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Introduction to GPDs
0

Definition of GPDs

e Quark GPD (twist-2, spin-0 hadron): (Miiller et al., 1994; Radyushkin, 1996; Ji, 1997)

(P+3la-a7"a@|P-3)

1 dz™ eix Pz~

Hq(ngvt):2 ﬁ

zt=0,z, =0
(1)

with:

A+

J— 2 —_ — —_——
t=0%, 6= oo
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(P+3la-a7"a@|P-3)

1 dz™ eix Pz~

Hq(ngvt):2 ﬁ

z+t=0,z, =0

(1)
with:
A+
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e Similar matrix element for gluons.
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e Similar matrix element for gluons.

® More GPDs for spin-3 hadrons.
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(P+3la-a7"a@|P-3)

1 dz™ eix Pz~

Hq(ngvt):2 ﬁ

zt=0,z, =0
(1)

with:

A+

J— 2 —_ — —_——
t=0%, 6= oo

e Similar matrix element for gluons.

® More GPDs for spin-3 hadrons.

t

® Impact parameter space GPD (at £ = 0): (Burkardt, 2000)

q (X7 bl) - C(igé e bLAL pya (x,o, —A“f) . ()
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Introduction to GPDs
oce

Theoretical constraints on GPDs

Main properties:

e Physical region: x,& € [-1,1].
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Theoretical constraints on GPDs

Main properties:

e Physical region: x,& € [-1,1].
® Polynomiality:

1
/ dx x™ H (x, &, t) = Polynomial in ¢ . 3)
-1

» From Lorentz invariance.

® Positivity: (Pire et al., 1999)

Hq(x,f,t)ﬁ\/Q<)l(__§)Q<)l<i§). (4)
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e Physical region: x,& € [-1,1].
® Polynomiality:

1
/ dx x™ H (x, &, t) = Polynomial in ¢ . 3)
-1

» From Lorentz invariance.

® Positivity: (Pire et al., 1999)

Hq(x,f,t)ﬁ\/Q<)l(__§)Q<)l<i§). (4)

» Cauchy-Schwarz theorem in Hilbert space.

® Link to PDFs and Form Factors:
/dxH" (x,&t)=F(t) /de" (x,&t)=Fl(t), (5)

H7(x,0,0) = 0 (x) g (x) = 6 (=x) § (=x) . (6)
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Overlap and DD representations of GPDs

Outline

@ Overlap and Double Distribution representations of GPDs
@ Overlap of Light-cone wave functions
@ Double Distributions
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Overlap and DD representations of GPDs
°

Overlap of Light-cone wave functions

(Brodsky and Lepage, 1989)

® A given hadronic state is decomposed in a Fock basis:

|H; P, )\) :Z/[dx],v [d%k1], Wis (s ki, o) [N, B ke, ki), (7)
N,B

where the Wy, 4 are the Light-cone wave-functions (LCWF).
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Overlap and DD representations of GPDs
°

Overlap of Light-cone wave functions

(Brodsky and Lepage, 1989)

® A given hadronic state is decomposed in a Fock basis:
IH: P, \) = Z/[dx],v [0k ], Whs (o kn ) [N B ks k) s ()
N,B

where the Wy, 4 are the Light-cone wave-functions (LCWF).
® For example, for the pion:

) = 3 03 lad) + D Vi lade) + -

® GPD as an overlap of LCWFs: (Diehl et al., 2001; Mezrag, 2015)
2-N 2-N -
HO (x,6,0) =S VI— € M ViTe /[d>'<]N [42K1 ], 6 (x — %) Wi 5 (2) Wn 5 (1)
N,B

(®)
in the DGLAP region £ < x < 1 (pion case).
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Overlap of Light-cone wave functions

(Brodsky and Lepage, 1989)

® A given hadronic state is decomposed in a Fock basis:
IH: P, \) = Z/[dx],v [0k ], Whs (o kn ) [N B ks k) s ()
N,B

where the Wy, 4 are the Light-cone wave-functions (LCWF).
® For example, for the pion:

) = ez 198) + Y taze ladg) + .-
qq qqg
® GPD as an overlap of LCWFs: (Diehl et al., 2001; Mezrag, 2015)
2-N 2-N _
HoG6t) = V=€ VIEE " 1Rl [3R1] 8 (x = %) Wi (22) Vs (@)
N,B
(8)

in the DGLAP region £ < x < 1 (pion case).
e Similar result in ERBL (—¢§ < x < &), but with N and N +2...
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HO (x,6,0) =S VI— € M ViTe /[d>'<]N [42K1 ], 6 (x — %) Wi 5 (2) Wn 5 (1)
N,B

(®)
in the DGLAP region £ < x < 1 (pion case).

e Similar result in ERBL (—¢§ < x < &), but with N and N +2...
® Fock space is a Hilbert space.

» Cauchy-Schwarz theorem = Positivity fulfilled!

> Polynomiality not manifest...
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Overlap and DD representations of GPDs
°0

Double Distributions (DDs)

® DD representation of GPDs:

HO (x,61) = /Qdﬁda(Fq(ﬂ,a,r)uc"(ﬂ,a,t))6(x—ﬂ—af). 9)
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Overlap and DD representations of GPDs
°0

Double Distributions (DDs)

® DD representation of GPDs:
H (6 t) = [ d9da (F(5,0.0) + €67 (Ba, 1) dx— 6 - ) . (0
Q

® DDs F9, G9 are defined on the support Q = {|5| + |a| < 1} but are not unique:
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Overlap and DD representations of GPDs
°0

Double Distributions (DDs)

® DD representation of GPDs:
H (6 t) = [ d9da (F(5,0.0) + €67 (Ba, 1) dx— 6 - ) . (0
Q

® DDs F9, G9 are defined on the support Q = {|5| + |a| < 1} but are not unique:
> A gauge transform leaves the GPD H unchanged.
e Polynomiality fulfilled:

> Polynomial in £ of degree < m + 1.
> Positivity not manifest...

e Pobylitsa gauge (One Component DD): (Pobylitsa, 2003)

H(X,f,t):(l—x)/Qdﬁdafp(ﬁ,a,t)é(x—ﬁ—a:f), (11)
i Fdia) = (1-B) fo(Ba)
,a) = -B) o (B,

{G(ﬁ,a) = afe(fa) (12)
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Overlap and DD representations of GPDs
oe

Radon transform

-1 -1

e Radon Transform:

Rf(x,{)oc/dﬂdaf(ﬁ,a)5(x—5—a§). (13)
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Overlap and DD representations of GPDs
oe

Radon transform

a 3
1€ 1
R o &)
D, % & :
1 1 SN 1 o o 1
1 E]

e Radon Transform:
Rf(x,{)oc/dﬂdaf(ﬁ,a)6(x—5—a§). (13)

» DGLAP region: |x| > |¢].
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Overlap and DD representations of GPDs
oe

Radon transform

a 3
1€ 1
\g ERBL
X z 8 < < "
1 1 — 1 o 9 1
ERBL
-1 -1

e Radon Transform:
Rf(x,{)oc/dﬂdaf(ﬁ,a)6(x—5—a§). (13)

» DGLAP region: |x| > |¢].
» ERBL region: |x| < [¢].
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From Overlap to DD

Outline

© From an Overlap of LCWFs to a Double Distribution
@ Inversion of Incomplete Radon Transform
@ Results
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From Overlap to DD
®000

From DGLAP GPD to a DD

e In Overlap representation: DGLAP region only (e.g. two-body
LCWFs).
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e In Overlap representation: DGLAP region only (e.g. two-body
LCWFs).

» Need ERBL to complete polynomiality.

Find 7 (8, a) on square {|a| + |3] < 1} such that
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» DD f (B, @) exists (as a distribution) and is unique (if it is a function).
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From Overlap to DD
®000

From DGLAP GPD to a DD

e In Overlap representation: DGLAP region only (e.g. two-body
LCWFs).

» Need ERBL to complete polynomiality.

Find 7 (8, a) on square {|a| + |3] < 1} such that

Hx,Olpcuar = (1 %) [ d8daf (8,005 (=5 - ac)

e |f model fulfills Lorentz invariance: (Moutarde, 2015)

» DD f (B, @) exists (as a distribution) and is unique (if it is a function).
» We can reconstruct the GPD everywhere.
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From Overlap to DD
oe00

Support properties

o ¢
1 1
\\g ERBL
§ R -
PR N < :
-1 1 — -1 Q 1
[a]
ERBL
-1 -1
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From Overlap to DD
oe00

Support properties

a 3
1€ 1
\\g ERBL
§ R -
z z 8 < "
1 1 — 1 0] 1
[a]
ERBL
-1 -1

e Quark GPD: H(x,§) =0for -1 <x < —|¢{| = f(B8,a) =0 for 8 <O0.
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From Overlap to DD
oe00

Support properties

a 3
1° 1
£ ERBL
R o
xX €T ,j < x
1 1 — 1 Q 1
o
ERBL
-1 -1

e Quark GPD: H(x,§) =0for -1 <x < —|¢{| = f(B8,a) =0 for 8 <O0.
e Domains 8 < 0 and 3 > 0 are uncorrelated in the DGLAP region.
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From Overlap to DD
oe00

Support properties

a 3
1° 1
£ ERBL
R o
xX €T ,j < x
1 1 — 1 Q 1
o
ERBL
-1 -1

e Quark GPD: H(x,§) =0for -1 <x < —|¢{| = f(B8,a) =0 for 8 <O0.
e Domains 8 < 0 and 3 > 0 are uncorrelated in the DGLAP region.

e Divide and conquer:

» Better numerical stability.
> Lesser complexity: O (NP + NP) < O ((N + N)P).
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From Overlap to DD
ooeo

Domain for the inversion
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From Overlap to DD
ooeo

Domain for the inversion

1 | «
1 V2
L
-1 1 g 7 | 75 “
=y
1 = 5
e Rotated square [7% %} x [7% %]
u= '8\206 :
a— B (14)
v= .

Nabil Chouika Extending a GPD from DGLAP to ERBL GDR QCD 10/11/16 13 / 22



From Overlap to DD
Domain for the inversion
o v
1 «
1 V2
—
-1 1 ﬂ v v}z b
= .
-1 ﬁ ﬁ
e Rotated square [7%%} x [ %%]
® q-parity of the DD:
u= Bta
o ’ f(B,—a)="Ff(8,a). 15
K 1) (B,—0)=f(B.0). (15)
v = .
V2
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From
ocooe

Discretization

e Discretization of the DD (piece-wise
constant):

Overlap to DD

f(“ = i Z Um“r‘+1] (u)l["j"’j+1] v)

i=0 j=0
(16)
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From Overlap to DD
oooe

Discretization

e Discretization of the DD (piece-wise

constant):
) N-1N-1
Flo0) = 20 D i 0] () V] (1)
i=0 j=0
(16)
e Mesh:
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From Overlap to DD
oooe

Discretization

e Discretization of the DD (piece-wise

constant):
) N-1N-1
Flo0) = 20 D i 0] () V] (1)
i=0 j=0
(16)
e Mesh:

> Cells (u,v) — n columns of the
matrix.

Nabil Chouika Extending a GPD from DGLAP to ERBL GDR QCD 10/11/16 14 / 22



From Overlap to DD

ooo0e

Discretization

e Discretization of the DD (piece-wise

constant):
N—1N-1
(u,v) = Z ﬁJ [ui, “H»l]( u)1 [‘/j"/j+1]( V), 06l
i=0 j=0 :
(16) 0.4 |
® Mesh:

0.2}
> Cells (u,v) — n columns of the

matrix. 00l

e Sampling: 02}
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From Overlap to DD

ooo0e

Discretization

e Discretization of the DD (piece-wise

constant):
N—1N-1
(u,v) = Z ﬁJ [ui, “H»l]( u)1 [‘/j"/j+1]( V), 06l
i=0 j=0 :
(16) 0.4 |
® Mesh:

0.2}
> Cells (u,v) — n columns of the

matrix. ool
e Sampling: 02}

» Random couples (x,§) = m>n
lines of the matrix.
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e Discretization of the DD (piece-wise

constant):
N—1N-1
(u,v) = Z ﬁJ [ui, “H»l]( u)1 [‘/j"/j+1]( V), 06l
i=0 j=0 :
(16) 0.4 |
® Mesh:

0.2}
> Cells (u,v) — n columns of the

matrix. ool
e Sampling: 02}

» Random couples (x,§) = m>n
lines of the matrix.

® Linear problem: AX = B where
By = H (xk, k).

» A full-rank: more information
but also more noise.
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From Overlap to DD
®000

Test (constant DD)

02 04 06

06 04 -02 00

Test with Constant DD.

2x(1—x)
H(x,§)lpgLap = {01’5

€] <x<1
—1<x< — €
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Test with Constant DD.

> Goal: retrieve known DD from
DGLAP GPD.

2x(1—x)
H(x,§)lpgLap = {01’5
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From Overlap to DD
®000

Test (constant DD)

02 04 06

06 04 -02 00

® Test with Constant DD.

> Goal: retrieve known DD from
DGLAP GPD.

® Consistent problem (discretized DD = l

theoretical DD):
2x(1—x)

209 gl<x<1
H(x,§)pgLap = {01’5

-1 < x< — €
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From Overlap to DD
®000

Test (constant DD)

02 04 06

06 04 -02 00

® Test with Constant DD.

> Goal: retrieve known DD from

DGLAP GPD.
® Consistent problem (discretized DD = l
theoretical DD):
200 e oy
> Objective DD retrieved at arbitrary HeoOlpeap = 177 7 < el

precision: residual decreases to 0

(machine precision).
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From Overlap to DD
oeo00

First result

05
04
02
00
-02
-04 [
06
0z 04 06

—06 -04 -02 00

06 -04 -02 00 02 04 06

® Real application to a DSE toy model.

(1-x)7? (x> —¢€)

H(Xﬂg)‘x>\§| =30 (1752)2
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® Real application to a DSE toy model.

> Goal: extend the DGLAP GPD of FBay=14  P>0
Ref. (Mezrag, 2015; Mezrag et al., 2016). 0 <0

(1-x)7? (x> —¢€)

H(Xﬂg)‘x>\§| =30 (1752)2
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® Real application to a DSE toy model.

> Goal: extend the DGLAP GPD of FBay=14  P>0
Ref. (Mezrag, 2015; Mezrag et al., 2016). 0 <0
® | east-squares problem: 1

(1-x)7? (x> —¢€)

H(Xﬂg)‘x>\§| =30 (1752)2
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® Real application to a DSE toy model.

> Goal: extend the DGLAP GPD of FBay=14  P>0
Ref. (Mezrag, 2015; Mezrag et al., 2016). 0 <0
® | east-squares problem: 1

> Residual has a finite limit.
(1—x) (x® - ¢?)

H(Xﬂg)‘x>\§| =30 (1752)2
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First result

From Overlap to DD
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® Real application to a DSE toy model.
> Goal: extend the DGLAP GPD of

Ref. (Mezrag, 2015; Mezrag et al., 2016).

® | east-squares problem:

> Residual has a finite limit.
» Compromise between noise on
B =0 and artifact on a = 0.

Nabil Chouika

Extending a GPD from DGLAP to ERBL
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® Real application to a DSE toy model.
> Goal: extend the DGLAP GPD of £ (B o) = {? (1-30%—28+35%) 5>o0
0

Ref. (Mezrag, 2015; Mezrag et al., 2016). s<o0
® | east-squares problem: 1
> Residual has a finite limit.
» Compromise between noise on (1 - x)? (x2 —€2)
B =0 and artifact on o = 0. H(x,f)\x>‘§| :30W

® Smooth function in Pobylitsa gauge:
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® Real application to a DSE toy model.
> Goal: extend the DGLAP GPD of £ (B o) = {? (1-30%—28+35%) 5>o0
0

Ref. (Mezrag, 2015; Mezrag et al., 2016). s<o0
® | east-squares problem: 1
> Residual has a finite limit.
» Compromise between noise on (1 - x)? (x2 —€2)
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® Smooth function in Pobylitsa gauge:

» (1 — x)? behavior of the GPD.
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® Real application to a DSE toy model.
> Goal: extend the DGLAP GPD of £ (B o) = {? (1-30%—28+35%) 5>o0
0

Ref. (Mezrag, 2015; Mezrag et al., 2016). s<o0
® | east-squares problem: 1
> Residual has a finite limit.
» Compromise between noise on (1 - x)? (x2 —€2)
B =0 and artifact on o = 0. H(x,f)\x>‘§| :30W

® Smooth function in Pobylitsa gauge:

» (1 — x)? behavior of the GPD.

> Gauge introduced for positivity.
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From Overlap to DD
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Quantitative comparison of DDs
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Figure: Quantitative comparison for the Overlap results. Left: Theoretical discretized
DD. Middle: Numerical solution at tolerance 107°. Right: Absolute difference.

BV (1-3a"-28+38%) B>0

F(B.o)= 1, 2o
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From Overlap to DD
oooe

Quantitative comparison of GPDs

Figure: Quantitative comparison for the Overlap GPD obtained from the numerical DD
solution. Left: Theoretical GPD. Middle: Numerical solution at tolerance 10~°. Right:
Absolute difference.

(1 _ X)2 (Xz _ 52)

ey

x> [€]
H(x,€) =
15(x —1) (x* =€) (€ +2|¢| x + x)
21¢* (¢] + 1)

x| < (€]
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Conclusion
°

Summary

e Extension of the DSE overlap toy model.
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Overlap Inverse Radon Transform

» Both polynomiality and positivity!
e Important points:
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convergence.
» Pobylitsa gauge is promising.
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Conclusion
°

Summary

e Extension of the DSE overlap toy model.

e Systematic procedure for GPD modeling from first principles:

» LCWFs — GPD in DGLAP — DD g GPD.

Overlap Inverse Radon Transform

» Both polynomiality and positivity!
e Important points:

» Compromise with respect to noise and
convergence.
» Pobylitsa gauge is promising.

e In the future:

» Different methods: Basis functions,
Bayesian methods, etc.
» Handling of errors.

e Thank youl!

» Any questions?
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Additional slides

Discrete ill-posed problem

v\f less filtering

log ILx1l,

" more filtering
—

v

log||Ax=b,

Theoretical “L-curve”: curve parameterized
by the regularization factor.

(fig. taken from Ref. (Hansen, 2007))
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solution norm || x ||,
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residual norm || A x-b ||,

L-curve with the iteration number as

regularization factor.
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