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conventions and definitions, and in Section III discuss general new physics sensitivities of
low-energy PV observables. In Section IV we illustrate these sensitivities for different new
physics scenarios. Section V contains an analysis of theoretical uncertainties. A discussion
of kinematic considerations for a prospective PV elastic ep experiment is also included. In
Section VI we summarize our conclusions.

II. NEW PHYSICS AND THE WEAK CHARGE

For each PV observable, the quantity of interest here is the weak charge QW of the
nucleus (electron), which characterizes the strength of the electron axial vector × nucleus
(electron) vector weak neutral current interaction:

QW = Q0
W

+ ∆QW . (1)

Here, Q0
W

gives the contribution in the Standard Model while ∆QW indicates possible contri-
butions from new interactions. We consider QW to be generated by the low-energy effective
Lagrangian

L = LPV

S.M.
+ LPV

NEW
, (2)

where

LPV

S.M.
=

GF

2
√

2
ge

A
ēγµγ5e

∑

f

gf
V
f̄γµf (3)

LPV

NEW =
4πκ2

Λ2
ēγµγ5e

∑

f

hf
V f̄γµf . (4)

Here gf
V = 2T f

3 − 4Qf sin
2 θW and gf

A = −2T f
3 are the tree level Standard Model fermion-

Z0 couplings; hf
V

characterizes the interaction of the electron axial vector current with the
vector current of fermion f for a given extension of the Standard Model; Λ is the mass
scale associated with the new physics; and κ sets the coupling strength. Generally speaking,
strongly interacting theories take κ2 ∼ 1 while for weakly interacting extensions of the
Standard Model one has κ2 ∼ α. For scenarios in which the interaction of Eq. (4) is
generated by the exchange of a new heavy particle between the electron and fermion, the
constant hf

V
= g̃e

A
g̃f

V
, where g̃e

A
(g̃f

V
) are the heavy particle axial vector (vector) coupling to

the electron (fermion).
For simplicity, we do not consider contributions to ∆QW arising from new scalar-

pseudoscalar or tensor-pseudotensor interactions. We also do not consider V (e) × A(f)
interactions, as they do not contribute to QW . Although the Standard Model V (e) × A(f)
interaction is suppressed due to the small value of ge

A
= −1 + 4sin2 θW , resulting in an

enhanced sensitivity to new physics of this type, one is at present not able to extract the
V (e) × A(f) amplitudes from PV observables with the level of experimental precision at-
tainable for QW . Moreover, the hadronic axial vector current is not protected by current

4

Since the proton charge is 1 = F p
1 (0)I=1 +F p

1 (0)I=0, one must have I ′
3 = 1/2, so that there are no

corrections to F p
1 (0)I through O(ε2). Thus, one has to this order for the neutral current Dirac

form factor,
QW (p) ≡ F p

1 (0)NC = −2 (2 C1u + C1d) , (24)

which is the same result obtained in the absence of any isospin impurities. Similar arguments
prevent the appearance of any higher order terms in ε.

4 Four-Fermi operators and model independent analysis

Before considering the consequences for particular models of new physics, it is instructive to
consider the model independent implications of a 4% QW (p) measurement. The low energy
effective electron-quark Lagrangian of the form A(e) × V (q) is given by,

L = LPV
SM + LPV

NEW, (25)

where,

LPV
SM = −

GF√
2
ēγµγ5e

∑

q

C1q q̄γµq, (26)

LPV
NEW =

g2

4Λ2
ēγµγ5e

∑

f

hq
V q̄γµq, (27)

and where g, Λ, and the hq
V are, respectively, the coupling constant, the mass scale, and effective

coefficients associated with the new physics. The latter are in general of order unity; the explicit
factor of 4 arises from the projection operators on left and right (or vector and axial-vector) chiral
fermions. In the same normalization, the SM coefficients take the values, C1u/2 = −0.09429 ±
0.00011 and C1d/2 = +0.17070±0.00007, for up and down quarks, respectively, where we included
the QCD corrections obtained in Eqs. (11) and (12), and where the uncertainties are from the
SM inputs. We find,

Qp
W (SM) = −2(2C1u + C1d) = 0.0716 ± 0.0006. (28)

A 4% measurement of QW (p) would thus test new physics scales up to,

Λ

g
≈

1
√√

2GF |∆Qp
W |

≈ 4.6 TeV. (29)

The sensitivity to non-perturbative theories (such as technicolor, models of composite fermions, or
other strong coupling dynamics) with g ∼ 2π could even reach Λ ≈ 29 TeV. As another example,
for extra Z ′ bosons from simple models based on Grand Unified Theories (GUT) one expects
g ∼ 0.45, so that one can study such bosons (with unit charges) up to masses MZ′ ≈ 2.1 TeV.
Z ′ bosons are predicted in very many extensions of the SM ranging from the more classical GUT
and technicolor models to SUSY and string theories. We discuss the sensitivity of QW (p) to Z ′

bosons, as well as other scenarios, in the subsequent Sections.
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(1)  Z’	  Boson	  :	  	  SO(10),	  technicolor	  models	  to	  	  
	  	  	  	  	  	  SUSY	  and	  E6	  (string	  theories)	  
(2)	  technicolor,	  models	  of	  composite	  fermions,	  	  
	  	  	  	  	  	  or	  other	  strong	  coupling	  dynamics	  
	

g=0.45	  	  -‐>	  	  Λ	  =	  2.1	  TeV	  
	  
g=2π    	  -‐>	  	  Λ	  =	  29	  TeV	  
	

	



Figure 4: Representative examples of SUSY loop corrections to QW (p). Shown are corrections
from (a) charginos and sneutrinos; (b) sleptons contributing to γ–Z-mixing (∆ sin2 θ̂W (0)SUSY);
and (c) a box graph containing neutralinos, sleptons, and squarks.

modifying Eq. (4),

QW (p) = [ρNC + ∆e + ∆ρSUSY][1 − 4 sin2 θ̂W (0) + ∆′
e] + !WW + !ZZ + !γZ + λSUSY,

sin2 θ̂W (0) = sin2 θ̂W (0)SM + ∆ sin2 θ̂W (0)SUSY,
(31)

where sin2 θ̂W (0)SM is the SM prediction given in Eq. (14) and ∆ sin2 θ̂W (0)SUSY is the correction
induced by SUSY loops4. All SUSY box graph contributions, as well as non-universal vertex
and external leg corrections, are contained in λSUSY. Flavor-independent corrections are given
by ∆ρSUSY and ∆ sin2 θ̂W (0)SUSY.

The effects of SUSY loops on QW (p) and QW (e) are dominated by ∆ sin2 θ̂W (0)SUSY, because
present bounds on the T parameter from precision data [4] limit the magnitude of ∆ρSUSY.
Moreover, box graph contributions are numerically small, while cancellations reduce the impact
of vertex and external leg corrections. Consequently, the shifts in the proton and electron weak
charges are similar over nearly all allowed SUSY parameter space. This is in contrast to QW (Cs)
due to canceling corrections to the u and d quark weak charges. Thus, should the QWEAK
and SLAC-E-158 experiments observe a correlated deviation, and should QW (Cs) remain in
agreement with the SM, the MSSM would be a favored explanation compared to many other
scenarios.

The situation changes considerably in the presence of RPV effects. The most general gauge

4In the notation of Ref. [77], ∆ sin2 θ̂W (0)SUSY = 4ŝ2δκsusy
PV

.
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Atomic parity violation has been observed in the 6s2 1S0 ! 5d6s 3D1 408-nm forbidden transition of

ytterbium. The parity-violating amplitude is found to be 2 orders of magnitude larger than in cesium,

where the most precise experiments to date have been performed. This is in accordance with theoretical

predictions and constitutes the largest atomic parity-violating amplitude yet observed. This also opens the

way to future measurements of neutron distributions and anapole moments by comparing parity-violating

amplitudes for various isotopes and hyperfine components of the transition.

DOI: 10.1103/PhysRevLett.103.071601 PACS numbers: 11.30.Er, 32.90.+a

Atomic parity violation (APV) experiments are a power-
ful tool in the study of electroweak interactions (see, for
example, review [1]). The electroweak parameter of utmost
importance in APV experiments is the weak charge QW ,
associated with the exchange of the Z0 boson between an
atomic electron and the nucleus. The most accurate APV
experiments were performed using Cs atomic beam and
yielded a value of the QW for Cs with experimental and
theoretical uncertainties of 0.35% [2] and 0.27% [3], re-
spectively, providing a stringent test of the standard model
(SM) at low momentum transfer (!MeV=c). However, it
has not yet been possible to test an important prediction of
the SM concerning the variation of QW along a chain of
isotopes. It has been suggested [4] that rare-earth atoms
may be good candidates for APVexperiments because they
have chains of stable isotopes, and the APVeffects may be
enhanced due to the proximity of opposite-parity levels.
While the accuracy of atomic calculations is unlikely to
ever approach that achieved for atoms with a single valence
electron, ratios of PV amplitudes between different iso-
topes should provide ratios of weak charges, without in-
volving, to first approximation, any atomic-structure
calculations.

The present experiment is inspired by the prediction [5]
supported by further theoretical work of [6,7], that the
PVamplitude in the chosen transition is!100 times larger
than that in Cs. The motivation for PVexperiments in Yb is
probing low-energy nuclear physics by comparing
PV effects on either a chain of naturally occurring Yb
isotopes, or in different hyperfine components for the
same odd-neutron-number isotope. The ratio of PV ampli-
tudes for two isotopes of the same element is sensitive to
the neutron distributions within the nucleus [8]. The dif-
ference between PVamplitudes measured on two different
hyperfine lines belonging to the same transition is a mani-
festation of nuclear-spin-dependent APV, which is sensi-
tive to the nuclear anapole moments (see, for example,
reviews [9,10]) that arise from weak interactions between

the nucleons. As the precision of the experiment increases,
a sensitive test of the standard model may also become
possible [11].
Here we report on experimental verification of the pre-

dicted PV-amplitude enhancement in Yb using a measure-
ment of the APV amplitude for 174Yb.
The idea of the experiment is to excite the forbidden

408-nm transition (Fig. 1) with resonant laser light in the
presence of a quasistatic electric field. The PVamplitude of
this transition arises due to PV mixing of the 5d6s 3D1 and
6s6p 1P1 states. The purpose of the electric field is to
provide a reference transition amplitude due to
Stark mixing of the same states, interfering with the
PV amplitude. In such interference method [12,13], one
is measuring the part of the transition probability that is
linear in both the reference Stark-induced amplitude and
the PV amplitude. In addition to enhancing the PV-
dependent signal, employing the Stark-PV-interference
technique provides for all-important reversals allowing
one to separate the PV effects from various systematics.

FIG. 1 (color online). Low-lying energy eigenstates of Yb and
transitions relevant to the APV experiment.
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The configuration which is used for the Stark-
interference experiment is shown in Fig. 2. The electric
field E is applied collinearly with the propagation axis (x)
of the linearly polarized resonant light beam, while the
magnetic field B is directed along z. The pseudoscalar
quantity which manifests PV is

ðE "BÞð½E% E& "BÞ; (1)

where E is the electric field of the light. The APV effect
vanishes when the angle ! between the light polarization
and the magnetic field approaches a value which is a
multiple of "=2.

This field arrangement is such that the M1 transition
amplitude and Stark-induced amplitudes are out of phase
[14]. Thus, the M1 Stark interference is suppressed.
Additional suppression is provided by the use of a
power-build-up cavity. The M1 transition amplitude pro-
portional to k% E vanishes to the degree that the field in
the cavity is a standing wave, and the net wave vector k is
suppressed.

For an isotope with zero nuclear spin I, there are three
Zeeman-split components of the transition. A Stark-
induced transition amplitude is generally expressed in
terms of real scalar (#), vector ($), and tensor (%) tran-
sition polarizabilities [12,15]; however, for the case of a
J ¼ 0 ! J0 ¼ 1 transition, only the vector transition po-
larizability contributes. Assuming that the magnetic field is
strong enough to resolve the Zeeman components of the
transition and selecting the quantization axis along the
magnetic field, we obtain the following transition rates:

R !M¼0 ¼
8"

c
I½$2E2sin2!þ 2&$E sin! cos!&; (2)

R !M¼)1 ¼
4"

c
I½$2E2cos2!* 2&$E sin! cos!&; (3)

where I is the light intensity. Here & characterizes the PV-

induced electric-dipole transition amplitude between states
with total angular momenta and projections F, M and F0,
M0:

APV
FMF0M0 ¼ i&FF0ð*1ÞqEqhF;M; 1;*qjF0;M0i; (4)

where q ¼ M*M0 labels the spherical component and
hF;M; 1;*qjF0;M0i is a Clebsch-Gordan coefficient. In
expressions (2) and (3), we neglect the term quadratic in
PV mixing. Using the theoretical value of & ’ 10*9ea0 [6]
combined with the measured j$j ¼ 2:24þ0:07

*0:12 %
10*8ea0=ðV=cmÞ [15,16], the expected relative strength
of the PV effect, 2&=$E, is +10*4, for ! ¼ "=4 and E ¼
1 kV=cm.
The transition rates (2) and (3), are detected by measur-

ing the population of the 6s6p 3P0 state, where 65% of the
atoms excited to the 5d6s 3D1 state decay spontaneously
(Fig. 1). This is done by resonantly exciting the atoms with
649-nm light to the 6s7s 3S1 state downstream from the
main interaction region and collecting the fluorescence
resulting from the decay of this state back to 6s6p 3P0
state, and also to 6s6p 3P1 and 6s6p

3P2 states. As long as
the 408-nm transition is not saturated, the fluorescence
intensity measured in the probe region is proportional to
the rate of that transition.
In order to isolate the Stark-PV interference term in the

transition rate from the dominant Stark-induced transition
rate, we harmonically modulate the applied electric field.
The dominant Stark-induced rate has a static component
and a component oscillating at twice the modulation fre-
quency, while the Stark-PV interference term oscillates at
the first harmonic. The frequency discrimination is per-
formed using lock-in amplifiers. For an arbitrary angle of
the light polarization !, there are generally three Zeeman
components of the transition present while scanning over
the profile as shown in Fig. 3(a). The first-harmonic signal
due to Stark-PV interference has a characteristic signature:
the sign of the phase of the modulation of the two extreme
components of the transition is opposite to that of the
central component. The second-harmonic signal provides
a reference for the line shape since it is free from interfer-
ence effects linear in E [Fig. 3(b)]. If, in addition to the
oscillating electric field, there is also a dc component
present in the applied field, a signature identical to that
in the second harmonic will also appear in the
first harmonic, Fig. 3(c). The latter can be used to increase
the first-harmonic signal above the noise, which makes the
profile analysis more reliable.

FIG. 2 (color online). Orientation of fields for PV-Stark inter-
ference experiment and schematic of the present APVapparatus.
Not shown is the vacuum chamber containing all the depicted
elements, except the photomultiplier (PMT) and the photodiode
(PD). PBC-power buildup cavity. Light is applied collinearly
with x.

FIG. 3. Discrimination of the PV effect by E-field modulation
under static magnetic field.
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where A!1, A0 are the amplitudes of the respective
Zeeman components and ~E is the amplitude of modulating
electric field.

The detailed analysis of an impact of the apparatus
imperfections and systematic effects on the accuracy of
the measurements will be presented elsewhere. Here we
address briefly the principles of this analysis. The PVeffect
is discriminated from other effects by recording the spec-
tral profiles for different combinations of the B field and
the light polarization angle !, and by isolating the part of
the measured values of K that has a correct PV response
upon the reversals. In addition we artificially impose ex-
aggerated combinations of imperfections and measure
their effect on K. Then, by scaling down these contribu-
tions we estimate the residual uncertainties in the
PV measurements. Such experiments showed a negligibly
small contribution of the imperfections compared to the
present accuracy of the PV-effect determination (see
below).

In Fig. 5, the PV-interference parameter "=# is shown as
determined in 19 consecutive runs ("60 h of integration).
Its mean value is 39ð4Þstatð5Þsyst mV=cm, which is in agree-
ment with the theoretical predictions. Thus, j"j ¼ 8:7!
1:4& 10'10ea0, which is the largest APV amplitude ob-
served so far. This confirms the predicted enhancement of
the PV effect in Yb.

The present measurement accuracy is not yet sufficient
to observe the isotopic and hyperfine differences in the
PVamplitude. It must be better than(1% for PVamplitude
in a single transition [11,18,19]. We found that the main
factors limiting the present accuracy are fluctuations of the
electric field in the interaction region (due to stray fields
and HV-amplifier noises), and frequency excursions of the
Fabry-Pérot étalon serving as a frequency reference for the
optical system. A direct impact of these factors on the
spectral profiles has been observed, thus leading to errors
not only in the APV measurements, but also in the study of
systematic effects and apparatus imperfections. This ac-
counts for the relatively large systematic uncertainty of the

PV parameter. In the course of the APV measurements,
several improvements have been implemented targeting
these noise sources. They have demonstrated a possibility
to reduce the measurement errors substantially. This is seen
in Fig. 5, where the last six measurements exhibit higher
accuracy than the rest. An upgrade of the apparatus is
under way aimed at eliminating the noise sources, which
will open ways to the measurements of neutron distribu-
tions and anapole moments.
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perimental techniques for the PNC measurement in its

7s
2
S1/2 → 8s transition is already being under de-

velopment [12–14] and spectroscopy of many of its iso-

topes are already measured quite precisely [15–17]. In

addition, we find that the lifetimes of the 6d
2
D3/2,5/2

states in Fr are large enough to carry out the above

PNC measurements reliably, PNC enhancements in the

7s
2
S1/2 → 6d

2
D3/2,5/2 transitions are quite large com-

pared to its 7s
2
S1/2 → 8s transition and as well as for

the same corresponding transitions in Ra
+
. Moreover, we

argue that a technique similar to the case of observing

PNC induced light shifts in the Ra
+

ion would be ade-

quate for the measurements in the Fr isotopes in the cor-

responding 7s
2
S1/2 → 6d

2
D3/2,5/2 transitions. Suitable

hyperfine states have been identified that would be ap-

propriate for the experimental consideration and a proof

of measurement principle utilizing the CYRIC facility at

Sendai University, Japan in these transitions has been

emphasized.

The Hamiltonian due to the nuclear spin independent

(NSI) neutral weak current interaction is given by [1]

H
NSI
PNC =

GF

2
√
2
QW γ5ρnuc(r) (1)

and the nuclear spin dependent (NSD) Hamiltonian de-

scribing contribution due to the interaction between the

anapole moment and electrons is given by [1]

H
NSD
PNC =

GF√
2
KWα · I ρnuc(r), (2)

where GF (= 2.219 × 10
−14

in au) is the Fermi constant

that quantifies the strength of the weak interaction, ρnuc

is the nuclear density, α and γ5 are the Dirac matrices,

N is the neutron number of the atomic system and I is

the nuclear spin. The important quantities in the above

expressions to be noted down are the dimensionless weak

nuclear charges QW and KW for the respective NSI and

NSD interactions respectively. As the strengths of the

above weak interactions are very small compared to the

electromagnetic interactions in an atomic system, they

can be treated in the first order perturbation theory. It is

worth mentioning contributions to E1PNC amplitudes in

the considered transitions of Fr atom through the hyper-

fine induced NSI PNC interactions are extremely small

[18] and are not accounted in the present interest of the

study.

Since the NSI interaction Hamiltonian does not couple

nuclear and electron spins, in this case the E1PNC ampli-

tudes are evaluated between the atomic states. However,

these amplitudes need to be determined between the suit-

able hyperfine levels when the NSD interaction Hamilto-

nian is being considered. In both the cases, we employ

a sum-over-states approach to calculate the E1PNC am-

plitudes. In this approach, the E1PNC amplitudes due

to the NSI and NSD interactions are given by

E1
NSI
PNC = (−1)

Jf−Mf

�
Jf 1 Ji

−Mf q Mi

�
X (3)

and

E1
NSD
PNC = (−1)

Ff−MF
f

�
Ff 1 Fi

−M
F
f q M

F
i

�
Y, (4)

respectively, where F s and M
F
s are the total angular

momenta due to the electron angular momenta (Js) with

components Ms and nuclear spin (I) and q = −1, 0, 1

depending on the values of Ms and M
F
s. The reduced

matrix element X is given by

X =

�

k �=i

�Jf ||D||Jk��Jk||HNSI
PNC ||Ji�√

2Ji + 1(Ei − Ek)

+

�

k �=f

�Jf ||HNSI
PNC ||Jk��Jk||D||Ji��
2Jf + 1(Ef − Ek)

(5)

and by expressing in a form H
NSD
PNC =

�
q(−1)

q
IqK

q
to

separate out the nuclear and electronic space, we get

Y = η

��

k �=i

(−1)
ji−jf+1 �Jf ||D||Jk��Jk||K1||Ji�

Ei − Ek

×
�
Ff Fi 1

Jk Jf I

��
I I 1

Jk Ji Fi

�

+

�

k �=f

(−1)
Fi−Ff+1 �Jf ||K1||Jk��Jk||D||Ji�

Ef − Ek

×
�
Ff Fi 1

Ji Jk I

��
I I 1

Jk Jf Ff

��
, (6)

where η =
�

I(I + 1)(2I + 1)(2Fi + 1)(2Ff + 1) and Es

are the energies of the respective states. In the above

sum-over-states approach, contributions from the 7P −
11P low-lying states, which is referred to as “Main” re-

sult, are estimated by calculating matrix elements of dif-

ferent physical operators that are given later. These are

evaluated using a relativistic coupled-cluster (RCC) the-

ory at the singles and doubles excitations approximation

(CCSD method). Contributions from the high-lying ex-

cited states, given as “Extra” result, and core contribu-

tions are estimated using second order many-body per-

turbation theory (MBPT(2) method).

A proof of principle to measure interference of PNC in-

duced ac-Stark shift (known as PNC light shift) with the

electric quadrupole (E2) shift between the 6s
2
S1/2 →

5d
2
D3/2 transition in the Ba

+
ion has been described

elaborately by Fortson [8]; which has also been followed

to measure PNC in the 7s
2
S1/2 → 6d

2
D3/2,5/2 transi-

tions in a Ra
+

ion [11]. The same technique also seem

to be appropriate to measure the PNC light shifts of the

7s
2
S1/2 → 6d

2
D3/2,5/2 transitions of a Fr atom. How-

ever, there are also both pros and cons of considering

2
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(NSI) neutral weak current interaction is given by [1]

H
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GF
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and the nuclear spin dependent (NSD) Hamiltonian de-

scribing contribution due to the interaction between the

anapole moment and electrons is given by [1]

H
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GF√
2
KWα · I ρnuc(r), (2)

where GF (= 2.219 × 10
−14

in au) is the Fermi constant

that quantifies the strength of the weak interaction, ρnuc

is the nuclear density, α and γ5 are the Dirac matrices,

N is the neutron number of the atomic system and I is

the nuclear spin. The important quantities in the above

expressions to be noted down are the dimensionless weak

nuclear charges QW and KW for the respective NSI and

NSD interactions respectively. As the strengths of the

above weak interactions are very small compared to the

electromagnetic interactions in an atomic system, they

can be treated in the first order perturbation theory. It is

worth mentioning contributions to E1PNC amplitudes in

the considered transitions of Fr atom through the hyper-

fine induced NSI PNC interactions are extremely small

[18] and are not accounted in the present interest of the

study.

Since the NSI interaction Hamiltonian does not couple

nuclear and electron spins, in this case the E1PNC ampli-

tudes are evaluated between the atomic states. However,

these amplitudes need to be determined between the suit-

able hyperfine levels when the NSD interaction Hamilto-

nian is being considered. In both the cases, we employ

a sum-over-states approach to calculate the E1PNC am-

plitudes. In this approach, the E1PNC amplitudes due

to the NSI and NSD interactions are given by
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and
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respectively, where F s and M
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s are the total angular

momenta due to the electron angular momenta (Js) with
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F
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matrix element X is given by

X =
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where η =
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sum-over-states approach, contributions from the 7P −
11P low-lying states, which is referred to as “Main” re-
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ion [11]. The same technique also seem
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2
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S1/2 → 8s transition is already being under de-

velopment [12–14] and spectroscopy of many of its iso-

topes are already measured quite precisely [15–17]. In

addition, we find that the lifetimes of the 6d
2
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states in Fr are large enough to carry out the above

PNC measurements reliably, PNC enhancements in the
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D3/2,5/2 transitions are quite large com-

pared to its 7s
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S1/2 → 8s transition and as well as for

the same corresponding transitions in Ra
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. Moreover, we

argue that a technique similar to the case of observing

PNC induced light shifts in the Ra
+

ion would be ade-

quate for the measurements in the Fr isotopes in the cor-

responding 7s
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S1/2 → 6d

2
D3/2,5/2 transitions. Suitable

hyperfine states have been identified that would be ap-

propriate for the experimental consideration and a proof

of measurement principle utilizing the CYRIC facility at

Sendai University, Japan in these transitions has been

emphasized.
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N is the neutron number of the atomic system and I is

the nuclear spin. The important quantities in the above
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nuclear charges QW and KW for the respective NSI and

NSD interactions respectively. As the strengths of the
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these amplitudes need to be determined between the suit-

able hyperfine levels when the NSD interaction Hamilto-
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[18] and are not accounted in the present interest of the
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study.

Since the NSI interaction Hamiltonian does not couple

nuclear and electron spins, in this case the E1PNC ampli-

tudes are evaluated between the atomic states. However,

these amplitudes need to be determined between the suit-

able hyperfine levels when the NSD interaction Hamilto-

nian is being considered. In both the cases, we employ

a sum-over-states approach to calculate the E1PNC am-

plitudes. In this approach, the E1PNC amplitudes due

to the NSI and NSD interactions are given by

E1
NSI
PNC = (−1)

Jf−Mf

�
Jf 1 Ji

−Mf q Mi

�
X (3)

and

E1
NSD
PNC = (−1)

Ff−MF
f

�
Ff 1 Fi

−M
F
f q M

F
i

�
Y, (4)

respectively, where F s and M
F
s are the total angular

momenta due to the electron angular momenta (Js) with

components Ms and nuclear spin (I) and q = −1, 0, 1

depending on the values of Ms and M
F
s. The reduced

matrix element X is given by

X =

�

k �=i

�Jf ||D||Jk��Jk||HNSI
PNC ||Ji�√

2Ji + 1(Ei − Ek)

+

�

k �=f

�Jf ||HNSI
PNC ||Jk��Jk||D||Ji��
2Jf + 1(Ef − Ek)

(5)

and by expressing in a form H
NSD
PNC =

�
q(−1)

q
IqK

q
to

separate out the nuclear and electronic space, we get

Y = η

��

k �=i

(−1)
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Ei − Ek

×
�
Ff Fi 1

Jk Jf I

��
I I 1

Jk Ji Fi

�
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�
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×
�
Ff Fi 1

Ji Jk I

��
I I 1

Jk Jf Ff

��
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where η =
�

I(I + 1)(2I + 1)(2Fi + 1)(2Ff + 1) and Es

are the energies of the respective states. In the above

sum-over-states approach, contributions from the 7P −
11P low-lying states, which is referred to as “Main” re-

sult, are estimated by calculating matrix elements of dif-

ferent physical operators that are given later. These are

evaluated using a relativistic coupled-cluster (RCC) the-

ory at the singles and doubles excitations approximation

(CCSD method). Contributions from the high-lying ex-

cited states, given as “Extra” result, and core contribu-

tions are estimated using second order many-body per-

turbation theory (MBPT(2) method).

A proof of principle to measure interference of PNC in-

duced ac-Stark shift (known as PNC light shift) with the

electric quadrupole (E2) shift between the 6s
2
S1/2 →

5d
2
D3/2 transition in the Ba

+
ion has been described

elaborately by Fortson [8]; which has also been followed

to measure PNC in the 7s
2
S1/2 → 6d

2
D3/2,5/2 transi-

tions in a Ra
+

ion [11]. The same technique also seem

to be appropriate to measure the PNC light shifts of the

7s
2
S1/2 → 6d

2
D3/2,5/2 transitions of a Fr atom. How-

ever, there are also both pros and cons of considering

E2+E1PNC
NSI

+E1PNC
NSD

D 
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TABLE III: Magnitudes of reduced matrix elements
�Jf ||O||Ji� of different physical operators (Os) are given in
au.

Matrix element operators of odd parity operators.
Jf state Ji state �Jf ||D||Ji� �Jf ||HNSI

PNC ||Ji� �Jf ||K1||Ji�
7p 2P1/2 7s 2S1/2 4.26 10.52 25.03
8p 2P1/2 7s 2S1/2 0.34 5.98 14.64
9p 2P1/2 7s 2S1/2 0.11 4.03 9.93
10p 2P1/2 7s 2S1/2 0.06 2.98 7.39
11p 2P1/2 7s 2S1/2 0.04 2.38 5.92
7p 2P3/2 7s 2S1/2 5.96 2.54
8p 2P3/2 7s 2S1/2 0.95 1.02
9p 2P3/2 7s 2S1/2 0.44 0.61
10p 2P3/2 7s 2S1/2 0.28 0.45
11p 2P3/2 7s 2S1/2 0.18 0.33
8s 2S1/2 7p 2P1/2 4.27 4.83 12.96
8s 2S1/2 8p 2P1/2 10.08 2.74 6.60
8s 2S1/2 9p 2P1/2 1.00 1.85 4.54
8s 2S1/2 10p 2P1/2 0.41 1.37 3.38
8s 2S1/2 11p 2P1/2 0.24 1.09 2.71
8s 2S1/2 7p 2P3/2 7.52 0.73
8s 2S1/2 8p 2P3/2 13.32 0.60
8s 2S1/2 9p 2P3/2 2.26 0.36
8s 2S1/2 10p 2P3/2 1.09 0.26
8s 2S1/2 11p 2P3/2 0.63 0.18
6d 2D3/2 7p 2P1/2 7.45 2.60
6d 2D3/2 8p 2P1/2 2.75 0.48
6d 2D3/2 9p 2P1/2 0.82 0.22
6d 2D3/2 10p 2P1/2 0.45 0.14
6d 2D3/2 11p 2P1/2 0.28 0.09
6d 2D3/2 7p 2P3/2 3.44 0.23 0.18
6d 2D3/2 8p 2P3/2 0.88 0.16 0.45
6d 2D3/2 9p 2P3/2 0.28 0.12 0.35
6d 2D3/2 10p 2P3/2 0.15 0.09 0.28
6d 2D3/2 11p 2P3/2 0.09 0.07 0.21
6d 2D5/2 7p 2P3/2 10.52 5.10
6d 2D5/2 8p 2P3/2 2.83 2.01
6d 2D5/2 9p 2P3/2 0.90 1.27
6d 2D5/2 10p 2P3/2 0.42 0.91
6d 2D5/2 11p 2P3/2 0.28 0.68
Matrix element operators of even parity operators.
Jf state Ji state �Jf ||E2||Ji� �Jf ||M1||Ji�
7p 2P3/2 7p 2P1/2 62.06 1.14
6d 2D3/2 7s 2S1/2 33.78 0.001
6d 2D5/2 7s 2S1/2 41.96
6d 2D5/2 6d 2d3/2 31.49 1.55
8s 2S1/2 6d 2D3/2 56.83
8s 2S1/2 6d 2D3/2 72.88 0.0005
8s 2S1/2 7s 2S1/2 0.006
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TABLE I: Comparison of E1NSI
PNC amplitudes in −iea0×10−11

of the 8s 2S1/2 → 7s 2S1/2 and 6d 2D3/2 → 7s 2S1/2 transi-
tions in the 210Fr, 211Fr and 223Fr isotopes using a sum-over-
states approach. Non-mentioned “Extra” contributions can
be estimated from the differences of “Final” result from the
sum of “Main” and “Core” contributions.

Isotope 8s 2S1/2 → 7s 2S1/2 6d 2D3/2 → 7s 2S1/2

Main Core Final Main Core Final

210Fr 13.49 −0.03 13.53 45.31 1.84 47.29
211Fr 13.60 −0.03 14.64 45.68 1.86 47.71
223Fr 14.91 −0.03 14.96 50.10 2.04 52.35

this procedure in the Fr atoms. The major difference in
the case of Fr atom from the Ba+ and Ra+ ions is, in-
stead of carrying out using a single trapped ion it will
carried out using a beam of atoms produced in an accel-
erator facility of CYRIC, Japan. Thus, the experimental
set-up need to be modulated accordingly. On the other-
hand, it is noted that a large number of atoms can be
probed simultaneously which can reduce the statistical
uncertainty in the measurement. Another concern here
would be the lifetimes of the D-states of the considered
transitions. In the Ba+ and Ra+ ions, these D-states are
the metastable states. Though lifetimes of the 6D states
in Fr are not yet known, we predict them here theoreti-
cally and demonstrate that their values are large enough
to perform the PNC measurements for the above pro-
posed transitions involving the 6D states in Fr to high
precision.

Briefly, we discuss here the PNC induced light shift
measurement procedure. In this approach, the interfer-
ence frequency shift due to the shifts occurred by PNC
(WPNC

mm� ) and electric quadrupole field (WQuad
mm� ) of a tran-

sition between two states having same m values is given
by [8]

∆ω
PNC
m ≈ −ReΣm�(WPNC∗

mm� W
Quad
mm� )�

Σm� |WQuad
mm� |2

. (7)

Here m and m
� represent either for the M or MF values

depending on the states involved in the PNC measure-
ments. The above shifts are much smaller compared to
changes due to the quadrupole shifts which are given by

∆ω
Quad
m ≈ (ω0 − ω)

2
−

�
Σm� |WQuad

mm� |2, (8)

for the transition frequencies ω0 and ω before and after
applying the electric field E , respectively. In the above
expressions, the Rabi frequency for the PNC-induced-
dipole transition is given by

W
PNC
mm� = −1

2

�

i

(E1PNC)
mm�

i Ei(r = 0), (9)

and the Rabi frequency for the quadrupole transition is
given by

W
Quad
mm� = −1

2

�

i,j

(E2)mm�

ij

�
∂Ei(r)
∂xj

�

r=0

, (10)

where r = 0 corresponds to the position of the atom
placed inside the instrument (when it is the center then
it maximizes the Rabi frequencies). We use atomic unit
(au) through out this work unless mentioned explicitly.
In the supplementary material, we present the reduced

matrix elements of HNSI
PNC , H

NSD
PNC and D among the sig-

nificantly contributing low-lying states using a singles
and doubles approximated all order relativistic coupled-
cluster (CCSD) method. Earlier, we had also reported
hyperfine structure constants of the 210,211,212Fr isotopes
using this method that were in very good agreement with
the experimental values. Since both the hyperfine and
PNC interactions originate from the atomic nucleus, this
suggests that the above reported matrix elements of the
PNC Hamiltonians are quite accurate (expected to be
within 2%). Moreover, we also present the E2 and M1
matrix elements among the important transitions of Fr
that will be useful in the PNC measurement analysis.
We estimate the the lifetimes of the 7p 2

P1/2, 7p
2
P3/2,

6d 2
D3/2, 6d

2
D5/2 and 8s 2

S1/2 states as 29.7 ns, 20.6
ns, 536.9 ns, 1700.9 ns and 52.4 ns, respectively, com-
bining the above E1, E2 and M1 transition amplitudes
with the experimental values of the wavelengths. Exper-
imental results only for the 7p1/2 and 7p3/2 states are
available as 29.45(11) ns and 21.02(11) ns [17], respec-
tively, against which our calculations agree with them
within 2% accuracy. Our calculations also demonstrate
that lifetimes of the 6d states are quite large enough, es-
pecially for the 6d 2

D5/2 state, to carry out the PNC
measurements in the 7s 2

S1/2 → 6d 2
D3/2,5/2 transitions

of the Fr isotopes.
We consider three isotopes, 210Fr, 211Fr and 223Fr,

here for analyzing the PNC induced light shift effects.
The reason for choosing these isotopes of Fr is, they
can be produced at the CYRIC facility, Sendai, Japan
and secondly, 210Fr has largest even I (= 6), 211Fr has
largest odd I (= 9/2) and 223Fr has a small odd I

(= 3/2). So it would be helpful to the experimental-
ists to select a suitable Fr isotope for the PNC induced
light shift measurements in the S − D transitions. As
can be seen from Table I, the NSI PNC amplitudes in-
crease with the size of the isotope. This also demon-
strates that the PNC amplitude is more than three times
enhanced in the 7s 2

S1/2 → 6d 2
D3/2 transition than

the 7s 2
S1/2 → 8s 2

S1/2 transition as was shown ear-
lier in Ref. [21]. On the otherhand, Table II shows that
the NSD PNC amplitudes are larger in the isotope with
larger I value (210Fr). More importantly, the NSD am-
plitudes of different hyperfine levels of the 7s 2

S1/2 →
6d 2

D5/2 transition are quite significant and comparable

Nuclear	  Spin	  Independent	  (NSI)	  
PNC	  amplitude	  (7S1/2	  to	  6D3/2)	 3
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TABLE II. Contributions to the reduced matrix elements of Y in iea0KW × 10−11 from the final perturbed state (Final) and initial perturbed
state (Initial) considering intermediate states up to the 11P states in the corresponding transitions of 210Fr, 211Fr, and 223Fr. Contributions from
the core valence and higher level excited states are given as “Core” and “Tail”, respectively. The total results are compared against the values
reported in.

This work Other

Jf → Ji Ff Fi Final Initial Core Tail Total works

210Fr (I = 6)
7s 2

S1/2 → 7s 2
S1/2 11/2 13/2 −2.907 −2.414 −0.172 −0.035 −5.529

8s 2
S1/2 → 7s 2

S1/2 11/2 11/2 1.284 −0.545 −0.002 0.008 0.745
13/2 11/2 2.029 0.893 −0.077 −0.063 1.847
11/2 13/2 2.321 0.401 −0.077 −0.062 2.026
13/2 13/2 1.389 −0.589 −0.002 −0.008 0.789

6d 2
D3/2 → 7s 2

S1/2 9/2 11/2 −0.089 3.341 0.127 −0.085 3.294
11/2 11/2 −0.480 −3.205 −0.118 0.078 −3.725
13/2 11/2 0.905 2.631 0.093 −0.062 3.568
11/2 13/2 −0.853 −1.832 −0.063 0.042 −2.706
13/2 13/2 0.700 2.800 0.102 −0.068 3.531
15/2 13/2 0.096 −3.622 −0.138 0.092 −3.572

6d 2
D5/2 → 7s 2

S1/2 9/2 11/2 −1.555 0.233 ∼0.0 ∼0.0 −1.323
11/2 11/2 1.929 −0.288 ∼0.0 ∼0.0 1.641
13/2 11/2 −1.652 0.247 ∼0.0 ∼0.0 −1.405
11/2 13/2 −1.209 0.181 ∼0.0 ∼0.0 −1.028
13/2 13/2 2.090 −0.312 ∼0.0 ∼0.0 1.777
15/2 13/2 −2.503 0.374 ∼0.0 ∼0.0 −2.129

211Fr (I = 9/2)
7s 2

S1/2 → 7s 2
S1/2 4.0 5.0 −2.677 −2.101 −0.153 −0.031 −4.962 −5.287a, −4.9b

8s 2
S1/2 → 7s 2

S1/2 4.0 4.0 1.133 −0.481 −0.002 0.007 0.657 0.687a

5.0 4.0 1.782 0.488 −0.069 −0.056 2.145 2.050a

4.0 5.0 2.123 0.343 −0.069 −0.056 2.342 2.258a

5.0 5.0 1.255 0.040 −0.002 0.007 0.728 0.761a

6d 2
D5/2 → 7s 2

S1/2 3.0 4.0 −1.256 0.188 ∼0.0 ∼0.0 −1.068 −0.243c

4.0 4.0 1.685 −0.252 ∼0.0 ∼0.0 1.433 0.326c

5.0 4.0 −1.531 0.229 ∼0.0 ∼0.0 −1.302 −0.296c

4.0 5.0 −1.016 0.152 ∼0.0 ∼0.0 −0.864 −0.197c

5.0 5.0 1.875 −0.280 ∼0.0 ∼0.0 1.594 0.363c

6.0 5.0 −2.365 0.354 ∼0.0 ∼0.0 −2.011 −0.458c

223Fr (I = 3/2)
6d 2

D3/2 → 7s 2
S1/2 0.0 1.0 −0.041 1.509 0.060 −0.040 1.489 1.816c

1.0 1.0 −0.157 −2.427 −0.093 0.060 −2.617 −2.928c

2.0 1.0 0.598 2.509 0.093 −0.060 3.140 3.033c

1.0 2.0 −0.476 −0.732 −0.027 0.013 −1.221 −0.891c

2.0 2.0 0.623 1.554 0.053 −0.033 2.197 1.882c

3.0 2.0 0.064 −2.396 −0.093 0.060 −2.365 −2.886c

aRefs. [27] (to be consistent values are divided by nuclear spin I ).
b[26].
c[18].

main reason for this is due to large reduced matrix elements
of the K1 operator in the 6d 2

D5/2 → np 2
P3/2 transitions, for

the intermediate states n.
We also compare our results with the other available calcu-

lations for 211Fr [18,26,27] in Table II. All these calculations
start with a V N−1 potential, but Johnson et al. have employed
the random phase approximation (RPA) to calculate the Y
values only for the S-S transitions [27]. Our CCSDt3 method
contains these effects implicitly along with the core-correlation
and pair-correlation effects to all orders. Nevertheless our
calculations agree quite well with these RPA results, the
differences mainly owing to the pair-correlation effects that are

significant for the S states as seen in the studies of the hyperfine
structure constants of 210Fr [29]. Recently, Roberts et al. have
calculatedY values for the 7s 2

S1/2 → 6d 2
D5/2 transition that

take into account the core-valence correlation effects using
the correlation potential (CP) method and the polarization
of the core electrons and interactions with the external
fields using RPA. But they mention that their results can be
improved after inclusion of the other higher order correlation
corrections such as the double-core-polarization, structural
radiation, and ladder diagrams [18]. On comparison, we find at
least one order of magnitude difference between their results
and ours. Our analysis shows that the extraordinarily large

032520-3
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How	  to	  detect	  the	  E1	  NSI	  PNC	  amplitude?	

7s S1/2	   
46.8 GHz 

13/2	

11/2	

6d D5/2	

F	

1704 ns 

6d D3/2	
F’	

15/2 
9/2 

540 ns 

616 nm 

2

perimental techniques for the PNC measurement in its

7s
2
S1/2 → 8s transition is already being under de-

velopment [12–14] and spectroscopy of many of its iso-

topes are already measured quite precisely [15–17]. In

addition, we find that the lifetimes of the 6d
2
D3/2,5/2

states in Fr are large enough to carry out the above

PNC measurements reliably, PNC enhancements in the

7s
2
S1/2 → 6d

2
D3/2,5/2 transitions are quite large com-

pared to its 7s
2
S1/2 → 8s transition and as well as for

the same corresponding transitions in Ra
+
. Moreover, we

argue that a technique similar to the case of observing

PNC induced light shifts in the Ra
+

ion would be ade-

quate for the measurements in the Fr isotopes in the cor-

responding 7s
2
S1/2 → 6d

2
D3/2,5/2 transitions. Suitable

hyperfine states have been identified that would be ap-

propriate for the experimental consideration and a proof

of measurement principle utilizing the CYRIC facility at

Sendai University, Japan in these transitions has been

emphasized.

The Hamiltonian due to the nuclear spin independent

(NSI) neutral weak current interaction is given by [1]

H
NSI
PNC =

GF

2
√
2
QW γ5ρnuc(r) (1)

and the nuclear spin dependent (NSD) Hamiltonian de-

scribing contribution due to the interaction between the

anapole moment and electrons is given by [1]

H
NSD
PNC =

GF√
2
KWα · I ρnuc(r), (2)

where GF (= 2.219 × 10
−14

in au) is the Fermi constant

that quantifies the strength of the weak interaction, ρnuc

is the nuclear density, α and γ5 are the Dirac matrices,

N is the neutron number of the atomic system and I is

the nuclear spin. The important quantities in the above

expressions to be noted down are the dimensionless weak

nuclear charges QW and KW for the respective NSI and

NSD interactions respectively. As the strengths of the

above weak interactions are very small compared to the

electromagnetic interactions in an atomic system, they

can be treated in the first order perturbation theory. It is

worth mentioning contributions to E1PNC amplitudes in

the considered transitions of Fr atom through the hyper-

fine induced NSI PNC interactions are extremely small

[18] and are not accounted in the present interest of the

study.

Since the NSI interaction Hamiltonian does not couple

nuclear and electron spins, in this case the E1PNC ampli-

tudes are evaluated between the atomic states. However,

these amplitudes need to be determined between the suit-

able hyperfine levels when the NSD interaction Hamilto-

nian is being considered. In both the cases, we employ

a sum-over-states approach to calculate the E1PNC am-

plitudes. In this approach, the E1PNC amplitudes due

to the NSI and NSD interactions are given by

E1
NSI
PNC = (−1)

Jf−Mf

�
Jf 1 Ji

−Mf q Mi

�
X (3)

and

E1
NSD
PNC = (−1)

Ff−MF
f

�
Ff 1 Fi

−M
F
f q M

F
i

�
Y, (4)

respectively, where F s and M
F
s are the total angular

momenta due to the electron angular momenta (Js) with

components Ms and nuclear spin (I) and q = −1, 0, 1

depending on the values of Ms and M
F
s. The reduced

matrix element X is given by

X =

�

k �=i

�Jf ||D||Jk��Jk||HNSI
PNC ||Ji�√

2Ji + 1(Ei − Ek)

+

�

k �=f

�Jf ||HNSI
PNC ||Jk��Jk||D||Ji��
2Jf + 1(Ef − Ek)

(5)

and by expressing in a form H
NSD
PNC =

�
q(−1)

q
IqK

q
to

separate out the nuclear and electronic space, we get

Y = η

��

k �=i

(−1)
ji−jf+1 �Jf ||D||Jk��Jk||K1||Ji�

Ei − Ek

×
�
Ff Fi 1

Jk Jf I

��
I I 1

Jk Ji Fi

�

+

�

k �=f

(−1)
Fi−Ff+1 �Jf ||K1||Jk��Jk||D||Ji�

Ef − Ek

×
�
Ff Fi 1

Ji Jk I

��
I I 1

Jk Jf Ff

��
, (6)

where η =
�

I(I + 1)(2I + 1)(2Fi + 1)(2Ff + 1) and Es

are the energies of the respective states. In the above

sum-over-states approach, contributions from the 7P −
11P low-lying states, which is referred to as “Main” re-

sult, are estimated by calculating matrix elements of dif-

ferent physical operators that are given later. These are

evaluated using a relativistic coupled-cluster (RCC) the-

ory at the singles and doubles excitations approximation

(CCSD method). Contributions from the high-lying ex-

cited states, given as “Extra” result, and core contribu-

tions are estimated using second order many-body per-

turbation theory (MBPT(2) method).

A proof of principle to measure interference of PNC in-

duced ac-Stark shift (known as PNC light shift) with the

electric quadrupole (E2) shift between the 6s
2
S1/2 →

5d
2
D3/2 transition in the Ba

+
ion has been described

elaborately by Fortson [8]; which has also been followed

to measure PNC in the 7s
2
S1/2 → 6d

2
D3/2,5/2 transi-

tions in a Ra
+

ion [11]. The same technique also seem

to be appropriate to measure the PNC light shifts of the

7s
2
S1/2 → 6d

2
D3/2,5/2 transitions of a Fr atom. How-

ever, there are also both pros and cons of considering

E2+E1PNC
NSI

+E1PNC
NSD

ConvenIonal:	  (Cs,	  Yb..)	  
DetecIon	  of	  the	  direct	  transiIon	  
	  
Our	  approach:	  
DetecIon	  of	  the	  Light	  shiS	  
induced	  by	  the	  NSI	  PNS	  effect.	

Original	  proposal	  	  
for	  NSI	  PNC	  of	  Ba	  ion	  
N.	  Fortson,	  PRL	  70,	  2383(1993).	



Light	  shiS	  induced	  by	  interference	  of	  E1	  PNC	  and	  E2	  transiIons	
Original	  proposal	  	  
for	  NSI	  PNC	  of	  Ba	  ion	  
N.	  Fortson,	  PRL	  70,	  2383(1993).	

!MM '
PNC = "

1
2!

E1MM '
PNC( )i Ei 0( )

i
#

!MM '
E2 = "

1
2!

E2MM '( )ij
#Ei r( )
#x j 0i

$

!MM '

2
= !MM '

E2 +!MM '
PNC 2

! "MM '
E2 2

+ 2Re "MM '
PNC*"MM '

E2( )

E r, t( ) = 1
2
E r( ) e!i!t + c.c."# $%

Rabi	  frequency	

Laser	  field	



The	  light	  shiS	  (the	  complex	  level	  shiS)	

The	  field	  dependent	  soluIon	  to	  the	  set	  of	  two-‐level	  equaIons	  connecIng	  M	  to	  the	  	  
various	  M’	  sublevels	  is	  	

It	  will	  be	  assumed	  that	  	  	

total	  light	  shiS	  due	  to	  E2	  transiIon	

!M = !"M " i #M / 2

!M
2 = !MM '

2

M '
" !!0 =W6D3/2 !W7S1/2

!!M " !0 #!( )±$M

!M =
1
2
"0 !" ! i "6D3/2( )± 1

2
"0 !" ! i "6D3/2( )2 + 4#M

2

!M ""!0 #! # i $6D3/2

!M
E2 2 + 2Re !MM '

PNC*!MM '
E2( ) = !M

E2 2 1+
2Re !MM '

PNC*!MM '
E2( )

!M
E2 2

!!M
PNC " #Re

Re $MM '
PNC*$MM '

E2( )
$M

E2
M '
%

!!M
E2 " !0 #!( ) / 2#$M

E2 !M
E2 2 " !MM '

E2 2

M '
#



210Fr (I=6)	

Ff      Fi    mF  ΔωE2/2π   ΔωNSI/2π  ΔωNSD/2π  
             (MHz)        (Hz)   (mHz)	

	

                        9/2    11/2   1/2     3.89    0.217    2.2 
                      11/2    11/2   1/2     1.64  -4.444  -54.5 
                      13/2    11/2   1/2     6.90  -0.145    -2.2                      
                      11/2    13/2   1/2     8.69  -0.085    -1.2 
                      13/2    13/2   1/2     1.77   4.126   48.1 
                      15/2    13/2   1/2     4.99   0.170     1.5 
 
                      	

Jf      Ji 	

6d D3/2 -> 7s S1/2	

CalculaIon	  results	  of	  Light	  shiSs	

T.	  Aoki	  et	  al.,	  to	  be	  submiied.	



F=11/2	
1/2	

-1/2	

7s S1/2	

3/2	

RF field 	

Energy level  
without E2 laser	

M=	M=	

M=	

7s S1/2	

7p P3/2	

13/2	

11/2	

F’	
15/2 

6d D3/2	

F’	
15/2 
13/2 
11/2 

616 nm 

9/2 

F	

1704 ns 

21 ns 

1.6	  MHz	

!!1/2
E2

!!1/2
B

!!1/2
PNC

!!1/2
B

!!1/2
PNC

Measurement	  method	  for	  the	  Light	  shiS	  due	  to	  F=11/2	  to	  F’=11/2	  
transiIon	  (M=1/2	  and	  M=-‐1/2	  states)	

210Fr	

same	  E2	  light	  shiS,	  	  
opposite	  PNC	  light	  shiS	  
between	  M=1/2	  and	  -‐1/2	  state	



F=11/2	
1/2	

-1/2	

7s S1/2	

M=	-3/2	

3/2	

MW field 
Energy level  
without E2 laser	

M=	M=	

M=	

7s S1/2	

7p P3/2	

MW  
46.8 GHz 

13/2	

11/2	

F’	
15/2 

6d D3/2	

F’	
15/2 
13/2 
11/2 

718 nm 
detection 

9/2 

F	

1704 ns 

21 ns 

1.6	  MHz	

3.7	  MHz	

B.	  K.	  Sahoo,	  T.	  Aoki,	  B.	  P.	  Das,	  and	  Y.	  Sakemi,	  
Phys.	  Rev.	  A	  93,	  032520	  (2016).	

!!1/2
E2

!!3/2
E2

!!3/2
B

!!3/2
B

!!3/2
PNC

!!3/2
PNC

!!1/2
B

!!1/2
PNC

!!1/2
B

!!1/2
PNC

State	  selecIve	  detecIon	  of	  	  F=13/2,	  M=-‐1/2	  state	

210Fr	



7s S1/2	
13/2	

11/2	

6d D3/2	

F’	
15/2 
13/2 
11/2 
  9/2 

616 nm 

F	

540 ns 

                      13/2    13/2   1/2     1.77   4.126   48.1    
                      13/2    13/2   3/2     3.86   5.443   63.4 
                      13/2    13/2   5/2     5.94   5.382   62.8 
                      13/2    13/2   7/2     7.62   5.037   58.7 
                      13/2    13/2   9/2     8.60   4.469   52.1 
                      13/2    13/2   11/2   8.37   3.608   42.1 
                      13/2    13/2   13/2   5.54   2.147   25.0 
 
                      13/2    13/2   1/2     6.14  -0.421    -4.9    
                      13/2    13/2   3/2     5.38  -1.263  -14.7 
                      13/2    13/2   5/2     3.84  -2.106  -24.6 
                      13/2    13/2   7/2     1.54  -2.948  -34.4 
                      13/2    13/2   9/2     1.54   3.790   44.2 
                      13/2    13/2   11/2   5.38   4.633   54.0 
                      13/2    13/2   13/2   9.98   5.475   63.8 

Ff      Fi    mF   ΔωE2/2π   ΔωNSI/2π  ΔωNSD/2π  
           (MHz)    (Hz)       (mHz)	

	

!M = ±1

!M = 0

CalculaIon	  of	  light	  shiSs	  for	  all	  magneIc	  sublevels	  in	  the	  F=13/2	  state	

same	  E2	  light	  shiS	  	  

T.	  Aoki	  et	  al.,	  to	  be	  submiied.	

-‐421-‐421	  –(3790—2948)	  
=-‐842-‐6738	  
=-‐7580	

E=2	  ×	  106	  V/m	

-‐4.9-‐4.9	  –	  (44.2—34.4)	  
=-‐9.8	  -‐78.6	  
=-‐88.4	



Rb	  MOT	  

T	  =	  10-‐50	  µK	

Experimental procedure 

Laser	  Cooling	

616 nm 

State	  	  
preparaIon	

Light	  shiS	

718 nm MW 

State	  sensiIve	  
detecIon	

718 nm 

Ime	

718 nm 

PolarizaIon	  Gradient	  
Cooling	

RF 

Loaded	  into	  	  
OpIcal	  Latce	

Fr	  	  
atoms	



State preparation 

OpIcal	  pumping	  to	  F=13,	  M=13/2	  (Spin	  Polarized)	  
under	  magneIc	  field	  	

σ+	

-1/2	1/2	
3/2	5/2	7/2	

9/2	
11/2	

13/2	

F=13/2	
7S1/2	

-1/2	1/2	3/2	5/2	

11/2	
13/2	

7/2	9/2	
F’’=13/2	
7P3/2	

M’’=	

Zeeman	  splitng	  of	  magneIc	  sublevels	  
in	  hyperfine	  structure	+	  repumping	  beams	



State preparation 

STIRAP	  process	  to	  prepare	  the	  atom	  in	  M=9/2	  and	  1/2	  state	  
	  

-1/2	1/2	
3/2	5/2	7/2	

9/2	
11/2	

13/2	

F=13/2	
7S1/2	

-1/2	1/2	3/2	5/2	

11/2	
13/2	

7/2	9/2	
F’’=13/2	
7P3/2	

M=	

M’’=	
SImulated	  Raman	  
AdiabaIc	  Passage	  
(STIRAP)	

M.	  Weitz,	  B.	  C.	  Young,	  and	  S.	  Chu,	  	  
Phys.	  Rev.	  A	  50,	  2438	  (1994).	  	  
T.	  Nakajima,	  	  
Phys.	  Rev.	  A	  59,	  559	  (1999).	



M=	-1/2	

1/2	

RF field 	

M=	

M=	7/2	

9/2	M=	

RF field 	

Zeeman shift	 E2 light shift	 PNC light shift	

7s S1/2	
13/2	

11/2	

6d D3/2	

F’	
15/2 
13/2 
11/2 
  9/2 

616 nm 

F	

540 ns 

Light shift and  
RF spectroscopy 

!!1/2
E2

!!1/2
B

!!1/2
PNC

!!1/2
B

!!1/2
E2

!!9/2
B

!!7/2
B

!!7/2
E2

!!9/2
E2

!!1/2
PNC

!!9/2
PNC

!!7/2
PNC

~ gFµBB / !

~ gFµBB / !



-88.4 (NSD)	

Dependence of  
magnetic field 

PNC	  induced	  
light	  shiS	  
-‐7.580	  Hz	  (NSI)	  
-‐0.088	  Hz	  (NSD)	

Breit-‐Rabi	  formula	

 In particular, the E2 light shifts for F=13/2, M=7/2 and 9/2 states with !! ! ! also have the same 

values of 1.47 MHz, as shown in table I. This coincidence is due to the same value of the Wigner 3J 

factors for the E2 transition F=13/2, M=7/2 and 9/2 with q=0 for both states. Moreover, the signs of the 

NSD PNC induced light shifts in F=13/2, M=7/2 and 9/2 states are opposite. Therefore, a pair consisting 

of M=7/2 and 9/2 is favourable for measuring NSD PNC effect because of the cancelation of the E2 light 

shift.  

 We define the shift of frequency as !!!! ! !!!!!! ! !!!!"# ! !!""#$% for the transition between 7S1/2, 

F=13/2, M and 6D5/2, F’=13/2, M’ with !! ! !, where !!""#$% is the Zeeman shift. The frequency 

difference between two different magnetic sublevels in the hyperfine ground state of F=13/2 is defined as 

!"!!!!!! ! !!!!! ! !!!!!. The frequency difference of M= 1/2 and -1/2 is written as !"! !!!! !. 

Likewise, that of M=9/2 and 7/2 is written as !"! !!! !.  

 The difference of NSD PNC induced shift !!!"#!!! for !"! !!!! ! is -4.82 mHz, and that for 

!"! !!! ! is 39.54 mHz from Table I. Subtracting the frequency difference of !"! !!! ! from 

!"! !!!! ! results in the cancelation of the first order Zeeman shift, as shown in Fig. 2. (b), and the 

reduction of second order Zeeman shift because both the signs of the curves representing the Zeeman 

shifts as a function of magnetic field for these transitions are positive. Using the Breit-Rabi formula [14], 

the Zeeman shift of each magnetic sublevels in 7S1/2, F=13/2 and F=11/2 is given by 

     !!!! ! ! !!!
! !!!! ! !

!!!!" ! !!!
! ! ! !!

!!!! ! ! !!,    (7) 

     ! ! !! ! !! !!!
!!!,       (8) 

where !! ! ! ! ! !!!  is the hyperfine splitting between 7S1/2, F=13/2 and F=11/2, the hyperfine 

coupling constant ! in 7S1/2 state for 210 Fr is 7 195.1 MHz [15], the nuclear spin ! for 210 Fr is 6, the 

Landé g-factor !! is 2, the g-factor of nuclear spin !! for 210 Fr is 0.0003913 [16], the !! is the Bohr 

magneton, and the ! is the magnitude of magnetic field. The sign of plus (minus) in Eq. (7) corresponds 

to the state F=I+1/2=13/2 (F=I-1/2=11/2).  

 The difference of !"! !!!! ! and !"! !!! ! is written as  

!" ! !"!
!!!

!
!
! !!"!

!!
!
!
! !!!!!!! !"# ! !!!!"!!!"!!! !""#$%!"#!!"!! ! !!"! !!

!!!""#!!" !!"# 

         (9) 

where the difference of Zeeman shift is !!!!"!!!"# given by Eq. (7) and (8), and !! is the fluctuation 

of magnetic field. Therefore, if the magnitude of magnetic field is stabilized to less than 10-5, NSD PNC 

induced light shifts can be detected. It requires that the currents of coils generating the bias field of 13.34 

G should be stabilized to less than 10-5, and the earth magnetic field of 0.3 G should be suppressed by 

1/2250 using magnetic shields. The experiment in these conditions is feasible using currently available 

technology. Furthermore, the NSD PNC induced light shift via D5/2 state for Ba+ ion is 0.009 mHz, and 

that for Ra+ ion is 0.11 mHz [17]. Therefore, 44.5 mHz, the PNC induced light shift for the 7S1/2 to 6D5/2 
  

 In particular, the E2 light shifts for F=13/2, M=7/2 and 9/2 states with !! ! ! also have the same 

values of 1.47 MHz, as shown in table I. This coincidence is due to the same value of the Wigner 3J 

factors for the E2 transition F=13/2, M=7/2 and 9/2 with q=0 for both states. Moreover, the signs of the 

NSD PNC induced light shifts in F=13/2, M=7/2 and 9/2 states are opposite. Therefore, a pair consisting 

of M=7/2 and 9/2 is favourable for measuring NSD PNC effect because of the cancelation of the E2 light 

shift.  

 We define the shift of frequency as !!!! ! !!!!!! ! !!!!"# ! !!""#$% for the transition between 7S1/2, 

F=13/2, M and 6D5/2, F’=13/2, M’ with !! ! !, where !!""#$% is the Zeeman shift. The frequency 

difference between two different magnetic sublevels in the hyperfine ground state of F=13/2 is defined as 

!"!!!!!! ! !!!!! ! !!!!!. The frequency difference of M= 1/2 and -1/2 is written as !"! !!!! !. 

Likewise, that of M=9/2 and 7/2 is written as !"! !!! !.  

 The difference of NSD PNC induced shift !!!"#!!! for !"! !!!! ! is -4.82 mHz, and that for 

!"! !!! ! is 39.54 mHz from Table I. Subtracting the frequency difference of !"! !!! ! from 

!"! !!!! ! results in the cancelation of the first order Zeeman shift, as shown in Fig. 2. (b), and the 

reduction of second order Zeeman shift because both the signs of the curves representing the Zeeman 

shifts as a function of magnetic field for these transitions are positive. Using the Breit-Rabi formula [14], 

the Zeeman shift of each magnetic sublevels in 7S1/2, F=13/2 and F=11/2 is given by 

     !!!! ! ! !!!
! !!!! ! !

!!!!" ! !!!
! ! ! !!

!!!! ! ! !!,    (7) 

     ! ! !! ! !! !!!
!!!,       (8) 

where !! ! ! ! ! !!!  is the hyperfine splitting between 7S1/2, F=13/2 and F=11/2, the hyperfine 
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in some of these transitions for 211Fr and 223Fr have already
been reported using different relativistic many-body methods
[18,26,27], and it is instructive to compare their results with
those we have obtained. Second, our calculations for 211Fr
could be useful for another experiment involving ground state
hyperfine transitions (e.g., Refs. [24,25]). Third, the nuclear
spin I of 210Fr is an integer (I = 6) while I of 211Fr and
223Fr are half-integers (I = 9/2 and I = 3/2), which can be
appropriately used in different experimental setups.

The Hamiltonian due to the NSD PNC interaction is given
by [7]

H NSD
PNC = GF√

2
KWα · I ρnuc(r), (1)

where GF is the Fermi constant, ρnuc is the nuclear density,
and α is the Dirac matrix. In the above expression the
dimensionless quantity KW is related to NAM. The E1PNC

amplitude due to the NSD interaction between the hyperfine

TABLE I. Reduced matrix elements of the dipole operator D in
atomic unit (ea0) and of the operator K1 in iKW × 10−11 among
the S-P and S-D transitions in Fr. Here KW is the weak coupling
coefficient.

Jf state Ji state 〈Jf ||D||Ji〉 〈Jf ||K1||Ji〉

7p 2
P1/2 7s 2

S1/2 4.26 25.03
8p 2

P1/2 7s 2
S1/2 0.34 14.64

9p 2
P1/2 7s 2

S1/2 −0.11 −9.93
10p 2

P1/2 7s 2
S1/2 0.06 7.39

11p 2
P1/2 7s 2

S1/2 −0.04 −5.92
7p 2

P3/2 7s 2
S1/2 5.98 2.54

8p 2
P3/2 7s 2

S1/2 0.95 1.02
9p 2

P3/2 7s 2
S1/2 0.44 0.61

10p 2
P3/2 7s 2

S1/2 0.28 0.45
11p 2

P3/2 7s 2
S1/2 0.18 0.32

8s 2
S1/2 7p 2

P1/2 −4.27 −12.96
8s 2

S1/2 8p 2
P1/2 10.08 −6.60

8s 2
S1/2 9p 2

P1/2 −1.00 4.53
8s 2

S1/2 10p 2
P1/2 0.42 −3.38

8s 2
S1/2 11p 2

P1/2 0.24 2.71
8s 2

S1/2 7p 2
P3/2 7.53 −0.73

8s 2
S1/2 8p 2

P3/2 −13.31 −0.60
8s 2

S1/2 9p 2
P3/2 −2.26 −0.36

8s 2
S1/2 10p 2

P3/2 −1.09 −0.26
8s 2

S1/2 11p 2
P3/2 −0.63 −0.18

6d 2
D3/2 7p 2

P1/2 −7.45 2.60
6d 2

D3/2 8p 2
P1/2 2.75 0.49

6d 2
D3/2 9p 2

P1/2 −0.83 −0.22
6d 2

D3/2 10p 2
P1/2 −0.45 0.14

6d 2
D3/2 11p 2

P1/2 −0.29 −0.10
6d 2

D3/2 7p 2
P3/2 −3.44 −0.17

6d 2
D3/2 8p 2

P3/2 0.88 −0.45
6d 2

D3/2 9p 2
P3/2 0.28 −0.35

6d 2
D3/2 10p 2

P3/2 0.15 −0.28
6d 2

D3/2 11p 2
P3/2 0.09 −0.21

6d 2
D5/2 7p 2

P3/2 −10.53 −5.10
6d 2

D5/2 8p 2
P3/2 2.83 −2.01

6d 2
D5/2 9p 2

P3/2 0.90 −1.27
6d 2

D5/2 10p 2
P3/2 0.48 −0.91

6d 2
D5/2 11p 2

P3/2 0.29 −0.68

states |Ff ,Mf 〉 and |Fi,Mi〉 is given by

E1PNC
Mf Mi

= (−1)Ff −Mf

(
Ff 1 Fi

−Mf q Mi

)
Y, (2)

where q = −1, 0 or 1 depends on the choice of the M values.
For the theoretical purpose, enhancement in the E1PNC is
estimated by calculating the reduced matrix element Y given
by [18,26,27]

Y = η
( ∑

k &=i

(−1)ji−jf +1 〈Jf ||D||Jk〉〈Jk||K1||Ji〉
Ei − Ek

×
{
Ff Fi 1
Jk Jf I

}{
I I 1
Jk Ji Fi

}

+
∑

k &=f

(−1)Fi−Ff +1 〈Jf ||K1||Jk〉〈Jk||D||Ji〉
Ef − Ek

×
{
Ff Fi 1
Ji Jk I

}{
I I 1
Jk Jf Ff

})
, (3)

where η =
√

(I + 1)(2I + 1)(2Fi + 1)(2Ff + 1)/I and E are
the energies of the respective states. The above expression
is derived by rewriting H NSD

PNC = 1
|I |

∑
q(−1)qI 1

q K1
−q . We

determine these quantities in a sum-over-states approach
by calculating the reduced matrix elements of the D and
K operators. However, we include contributions explicitly
only from the 7P − 11P low-lying states obtained using
the CCSDt3 method. This method has already been applied
earlier to evaluate both the hyperfine structure constants
and radiative transition matrix elements of the Fr isotopes
accurately [28,29]. The CCSDt3 matrix elements of both the
electric dipole (E1) and K1 operators involving these P states
are quoted in Table I.

III. RESULTS AND DISCUSSION

Using the matrix elements given in Table I and experimental
energy values listed in the National Institute of Science and
Technology (NIST) database [30], we evaluate the contribution
to Y for all possible hyperfine levels among the ground,
8s 2

S1/2 → 7s 2
S1/2, 6d 2

D3/2 → 7s 2
S1/2, and 6d 2

D5/2 →
7s 2

S1/2 transitions of 210Fr, 211Fr, and 223Fr isotopes. We
present these results in Table II. To understand roles of the
initial perturbed and final perturbed states in the accurate
evaluation of results, we give explicitly the results from the
initial perturbed state as “Initial” and from the final perturbed
state as “Final” in the same table. Again, we have also
estimated contributions from the core valence correlations and
the higher level excited states using a second order perturbation
theory [MBPT(2) method]. These quantities are also given
explicitly as “Core” and “Tail” contributions in the table.
As can be seen magnitudes of both the “Core” and “Tail”
contributions are extremely small; hence obtaining them using
the MBPT(2) method seems to be reasonable. As noticed from
Table II, the “Final” contributions are large than the “Initial”
contributions for the S − S and S-D5/2 transitions, while this
trend is the other way around for the S-D3/2 transitions. In fact,
the “Final” contributions in the S-D5/2 transitions are as large
as the corresponding contributions in the S-S transitions. The
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For the theoretical purpose, enhancement in the E1PNC is
estimated by calculating the reduced matrix element Y given
by [18,26,27]

Y = η
( ∑

k &=i

(−1)ji−jf +1 〈Jf ||D||Jk〉〈Jk||K1||Ji〉
Ei − Ek

×
{
Ff Fi 1
Jk Jf I

}{
I I 1
Jk Ji Fi

}

+
∑

k &=f

(−1)Fi−Ff +1 〈Jf ||K1||Jk〉〈Jk||D||Ji〉
Ef − Ek

×
{
Ff Fi 1
Ji Jk I

}{
I I 1
Jk Jf Ff

})
, (3)

where η =
√

(I + 1)(2I + 1)(2Fi + 1)(2Ff + 1)/I and E are
the energies of the respective states. The above expression
is derived by rewriting H NSD

PNC = 1
|I |

∑
q(−1)qI 1

q K1
−q . We

determine these quantities in a sum-over-states approach
by calculating the reduced matrix elements of the D and
K operators. However, we include contributions explicitly
only from the 7P − 11P low-lying states obtained using
the CCSDt3 method. This method has already been applied
earlier to evaluate both the hyperfine structure constants
and radiative transition matrix elements of the Fr isotopes
accurately [28,29]. The CCSDt3 matrix elements of both the
electric dipole (E1) and K1 operators involving these P states
are quoted in Table I.

III. RESULTS AND DISCUSSION

Using the matrix elements given in Table I and experimental
energy values listed in the National Institute of Science and
Technology (NIST) database [30], we evaluate the contribution
to Y for all possible hyperfine levels among the ground,
8s 2

S1/2 → 7s 2
S1/2, 6d 2

D3/2 → 7s 2
S1/2, and 6d 2

D5/2 →
7s 2

S1/2 transitions of 210Fr, 211Fr, and 223Fr isotopes. We
present these results in Table II. To understand roles of the
initial perturbed and final perturbed states in the accurate
evaluation of results, we give explicitly the results from the
initial perturbed state as “Initial” and from the final perturbed
state as “Final” in the same table. Again, we have also
estimated contributions from the core valence correlations and
the higher level excited states using a second order perturbation
theory [MBPT(2) method]. These quantities are also given
explicitly as “Core” and “Tail” contributions in the table.
As can be seen magnitudes of both the “Core” and “Tail”
contributions are extremely small; hence obtaining them using
the MBPT(2) method seems to be reasonable. As noticed from
Table II, the “Final” contributions are large than the “Initial”
contributions for the S − S and S-D5/2 transitions, while this
trend is the other way around for the S-D3/2 transitions. In fact,
the “Final” contributions in the S-D5/2 transitions are as large
as the corresponding contributions in the S-S transitions. The
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in some of these transitions for 211Fr and 223Fr have already
been reported using different relativistic many-body methods
[18,26,27], and it is instructive to compare their results with
those we have obtained. Second, our calculations for 211Fr
could be useful for another experiment involving ground state
hyperfine transitions (e.g., Refs. [24,25]). Third, the nuclear
spin I of 210Fr is an integer (I = 6) while I of 211Fr and
223Fr are half-integers (I = 9/2 and I = 3/2), which can be
appropriately used in different experimental setups.

The Hamiltonian due to the NSD PNC interaction is given
by [7]

H NSD
PNC = GF√

2
KWα · I ρnuc(r), (1)

where GF is the Fermi constant, ρnuc is the nuclear density,
and α is the Dirac matrix. In the above expression the
dimensionless quantity KW is related to NAM. The E1PNC

amplitude due to the NSD interaction between the hyperfine

TABLE I. Reduced matrix elements of the dipole operator D in
atomic unit (ea0) and of the operator K1 in iKW × 10−11 among
the S-P and S-D transitions in Fr. Here KW is the weak coupling
coefficient.

Jf state Ji state 〈Jf ||D||Ji〉 〈Jf ||K1||Ji〉

7p 2
P1/2 7s 2

S1/2 4.26 25.03
8p 2

P1/2 7s 2
S1/2 0.34 14.64

9p 2
P1/2 7s 2

S1/2 −0.11 −9.93
10p 2

P1/2 7s 2
S1/2 0.06 7.39

11p 2
P1/2 7s 2

S1/2 −0.04 −5.92
7p 2

P3/2 7s 2
S1/2 5.98 2.54

8p 2
P3/2 7s 2

S1/2 0.95 1.02
9p 2

P3/2 7s 2
S1/2 0.44 0.61

10p 2
P3/2 7s 2

S1/2 0.28 0.45
11p 2

P3/2 7s 2
S1/2 0.18 0.32

8s 2
S1/2 7p 2

P1/2 −4.27 −12.96
8s 2

S1/2 8p 2
P1/2 10.08 −6.60

8s 2
S1/2 9p 2

P1/2 −1.00 4.53
8s 2

S1/2 10p 2
P1/2 0.42 −3.38

8s 2
S1/2 11p 2

P1/2 0.24 2.71
8s 2

S1/2 7p 2
P3/2 7.53 −0.73

8s 2
S1/2 8p 2

P3/2 −13.31 −0.60
8s 2

S1/2 9p 2
P3/2 −2.26 −0.36

8s 2
S1/2 10p 2

P3/2 −1.09 −0.26
8s 2

S1/2 11p 2
P3/2 −0.63 −0.18

6d 2
D3/2 7p 2

P1/2 −7.45 2.60
6d 2

D3/2 8p 2
P1/2 2.75 0.49

6d 2
D3/2 9p 2

P1/2 −0.83 −0.22
6d 2

D3/2 10p 2
P1/2 −0.45 0.14

6d 2
D3/2 11p 2

P1/2 −0.29 −0.10
6d 2

D3/2 7p 2
P3/2 −3.44 −0.17

6d 2
D3/2 8p 2

P3/2 0.88 −0.45
6d 2

D3/2 9p 2
P3/2 0.28 −0.35

6d 2
D3/2 10p 2

P3/2 0.15 −0.28
6d 2

D3/2 11p 2
P3/2 0.09 −0.21

6d 2
D5/2 7p 2

P3/2 −10.53 −5.10
6d 2

D5/2 8p 2
P3/2 2.83 −2.01

6d 2
D5/2 9p 2

P3/2 0.90 −1.27
6d 2

D5/2 10p 2
P3/2 0.48 −0.91

6d 2
D5/2 11p 2

P3/2 0.29 −0.68

states |Ff ,Mf 〉 and |Fi,Mi〉 is given by

E1PNC
Mf Mi

= (−1)Ff −Mf

(
Ff 1 Fi

−Mf q Mi

)
Y, (2)

where q = −1, 0 or 1 depends on the choice of the M values.
For the theoretical purpose, enhancement in the E1PNC is
estimated by calculating the reduced matrix element Y given
by [18,26,27]

Y = η
( ∑

k &=i

(−1)ji−jf +1 〈Jf ||D||Jk〉〈Jk||K1||Ji〉
Ei − Ek

×
{
Ff Fi 1
Jk Jf I

}{
I I 1
Jk Ji Fi

}

+
∑

k &=f

(−1)Fi−Ff +1 〈Jf ||K1||Jk〉〈Jk||D||Ji〉
Ef − Ek

×
{
Ff Fi 1
Ji Jk I

}{
I I 1
Jk Jf Ff

})
, (3)

where η =
√

(I + 1)(2I + 1)(2Fi + 1)(2Ff + 1)/I and E are
the energies of the respective states. The above expression
is derived by rewriting H NSD

PNC = 1
|I |

∑
q(−1)qI 1

q K1
−q . We

determine these quantities in a sum-over-states approach
by calculating the reduced matrix elements of the D and
K operators. However, we include contributions explicitly
only from the 7P − 11P low-lying states obtained using
the CCSDt3 method. This method has already been applied
earlier to evaluate both the hyperfine structure constants
and radiative transition matrix elements of the Fr isotopes
accurately [28,29]. The CCSDt3 matrix elements of both the
electric dipole (E1) and K1 operators involving these P states
are quoted in Table I.

III. RESULTS AND DISCUSSION

Using the matrix elements given in Table I and experimental
energy values listed in the National Institute of Science and
Technology (NIST) database [30], we evaluate the contribution
to Y for all possible hyperfine levels among the ground,
8s 2

S1/2 → 7s 2
S1/2, 6d 2

D3/2 → 7s 2
S1/2, and 6d 2

D5/2 →
7s 2

S1/2 transitions of 210Fr, 211Fr, and 223Fr isotopes. We
present these results in Table II. To understand roles of the
initial perturbed and final perturbed states in the accurate
evaluation of results, we give explicitly the results from the
initial perturbed state as “Initial” and from the final perturbed
state as “Final” in the same table. Again, we have also
estimated contributions from the core valence correlations and
the higher level excited states using a second order perturbation
theory [MBPT(2) method]. These quantities are also given
explicitly as “Core” and “Tail” contributions in the table.
As can be seen magnitudes of both the “Core” and “Tail”
contributions are extremely small; hence obtaining them using
the MBPT(2) method seems to be reasonable. As noticed from
Table II, the “Final” contributions are large than the “Initial”
contributions for the S − S and S-D5/2 transitions, while this
trend is the other way around for the S-D3/2 transitions. In fact,
the “Final” contributions in the S-D5/2 transitions are as large
as the corresponding contributions in the S-S transitions. The
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in some of these transitions for 211Fr and 223Fr have already
been reported using different relativistic many-body methods
[18,26,27], and it is instructive to compare their results with
those we have obtained. Second, our calculations for 211Fr
could be useful for another experiment involving ground state
hyperfine transitions (e.g., Refs. [24,25]). Third, the nuclear
spin I of 210Fr is an integer (I = 6) while I of 211Fr and
223Fr are half-integers (I = 9/2 and I = 3/2), which can be
appropriately used in different experimental setups.

The Hamiltonian due to the NSD PNC interaction is given
by [7]

H NSD
PNC = GF√

2
KWα · I ρnuc(r), (1)

where GF is the Fermi constant, ρnuc is the nuclear density,
and α is the Dirac matrix. In the above expression the
dimensionless quantity KW is related to NAM. The E1PNC

amplitude due to the NSD interaction between the hyperfine

TABLE I. Reduced matrix elements of the dipole operator D in
atomic unit (ea0) and of the operator K1 in iKW × 10−11 among
the S-P and S-D transitions in Fr. Here KW is the weak coupling
coefficient.

Jf state Ji state 〈Jf ||D||Ji〉 〈Jf ||K1||Ji〉

7p 2
P1/2 7s 2

S1/2 4.26 25.03
8p 2

P1/2 7s 2
S1/2 0.34 14.64

9p 2
P1/2 7s 2

S1/2 −0.11 −9.93
10p 2

P1/2 7s 2
S1/2 0.06 7.39

11p 2
P1/2 7s 2

S1/2 −0.04 −5.92
7p 2

P3/2 7s 2
S1/2 5.98 2.54

8p 2
P3/2 7s 2

S1/2 0.95 1.02
9p 2

P3/2 7s 2
S1/2 0.44 0.61

10p 2
P3/2 7s 2

S1/2 0.28 0.45
11p 2

P3/2 7s 2
S1/2 0.18 0.32

8s 2
S1/2 7p 2

P1/2 −4.27 −12.96
8s 2

S1/2 8p 2
P1/2 10.08 −6.60

8s 2
S1/2 9p 2

P1/2 −1.00 4.53
8s 2

S1/2 10p 2
P1/2 0.42 −3.38

8s 2
S1/2 11p 2

P1/2 0.24 2.71
8s 2

S1/2 7p 2
P3/2 7.53 −0.73

8s 2
S1/2 8p 2

P3/2 −13.31 −0.60
8s 2

S1/2 9p 2
P3/2 −2.26 −0.36

8s 2
S1/2 10p 2

P3/2 −1.09 −0.26
8s 2

S1/2 11p 2
P3/2 −0.63 −0.18

6d 2
D3/2 7p 2

P1/2 −7.45 2.60
6d 2

D3/2 8p 2
P1/2 2.75 0.49

6d 2
D3/2 9p 2

P1/2 −0.83 −0.22
6d 2

D3/2 10p 2
P1/2 −0.45 0.14

6d 2
D3/2 11p 2

P1/2 −0.29 −0.10
6d 2

D3/2 7p 2
P3/2 −3.44 −0.17

6d 2
D3/2 8p 2

P3/2 0.88 −0.45
6d 2

D3/2 9p 2
P3/2 0.28 −0.35

6d 2
D3/2 10p 2

P3/2 0.15 −0.28
6d 2

D3/2 11p 2
P3/2 0.09 −0.21

6d 2
D5/2 7p 2

P3/2 −10.53 −5.10
6d 2

D5/2 8p 2
P3/2 2.83 −2.01

6d 2
D5/2 9p 2

P3/2 0.90 −1.27
6d 2

D5/2 10p 2
P3/2 0.48 −0.91

6d 2
D5/2 11p 2

P3/2 0.29 −0.68

states |Ff ,Mf 〉 and |Fi,Mi〉 is given by

E1PNC
Mf Mi

= (−1)Ff −Mf

(
Ff 1 Fi

−Mf q Mi

)
Y, (2)

where q = −1, 0 or 1 depends on the choice of the M values.
For the theoretical purpose, enhancement in the E1PNC is
estimated by calculating the reduced matrix element Y given
by [18,26,27]

Y = η
( ∑

k &=i

(−1)ji−jf +1 〈Jf ||D||Jk〉〈Jk||K1||Ji〉
Ei − Ek

×
{
Ff Fi 1
Jk Jf I

}{
I I 1
Jk Ji Fi

}

+
∑

k &=f

(−1)Fi−Ff +1 〈Jf ||K1||Jk〉〈Jk||D||Ji〉
Ef − Ek

×
{
Ff Fi 1
Ji Jk I

}{
I I 1
Jk Jf Ff

})
, (3)

where η =
√

(I + 1)(2I + 1)(2Fi + 1)(2Ff + 1)/I and E are
the energies of the respective states. The above expression
is derived by rewriting H NSD

PNC = 1
|I |

∑
q(−1)qI 1

q K1
−q . We

determine these quantities in a sum-over-states approach
by calculating the reduced matrix elements of the D and
K operators. However, we include contributions explicitly
only from the 7P − 11P low-lying states obtained using
the CCSDt3 method. This method has already been applied
earlier to evaluate both the hyperfine structure constants
and radiative transition matrix elements of the Fr isotopes
accurately [28,29]. The CCSDt3 matrix elements of both the
electric dipole (E1) and K1 operators involving these P states
are quoted in Table I.

III. RESULTS AND DISCUSSION

Using the matrix elements given in Table I and experimental
energy values listed in the National Institute of Science and
Technology (NIST) database [30], we evaluate the contribution
to Y for all possible hyperfine levels among the ground,
8s 2

S1/2 → 7s 2
S1/2, 6d 2

D3/2 → 7s 2
S1/2, and 6d 2

D5/2 →
7s 2

S1/2 transitions of 210Fr, 211Fr, and 223Fr isotopes. We
present these results in Table II. To understand roles of the
initial perturbed and final perturbed states in the accurate
evaluation of results, we give explicitly the results from the
initial perturbed state as “Initial” and from the final perturbed
state as “Final” in the same table. Again, we have also
estimated contributions from the core valence correlations and
the higher level excited states using a second order perturbation
theory [MBPT(2) method]. These quantities are also given
explicitly as “Core” and “Tail” contributions in the table.
As can be seen magnitudes of both the “Core” and “Tail”
contributions are extremely small; hence obtaining them using
the MBPT(2) method seems to be reasonable. As noticed from
Table II, the “Final” contributions are large than the “Initial”
contributions for the S − S and S-D5/2 transitions, while this
trend is the other way around for the S-D3/2 transitions. In fact,
the “Final” contributions in the S-D5/2 transitions are as large
as the corresponding contributions in the S-S transitions. The
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core polarization effects enhance the 〈6d 2
D5/2 |K1|np 2

P3/2〉
matrix elements that appear in the second term of Eq. (3),
and their values become more than two times larger than the
〈np 2

P3/2 |K1|7s 2
S1/2〉 matrix elements, where n represents

the principal quantum numbers of p orbitals. The two factors
that are responsible for such enhancements are the small
energy difference between the 6d 2

D5/2 and 7p 2
P3/2 states and

large overlap between the valence 7s orbital and the occupied
p1/2 orbitals. The other factors that also play vital roles here are
the large 〈6d 2

D5/2 |D|7p 2
P3/2〉 matrix element [∼10.51(7)

ea0 [28]] and the positioning of the the 7p 2
P3/2 state between

the 7s 2
S1/2 and 6d 2

D5/2 states. Due to the same reason, the
enhancement for this transition in Fr is much larger than its
isoelectronic partner Ra+ and for the 6s 2

S1/2 → 5d 2
D5/2

transition of Ba+ [17,18]. It is also observed that Y values in
210Fr are larger than 211Fr due to its large I .

We suggest an approach similar to that proposed by Fortson
[14] to measure the NSD PNC-induced light shift (ωPNC)
arising from the interference of the NSD E1PNC and E2
amplitudes between the hyperfine states of the 7s 2

S1/2 →
6d 2

D5/2 transition in 210Fr. Figure 1 shows schematic
diagrams of the relevant transitions for the PNC measurement
and indicates that the 7s 2

S1/2 → 6d 2
D5/2 transition is in the

optical regime. The frequency for a transition with the same
hyperfine sublevels M can be estimated using the expression
[14]

"ωPNC
M ≈ −

Re
∑

M ′

(
#PNC∗

MM ′ #E2
MM ′

)
√∑

M ′ |#E2
MM ′ |2

, (4)

F=11/2
1/2

-1/2

7s S1/2

(b)

M= -3/2

3/2

RF field 

MW fieldEnergy level 
without E2 laser

M=M=

M=

7s S1/2

7p P3/2

MW 
46.8 GHz

13/2

11/2

F’
15/2

6d D5/2

F’
17/2
15/2
13/2
11/2

609 nm

718 nm
detection

9/2

F

1704 ns

21 ns

7/2

(a)

FIG. 1. Schematic energy level diagrams of 210Fr. (a) Arrows
indicate laser-induced transitions for observing the E2 light shifts,
detecting the states, and carrying out the microwave (MW) transitions
between the hyperfine levels. (b) Magnetic sublevels (shown only for
M = ±3/2 and M = ±1/2) of the F = 11/2 level of the 7s 2

S1/2

state with the corresponding RF transitions. The solid and dashed
arrows indicate the resonant RF transitions in the presence and
absence of the PNC-induced light shift, respectively.

where #PNC and #E2 are the Rabi frequencies due to the
E1PNC and E2 amplitudes, and the summation over M ′ is for
all possible allowed intermediate states. This will be much
smaller compared to the changes in the transition frequency
due to the E2 shift alone, which is given by

"ωE2
M ≈ (ω0 − ω)

2
−

√∑

M ′

∣∣#E2
MM ′

∣∣2 (5)

for the respective frequencies ω0 and ω corresponding to the
transition before and after applying the laser. In the nuclear
shell model, 210Fr has an odd proton in the πh9/2 shell and an
odd neutron in the νf5/2 shell. We determineKW of this isotope
considering the dominant contribution from the odd proton due
to the NAM using the expression in natural unit [3,31]

KW ≈ 9
10

gpµp

αA2/3

Mpr0
, (6)

where gp ) 5.0 is the nucleon-nucleon parity-odd coupling
and µp ) 2.8 is the magnitude of the magnetic moment of the
proton, A is the atomic number, Mp is the proton mass, and
r0 ) 1.2 fm. Considering the Y values from Table I, M = 1/2,
KW ) 0.568 from the above formula, the values of the electric
field and the E2 amplitude are 2 × 106 V/m and 39.33 ea2

0
[28], respectively, we have estimated "ωE2

M and "ωPNC
M values

for different hyperfine levels of the 7s 2
S1/2 → 6d 2

D5/2

transition in 210Fr and presented in Table III. We find that there
is significant enhancement in the PNC-induced light shift for
the Fi = 11/2 → Ff = 11/2 transition. The measurements of
these quantities are possible using the laser-cooled 210Fr atoms
in an optical lattice that is being set up at the Cyclotron and
Radioisotope Center at Tohoku University. We plan to irradiate
two standing-wave laser fields (similar to that suggested in
Ref. [14]) with wavelengths of 609 nm, which are resonant
with the 7s 2

S1/2(F = 11/2) → 6d 2
D5/2(F ′ = 11/2) E2

transition, as shown in the black solid arrow in Fig. 1(a).
The PNC-induced light shift, which is given by Eq. (4), can
be measured from the Ramsey resonance by applying the
radio frequency (RF) field, as shown in Fig. 1(b), arising
from two pulses separated in time. Thus, the magnetic
sublevels M = ±1/2 of the 7s 2

S1/2(F = 11/2) state can
be shifted in this scheme by the E2 light field ("ωE2

|M|),
Zeeman effect ("ωB

|M|) and the PNC-induced effect ("ωPNC
M );

where |M| in the subscripts indicate that the corresponding

TABLE III. Estimated light shifts in the hyperfine levels of the
7s 2

S1/2(Fi) → 6d 2
D5/2(Ff ) transition of 210Fr due to the E2 (in

MHz) and NSD PNC (in ×10−4 Hz) interactions with the applied
electric field 2 × 106 V/m. Here we have used KW ≈ 0.568 and E2
amplitude as 39.33 ea2

0 .

Ff Fi M "ωE2
|M|/2π "ωPNC

M /2π

9/2 11/2 1/2 9.15 10.5
11/2 11/2 1/2 2.32 −288.4
13/2 11/2 1/2 6.41 −10.2
11/2 13/2 1/2 5.46 −5.5
13/2 13/2 1/2 1.70 289.9
15/2 13/2 1/2 7.91 10.5
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 In particular, the E2 light shifts for F=13/2, M=7/2 and 9/2 states with !! ! ! also have the same 

values of 1.47 MHz, as shown in table I. This coincidence is due to the same value of the Wigner 3J 

factors for the E2 transition F=13/2, M=7/2 and 9/2 with q=0 for both states. Moreover, the signs of the 

NSD PNC induced light shifts in F=13/2, M=7/2 and 9/2 states are opposite. Therefore, a pair consisting 

of M=7/2 and 9/2 is favourable for measuring NSD PNC effect because of the cancelation of the E2 light 

shift.  

 We define the shift of frequency as !!!! ! !!!!!! ! !!!!"# ! !!""#$% for the transition between 7S1/2, 

F=13/2, M and 6D5/2, F’=13/2, M’ with !! ! !, where !!""#$% is the Zeeman shift. The frequency 

difference between two different magnetic sublevels in the hyperfine ground state of F=13/2 is defined as 

!"!!!!!! ! !!!!! ! !!!!!. The frequency difference of M= 1/2 and -1/2 is written as !"! !!!! !. 

Likewise, that of M=9/2 and 7/2 is written as !"! !!! !.  

 The difference of NSD PNC induced shift !!!"#!!! for !"! !!!! ! is -4.82 mHz, and that for 

!"! !!! ! is 39.54 mHz from Table I. Subtracting the frequency difference of !"! !!! ! from 

!"! !!!! ! results in the cancelation of the first order Zeeman shift, as shown in Fig. 2. (b), and the 

reduction of second order Zeeman shift because both the signs of the curves representing the Zeeman 

shifts as a function of magnetic field for these transitions are positive. Using the Breit-Rabi formula [14], 

the Zeeman shift of each magnetic sublevels in 7S1/2, F=13/2 and F=11/2 is given by 
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where the difference of Zeeman shift is !!!!"!!!"# given by Eq. (7) and (8), and !! is the fluctuation 

of magnetic field. Therefore, if the magnitude of magnetic field is stabilized to less than 10-5, NSD PNC 

induced light shifts can be detected. It requires that the currents of coils generating the bias field of 13.34 

G should be stabilized to less than 10-5, and the earth magnetic field of 0.3 G should be suppressed by 

1/2250 using magnetic shields. The experiment in these conditions is feasible using currently available 

technology. Furthermore, the NSD PNC induced light shift via D5/2 state for Ba+ ion is 0.009 mHz, and 

that for Ra+ ion is 0.11 mHz [17]. Therefore, 44.5 mHz, the PNC induced light shift for the 7S1/2 to 6D5/2 
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-  We investigated light shifts of nuclear-independent (depedent) parity-
nonconservation interaction in ultracold 210Fr.  

-  We found that the magnetic sublevels of M=9/2 and 7/2 have the same E2 light shift 
and opposite PNC light shift. 

-  The frequency difference of the transition of M=1/2 to -1/2 and the transition of M=9/2 
to 7/2 has no 1st order Zeeman shift and small 2nd order Zeeman shift.  

    Measuring this frequency difference enables us to obtain the value of PNC, with   
    being insensitive to magnetic field fluctuation.. 

-  Sensitivity of NSI PNC is estimated to ΔQw/Qw = 0.2%, which corresponds to  
    Λ/g = 20.6 TeV for New Physics. 
 
-  Sensitivity of NSD PNC is is useful to measure the nuclear anapole moment 
     to resolve the discrepancy between atomic Cs and particle scattering experiments. 
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