〉 6= 0

∃ |n〉 : 〈0|O|n〉 〈n|j0|0〉 6= 0 ; En δ(3) (~pn) = 0 ; Mn = 0

Proof: j0(x) = e
iP·x j0(0) e−iP·x ;

∑

n

|n〉〈n| = 1
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}
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∫
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ipn·x 〈0|O|n〉〈n|j0(0)|0〉
}

= (2π)3
∑

n

δ(3)(~pn)
{
e
−iEnt 〈0|j0(0)|n〉〈n|O|0〉 − e

iEnt 〈0|O|n〉〈n|j0(0)|0〉
}
6= 0
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∑

n

δ(3)(~pn)
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6= 0

d
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∑

n

δ(3)(~pn)En

{
e
−iEnt 〈0|j0(0)|n〉〈n|O|0〉
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iEnt 〈0|O|n〉〈n|j0(0)|0〉

}
�
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G

µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT
≡ (u , d , s)
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G

µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT
≡ (u , d , s) q =

(

1 − γ5

2

)

q +

(

1 + γ5

2

)

q ≡ q
L

+ q
R
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G

µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT
≡ (u , d , s)

• L0

QCD invariant under G ≡ SU(3)L ⊗ SU(3)R:

q̄
L
→ g

L
q̄

L
; q̄

R
→ g

R
q̄

R
; (g

L
, g

R
) ∈ G
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G

µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT
≡ (u , d , s)

• L0

QCD invariant under G ≡ SU(3)L ⊗ SU(3)R:

q̄
L
→ g

L
q̄

L
; q̄

R
→ g

R
q̄

R
; (g

L
, g

R
) ∈ G

• Only SU(3)V in the hadronic spectrum: (π,K , η)0− ; (ρ,K ∗, ω)1− ; · · ·

M0− < M0+ ; M1− < M1+
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• The 0− octet is nearly massless: mπ ≈ 0
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Chiral Symmetry mq = 0 (Chiral Limit)
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4
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L
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i γµDµ q R

qT
≡ (u , d , s)

• L0

QCD invariant under G ≡ SU(3)L ⊗ SU(3)R:
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L
→ g

L
q̄

L
; q̄

R
→ g

R
q̄

R
; (g

L
, g

R
) ∈ G

• Only SU(3)V in the hadronic spectrum: (π,K , η)0− ; (ρ,K ∗, ω)1− ; · · ·

M0− < M0+ ; M1− < M1+

• The 0− octet is nearly massless: mπ ≈ 0

• The vacuum is not invariant (SSB): 〈0| (q̄
L
q

R
+ q̄

R
q

L
) |0〉 6= 0

8 Massless 0− Goldstone Bosons
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R

Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=

∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R

Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=

∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
Qa

X
,Qb

Y

]
= i δ

XY
f abc Qc

X
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R
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X

= q̄
X
γµ λa

2 q
X

; Qa
X
=

∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
Qa

X
,Qb

Y

]
= i δ

XY
f abc Qc

X

Dynamical Symmetry Breaking:

• 8 Pseudoscalar Goldstones πa = (π,K , η)
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X
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X
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X
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∫
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(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
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X
,Qb

Y

]
= i δ

XY
f abc Qc

X

Dynamical Symmetry Breaking:

• 8 Pseudoscalar Goldstones πa = (π,K , η)

• Qa
A = QR −QL ; Ob = q̄ γ5 λ

b q

〈0|
[
Qa

A ,Ob
]
|0〉 = −1

2
〈0| q̄

{
λa , λb

}
q |0〉 = −2

3
〈0| q̄ q |0〉
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R

Jaµ
X

= q̄
X
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2 q
X

; Qa
X
=

∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
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X
,Qb

Y

]
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XY
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Dynamical Symmetry Breaking:

• 8 Pseudoscalar Goldstones πa = (π,K , η)

• Qa
A = QR −QL ; Ob = q̄ γ5 λ

b q

〈0|
[
Qa

A ,Ob
]
|0〉 = −1

2
〈0| q̄

{
λa , λb

}
q |0〉 = −2

3
〈0| q̄ q |0〉

〈0| ū u |0〉 = 〈0| d̄ d |0〉 = 〈0| s̄ s |0〉 6= 0

• 〈0| Jaµ
A

|πb(p)〉 = i δab
√
2 fπ p

µ
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Effective Goldstone Theory

• Mass Gap: mπ ≈ 0 ≪ Mρ
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Effective Goldstone Theory

• Mass Gap: mπ ≈ 0 ≪ Mρ

• Low-Energy Goldstone Theory: E ≪ Mρ

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij
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Effective Goldstone Theory

• Mass Gap: mπ ≈ 0 ≪ Mρ

• Low-Energy Goldstone Theory: E ≪ Mρ

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

Φ ≡
~λ√
2
~φ =






1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K 0

K− K̄ 0 −
√

2
3 η





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Effective Goldstone Theory

• Mass Gap: mπ ≈ 0 ≪ Mρ

• Low-Energy Goldstone Theory: E ≪ Mρ

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

Φ ≡
~λ√
2
~φ =






1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K 0

K− K̄ 0 −
√

2
3 η






U −→ g
R

U g †
L

; g
L,R

∈ SU(3)L,R
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Energy Scale Fields Effective Theory

MW

W ,Z , γ, g
τ, µ, e, νi

t, b, c, s, d , u
Standard Model

<∼ mc

γ, g ; µ, e, νi
s, d , u L(nf =3)

QCD , L∆S=1,2
eff

MK

γ ; µ, e, νi
π,K , η χPT

OPE

NC → ∞
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Effective Lagrangian: L(U) =
∑

n

L2n
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• Goldstone Fields

〈0| q̄j
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qi
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|0〉 Uij(φ) =

{

exp
(

i
√
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ij
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• SU(3)L ⊗ SU(3)R invariant
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R
U g †

L
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Effective Lagrangian: L(U) =
∑

n

L2n

• Goldstone Fields

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

• Expansion in powers of momenta derivatives

Parity even dimension ; UU† = 1 2n ≥ 2

• SU(3)L ⊗ SU(3)R invariant

U g
R
U g †

L
; g

L,R
∈ SU(3)L,R

L2 =
f 2

4
〈∂µU† ∂µU〉

Derivative

Coupling

Goldstones become free at zero momenta
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L2 =
f 2

4
〈∂µU†∂µU〉 = ∂µπ

−∂µπ+ +
1

2
∂µπ

0∂µπ0 + · · ·

+
1

6f 2

{(

π+
↔
∂ µ π−

)(

π+
↔
∂

µπ−
)

+ 2
(

π0
↔
∂ µ π+

)(

π− ↔
∂

µπ0
)

+ · · ·
}

+ O
(
π6/f 4

)

χPT A. Pich – 2017 13



L2 =
f 2

4
〈∂µU†∂µU〉 = ∂µπ

−∂µπ+ +
1

2
∂µπ

0∂µπ0 + · · ·

+
1

6f 2

{(

π+
↔
∂ µ π−

)(

π+
↔
∂

µπ−
)

+ 2
(

π0
↔
∂ µ π+

)(

π− ↔
∂

µπ0
)

+ · · ·
}

+ O
(
π6/f 4

)

Chiral Symmetry Determines the Interaction:

π π

π π

T
(
π+π0 → π+π0

)
=

t

f 2

t ≡ (p′+ − p+)2

Weinberg
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(
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↔
∂ µ π+

)(

π− ↔
∂

µπ0
)

+ · · ·
}

+ O
(
π6/f 4

)

Chiral Symmetry Determines the Interaction:

π π

π π

T
(
π+π0 → π+π0

)
=

t

f 2

t ≡ (p′+ − p+)2

Weinberg

Non-Linear Lagrangian: 2π → 2π, 4π, · · · related
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Backup Slides



Goldstones and Coset-Space Coordinates: G
SSB
−→ H

Goldstone fields: ~φ ≡ (φ1, . . . , φN) −→ ~φ′ = ~F(g , ~φ) , g ∈ G

N = dim(G) − dim(H) , ~F(e, ~φ) = ~φ , ~F(g1g2, ~φ) = ~F
(

g1, ~F(g2, ~φ)
)

χPT A. Pich – 2017 15



Goldstones and Coset-Space Coordinates: G
SSB
−→ H

Goldstone fields: ~φ ≡ (φ1, . . . , φN) −→ ~φ′ = ~F(g , ~φ) , g ∈ G

N = dim(G) − dim(H) , ~F(e, ~φ) = ~φ , ~F(g1g2, ~φ) = ~F
(

g1, ~F(g2, ~φ)
)

F̃ : invertible mapping between Goldstone fields and G/H

ξ̄(φ)

H

G/Hφ φ′

g

h†

~F(gh,~0) = ~F(g ,~0) ∀g ∈ G , ∀h ∈ H

~F(h,~0) = ~0 , h ∈ H (vacuum invariant)

~F(gi ,~0) = ~F(gj ,~0) −→ g
−1
i

gj ∈ H

Coset representative: ξ̄(φ)∈ G
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Coset Space Coordinates: G ≡ SU(3)L⊗SU(3)R
SCSB
−→ H ≡ SU(3)V

ξ̄(φ)

H

G/Hφ φ′

g

h†
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Coset Space Coordinates: G ≡ SU(3)L⊗SU(3)R
SCSB
−→ H ≡ SU(3)V

ξ̄(φ)

H

G/Hφ φ′

g

h†

ξ̄(φ) ≡ (ξ
L
(φ), ξ

R
(φ)) ∈ G

ξ
L
(φ)

G−→ g
L
ξ
L
(φ) h†(φ, g)

ξ
R
(φ)

G−→ g
R
ξ
R
(φ) h†(φ, g)
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Coset Space Coordinates: G ≡ SU(3)L⊗SU(3)R
SCSB
−→ H ≡ SU(3)V

ξ̄(φ)

H

G/Hφ φ′

g

h†

ξ̄(φ) ≡ (ξ
L
(φ), ξ

R
(φ)) ∈ G

ξ
L
(φ)

G−→ g
L
ξ
L
(φ) h†(φ, g)

ξ
R
(φ)

G−→ g
R
ξ
R
(φ) h†(φ, g)

U(φ) ≡ ξ
R
(φ) ξ†

L
(φ)

G−→ g
R
U(φ) g †

L

Canonical choice:

ξ
R
(φ) = ξ

L
(φ)† ≡ u(φ)

G−→ g
R
u(φ) h†(φ, g) = h(φ, g)u(φ) g †

L

U(φ) = u(φ)2 = exp
{

i
√
2
f
Φ
}
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