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Motivation

Different arrays of metallic
nanoparticles. Humpfrey et al. PRB, 90, 2014

We are interested in

• Plasmonic metamaterials
based on ordered metallic
nanoparticle arrays

scale : 1-100nm

• Plasmonic analogue of
graphene mimicking its
unique electronic properties
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Single nanoparticle in the jellium model

Spherical neutral metallic nanoparticle under:

• Born-Oppenheimer approx.
(free valence electrons and
fixed ions)

• Jellium model (continuous
positive charged density)

Wikimedia Commons
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Single nanoparticle in the jellium model

H =
N∑
i=1

[
P2i
2me

+ U(ri)] +
e2
2

N∑
i̸=j

1
|ri − rj|

U(ri) : Electrostatic potential energy of an electron in the external
field of a homogeneously positive charged sphere
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Localized surface plasmon

Nanoparticle under an external field

Center of mass and relative
coordinates


R⃗ =

∑N
i=1 r⃗i/N

P⃗ =
∑N

i=1 p⃗i
r⃗i′ = r⃗i − R⃗
p⃗i′ = p⃗i − P⃗/N

H =
P2
2M +

N∑
i=1

p′2i
2me

+ U(⃗r′i + R⃗) + e2
2
∑
i̸=j

1
|⃗r′i − r⃗′j |

; M = Nme

For |R⃗| < r0

H ≈ P2
2M +

Mω̃2MR2
2 + H′

rel + Hc ; ω̃M =

√
Nine2
mer30

Weick et al, Physical Review B, 74, 2006
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dimer

Dipole-dipole interaction between two nanoparticles

Near-field and quasistatic
approximation 3r0 < a << λ

�
�

�

Vd−d =

p⃗1 · p⃗2 − 3(p⃗1 · n̂)(p⃗2 · n̂)
|R⃗1 − R⃗2|3

P⃗ = −eNh(R⃗) 6



dimer : normal modes

Two normal modes for each direction of space:

Tranverse and longitudinal modes
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linear chain of plasmonic nanoparticles

• Chain of infinite number of nanoparticles

• Interaction between LSPs: Nearest-neighbors dipole-dipole
interaction =⇒ collective plasmonic modes

• Periodicity =⇒ Bloch theorem
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honeycomb lattice

Castro Neto et al., Review of Modern Physics,81, 2009

• 2D Hexagonal lattice
• Lattice with a basis
Triangular Bravais lattice
with a two point basis

r⃗ = na⃗1 +ma⃗2

• Two different sublattices⇒
two Bloch functions

• Hexagonal reciprocal lattice

9



graphene

Wikimedia Commons

Dispersion relation

�



�
	E(⃗k) = ±t

√
3+ f(⃗k) ≈ ℏvF |⃗k(K)|

t : nearest-neighbor hopping
energy

Tight-binding Hamiltonian
considering nearest neighbors
hopping

�
�

�

H = −t

∑
<i,j>

(a†i bj + H.c.)

Castro Neto et al., Review of Modern Physics,81, 2009
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electronic properties of graphene

Relativistic effective
Hamiltonian

Heff = ±ℏvFσ⃗ · k⃗

Fermi velocity: vF = c/300

• Hamiltonian of
pseudorelativistic particles

• Conserved helicity

Ceci n’est pas un électron

• No backscattering
• Klein paradox: 100% Transmission
• ⇒ High mobility !
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plasmonic analog of graphene

Conditions:

• Nearest-neighbors
interactions

• Dipole-dipole interaction

• Normal modes solution

H0 =
∑
s=A,B

∑
R⃗s

(
P2s
2M +

Mω20h2s(R⃗s)
2

)

Hint = Mω20η
∑
R⃗B

3∑
j=1

hB(R⃗B)hA(R⃗B + δ⃗j); η =
( r
a

)3
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second quantization and bloch transformation

Annihilation and creation operators

aR⃗ =
√
Mω0/2ℏhA(R⃗) + iPA/

√
2ℏMω0

bR⃗ =
√
Mω0/2ℏhB(R⃗) + iPB/

√
2ℏMω0

[bR⃗, a
†
R⃗′
] = 0 ; [aR⃗, a

†
R⃗′
] = δ⃗R,⃗R′ ; [bR⃗, b

†
R⃗′
] = δR⃗,⃗R′

Second Quantization Hamiltonian

H0 = ℏω0
∑
R⃗A

a†
R⃗A
aR⃗A + ℏω0

∑
R⃗B

b†
R⃗B
bR⃗B

Hint = ℏω0(η/2)
∑
R⃗B

3∑
j=1

b†
R⃗B
(a†

R⃗B+δ⃗j
+ aR⃗B+δ⃗j

) + h.c.

Translational symmetry

H =
∑
q⃗

ℏω0(a†q⃗aq⃗ + b†q⃗bq⃗) + ℏω0(η/2)f⃗qb
†
q⃗(a

†
q⃗ + aq⃗) + h.c.

f⃗q =
∑3

j=1 eiδ⃗j ·⃗q 13



bosonic bogoliubov transformation

• Diagonalisation of quadratic Hamiltonians

H = ε(a†a+ b†b) + χ(a†b† + ba)

H =
√

ε2 − χ2(α†
1α1 + α†

2α2)− ε+
√
ε2 − χ2

• Mix creation and annhilation operators(
a
b†

)
=

(
coshϑ sinhϑ
sinhϑ coshϑ

)
·

(
α1
α†
2

)
• Preserve bosonic commutation relations

[
a†,b†

]
= 0 coshϑ2 − sinhϑ2 = 1

[
a,a†

]
= coshϑ2

[
α1, α

†
1

]
− sinhϑ2

[
α2, α

†
2

]
= 1

H =

14



diagonalisation

H =
∑

q⃗ ℏω0(a
†
q⃗aq⃗ + b†q⃗bq⃗) + ℏω0(η/2)f⃗qb

†
q⃗(a

†
q⃗ + aq⃗) + h.c.

f⃗q =
∑3

j=1 e
iδ⃗j ·⃗q

Bogoliubov # 1

α±
q⃗ =

1√
2
(
f⃗q
|f⃗q|

aq⃗ ± bq⃗)

Bogoliubov #2

·β±
q⃗ = cosh(ϑ±

q⃗ )α
±
q⃗ − sinh(ϑ±

q⃗ )α
±†
−q⃗

· coshϑ
±
q⃗ = 21/2 [(1 ± η|f⃗q|/2)/(1 ± η|f⃗q|) + 1]1/2

· sinhϑ
±
q⃗ = ∓21/2 [(1 ± η|f⃗q|/2)/(1 ± η|f⃗q|) − 1]1/2

H = ℏω0
∑
τ=±

∑
q⃗

(1+ η

2 τ |f⃗q|)α
τ†
q⃗ ατ

q⃗ + τ
η

4 f⃗q(α
τ†
q⃗ ατ

−q⃗ + h.c.)

Diagonalized Hamiltonian�



�
	H =

∑
τ=±

∑
q⃗

ℏωτ
q⃗ β

τ†
q⃗ βτ

q⃗
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diagonalisation
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�
	H =

∑
τ=±
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ℏωτ
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q⃗ 15



spectrum and pseudorelativistic properties

�



�
	ω±

q⃗ = ω0

√
1± η|f⃗q|

�



�
	ω±

q⃗ ≈ ω0 ± v||⃗k||

Near K point:

H ≈ ℏω0
(
a†
k⃗

b†
k⃗

)(1 0
0 1

)(
ak⃗
bk⃗

)
+ℏv

(
a†
k⃗

b†
k⃗

)( 0 kx + iky
kx − iky 0

)(
ak⃗
bk⃗

)
�� ��Heff = ℏω0I+ ℏvσ⃗ · k⃗

Relativistic Hamiltonian for bosonic massless particles 16



graphene vs artificial plasmonic graphene

GRAPHENE Plasmonic graphene
Fermions (electrons) Bosons (plasmons)
Electron hopping Dipole-dipole
between orbitals interaction between nanoparticles

b†RaR+ej b†RaR+ej b†Ra
†
R+ej
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summary

We analyzed...

• Jellium model for
nanoparticles

• Different arrays of
nanoparticles under
dipole-dipole interaction

• Analysis of a plasmonic
honeycomb lattice

• Comparison with graphene

Further research

• Klein paradox in plasmonic
graphene

• Dissipation and damping
• Other geometries
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