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Wobbling motior{Precession)

Landau and Lifschits (1958) Goldstein(2002)
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— + — 4+ — (ellipsoid
| 7Yt 7 (ellipsoid)
L2 =134 l:: t L3 (sphere)

2E

2ET < L? <2EJs

The intersection between ellipsoid and sphere is the orbit for gasedE. In the
plane perpendicular ta&r xs axis the orbit is ellipse, while ta axis it becomes
hyperbola. There iso stable rotation around thex. axis with middle Mol.

Bohr-Mottelson (1967)

Ki>h>h A =1/2J) (k=1,2,3or 1,y,2)

I, =3It I = ale I =1 There is no wobbling around 2-
| axis with middle Mol, because

Hee = A (I +1) + (n + 5)huw wobbling energy ismaginary
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§2. Particle-rotor model
« We attemptGedanken experimentiith particle-rotor model

* Why particle-rotor mode?
v

H=Hy+Hy, Hwa= Z Al — 32)?, Hg

h-!rv.-z

(1) With eitherRigid-body Mol or Hydrodynamical Mol
(2) For singlercase, use dlVigner-Eckart theorerdirectly relatedd
to Nilsson model H is expressed ang. mom. vectbemnd;].

. B o
Hys = —huwy(8)Bar? | cosyYog — g sin (Y + }9—2)‘

: 1 . . | 1 5 _
o 2 A - r . T . 2 A y g .
(jm|r*[cosvYag 7 Sin 7(Yaa + Ya_a)][im) = TIES) \/;()mlr’[cosq(fhf - 7%) - V3sin(3; - 33)]|im)




(3) Comparison betwedfig. Mol andHyd. Mol with different nuclear
radii, and periodicity iry.
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(4) We can compare the@xact solutiohof the model
obtained from diagonalization with thegproximate
solutiori from the Holstein-Primakoff bosonized
Hamiltonian.

This is a basic strategy of pres@&@#danken Experiment



§3. Holstein-Primakoff bosons and top-on-top model

[Ik,j[] =0 [1 IJ] - li [Jl J’] - Unc]

Holstein-Primakoff boson transformation:
— II — Ill+ i, = —éi\/gl - ﬁdv

A
I,
J+

Jx

= I —fig with 7, — afa;

= jt =j, + 1. = /27 — npb,

— § — fig with 7y — b'b

Bosonized approximate Hamiltonian:

Ha ® Ho + Ha + Hy,

V2T — g = V2I
V25— g & /25
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Bosonizechpproximate Hamiltonian :

Hy = AT8(] - j)? A;%M"s 247 —2"'005(7—7:/3)(1— ; )
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A= 5(1——)4,,,+;A g 3_5( —-)4,, Ape = ATE 4 ATE 048 A — A8 g
1 1 WAV .
C = 5(] )a,,zg+ JIA™, D= 2(]—-3)0,: Qyy = Ayz+](1+1) m(y — 7/3),
L = . - Vv
F = 5\/]'7(‘4;'81»‘4:'5), G = 5\/ ]A';. o = Aust o cos(y — 7/3).
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NOTE:

We call the approximation employed in the previous slide
“ the next-to-leading order approximatiqgrwhich collect all the terms

up to the & order in boson operators.

In contrast ;the leading order approximatiomricludes all the
contributions up to the second order in boson dpesa

We assume that all products of HP boson operaterszarranged
to be in normal order forms.

Note that, by this way, a part of taeharmonicity effect arising from

the higher orderterms is taken into account by the lading-order
approximation.



Diagonalization is attained by solving eigenvalgaadion algebraically
Quasiboson operators are introduced by boson Bogoliubov transformation:
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Theleading order approximatiagives

Hy~ Wl +1/2) + Wws(its +1/2), | fia =ala and fg = B8,

Thenext-to-leading order approximation

Hg ~ Hg+ wa +ws+Cp+ (2wq + Co)fta

‘f‘(?i.u'ls + C'g)ﬁg i Cmﬁi - Cﬁﬁﬁg i i Ca'gflaﬁ-p,

wheresix constants C'are additional contributions from higher order
terms describingnharmonicityeffect.



In order to clarify the meaning divo quantum number

fln = Qtﬂ and fla — Bfﬁ
we considethe case of V=0 (i.e., pure rotor vasam)d withlx, jx In
diagonal forms, then we have

_ i 1 .
E ™ A™R(R+ 1)—”_;_%3 +(?R\/p_q+ \/p_q—p—gq) (no+§)v R=|I—j|+ng

which givesenergies of wobbling and precess w,~ (I-j)/i, s (I - j)A®.
This solution givegxact result
Ex = ATR(R+ 1) — (AT — AZ8)(R — n,)%.
in the symmtric limit AS® = A& (y= 60"

Thus, the integral values coincide with the nurmgeof the D-invariant
Independent bases.




Calculated energy levels
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(1) Comparison with exact result Rig. Mol (Solid circles)

Calculated alignmer i Mal 2t /6 amd Via

15F
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(2) Comparison with exact result with hyd. Mol (Solid circles)

Calculated alignment: | Hyd Mol at y=7/6 and V=0

15F
Jiwd 5 Jhd 5 byd '
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§4. Stability domains of wobbling modes

Eigenvalue equation: |a-« ¢ B F
G C—w F D

-B —-F -A-w -G
-F =D -G C—-w

This equation is reduced to 4 _p2 4 ¢ 0.

With =2 _pic2-p 1962 - M),
e = (A% — BY)(C? - D?) + (G? — F?)? +4FG(AD + BC) - 2(AC + BD)(F* + G).

We get real solutions
2&4:(2*) :b:t ng —4('.

only when conaitions # —4c>0, ¢>0, b= 0. are satisfied.




(1) Stability domain iny — V plane for hyd. Mol:

Ixandjxare in dlagonal 35 ............................. :
. g Next—to—leading order stability :
Representation. 3.0} in hyd Mol
- with diagonal 7, and j, rep.
2.5; qzt \ / '

In the region ofV > 2MeV
1=17/2(1,0) level appears.
But, there does not appear
any level with (1,0) .

V (MeV)




(2) Stability domain iny — V plane for hyd. Mol:
ly angl)y are.infiaonnAl

e —
representation. [ Next—to—leading order stability |
[ in hyd Mol
04} with diagonal I, and j, rep.
Practically there does not
exist any stability region. _ 03 L I=332

Jr>I 2T bl <1<
Jo = WMeV™




(3) Alignment calculated by exact diagonalization
with rig. Mol:

15}

Clear evidence of
the alignment of
alongx-axis Is seen.

Alignment




(4) Alignment calculated by exact diagonalization
with hyd Mol:

15}

Any clear evidence of 10}
alignment of | and |
Is notfound

Alignment




Average direction of
vector | :

Redcurve corresponds tc
evels withl-j=even

nlue curveo levels with
-|=o0dd.
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§5. Diagonal boson representations for I, and j,

HP Boson representation: | 1.

I, = I —f, with fi, =a'

) A | -
I' = I. +il: = —a" V21 — i,

ta*,,

Unitary transformation of | ;. — jt — j, +ij: = V27 — 7w

boson operators to eliminate ;. — j—4,  with fy = &'

.
b

liIner terms In terms
in H: i =a+p, V=b+tg.

Then. p becomes purely imaginary, so we put p —ir and obtain

- ahyd .']‘hl’d
e ;J.h ‘ q:\/ig_“xL

C+D’




Expressions in the next-to-leading order approxomat

Hy = A™j(j + 1)+ AW( 4 1)
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Eigenvalue equation :

A iF B -iF u, wy u w' u, wy u ow' we 0 0 0
-iF C -iF D v, t, v t* ol ve 8y 9l 82 O w 0 0
B iF A -iF o w_ooul w | | ¥ woulw 0 0 —w, 0
iF D iF C - t_ v} t} vt vl ot 0 0 0 -wy

u = (A B +w,,)[(C + D)(2F? — BC + BD)

Bui,| Ny,

0 = ilF(C s D) [(A-BY —u? |N,,  Ni'=dw.|(A-B)[(C+D)2F* - BC+ BD)

ws = (A- B+w)|(C+D)2F - BC + BD)
Bu,IN-.
ty = +F(C+Dxw,)[(A-B)*-w,)|N_,

B2 + FA(C + D)((A - B)* - wg)’].



Eigenvalue equation is solved to determine two positive
eigenvalues : %, =bt VF—dc
b= A-B+C*-D°,
c = (A? - B%)(C? - D*) - 4F*(A- B)(C + D).
V3V siny -
i+ 1A - A7)
2\/3V sin(y + §) Abyd — Abyd

b = (A" - A7) (A - A:"')[l " v,v,..(%)’], U AR A A g

Within the leading-order-approximatioy, =

hyd
c = [I(A - A)(A - A1, [vn -4 h,f‘ Am)?]-
Ay iy




Stability region in ther — V plane for hyd Mol andy andjx
Represented in diagonal forms

35—
E Stability region
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In the asymptotic region of large ang mil = 2j)
2 2/ shyd  4hydy, 4hyd  4hyd Ahyd
ity = A=A A v v (]
This expression suggest that corres ondlng motte is

precession of, because It vanishes wher0.

On the other hand,
Wiy = P(ARY - A (AP — A
which gives Bonr-Mottelson'wobbling formula

To discuss low ang. mom. regiowe need further details.




“Behavior of eigenamplitudes”

Unitary transformation of shif:

A

i = explir(@ +a")]a expl—ir(a’ +a')

= a' —ir

b = gxp[q(f;’t — )b expl—(#' - B)

= b—gq

Unitary transformation to quasiparticle operators.
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Eigenvalue equation :

A iF B -iF u, wy u w' u, wy u ow' we 0 0 0
-iF C -iF D v, t, v t* ol ve 8y 9l 82 O w 0 0
B iF A -iF o w_ooul w | | ¥ woulw 0 0 —w, 0
iF D iF C - t_ v} t} vt vl ot 0 0 0 -wy

u = (A B +w,,)[(C + D)(2F? — BC + BD)

Bui,| Ny,

0 = ilF(C s D) [(A-BY —u? |N,,  Ni'=dw.|(A-B)[(C+D)2F* - BC+ BD)

ws = (A- B+w)|(C+D)2F - BC + BD)
Bu,IN-.
ty = +F(C+Dxw,)[(A-B)*-w,)|N_,

B2 + FA(C + D)((A - B)* - wg)’].



Behavior of calculated energy levels and eigenampldes

Approximate
energy levels

compared with

exact ones
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Behavior of eigenamplitudes:
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Conclusion based on the behavior of eigen-amplgude

Inverse transformation:

(o) | u, vy -—u' —v* ) (@'—ZT\
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o || —us v uy wy 'l +ir

B et we by )b -g
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Comparison of alignment in leading order approximation
with exactresult ...~~~

(SOl Id cI rCleS) | Hyd Mol at y=26° and V=1.6M\eV
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EXxcitation energies of harmonic excitation as functions of
12—

! Wobbling and Precession
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§6. Taking account of the CAP effect in the moment of inertia

angular momentum | due @oriolis anti-pairing (CAP) effect

basis and take into account the CAP effect in the second orde
perturbation

Due to finiteness of nuclear system, super-normal phase
transition takes place graduallin our final result, we derived

analytic relation@mong angular momentuimgap parameter and
moment-of-inertia

For detalils,K.T. and K. Sugawara-Tanabe, PRC, 91, 034328(20

We have revisite@€onstrained Hartree-Fock-Bogoliubov (CHFB
theory to investigate change of moment of inertia with increasin

Regarding the cranking term as perturbation, we start from BC

I

1:




Conclusion

1. The transverse wobbling not described within a framework o
particle-rotor model with hyd Madnd reasonable potential
strength.

2. The reason iIs as follows. The single-particle gparinich is
pinned along-axis, Is expected to pull the total ang. mém.
toward the same direction to decre (Iz — j;»)2 oweMer ,
this expectation is not realistic, becauseygxid IS much
smaller tharl/Jmwe  so that the alignmenticiowardy-axis

IS not prevented.

f



3. The hyd Mol does not harmonize with the microscopic
formalism. Such a typical example is that, there is no way
to relate the hyd Mol to the CAP effect. From such a
view point, the rig Mol is preferable.

Reproduction of 135Pr datall be presented
by Sugawara-Tanabe in Thursday morning.




