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How can nuclear matter support a diversity of shapes? 

Evolution of shell structure with nucleon number and/or angular momentum.

Shape transitions within a single nucleus (shape coexistence) or as a function of nucleon number (shape 
evolution) → universal phenomena that occur in light, medium-heavy, heavy and superheavy nuclei.  

Universal theory framework:  Nuclear Energy Density Functionals



Basic implementation: the self-consistent mean field method →  
produces semi-classical energy surfaces as functions of intrinsic  
deformation parameters.

→ include static correlations:  
deformations & pairing 

→ do not include dynamic  
(collective) correlations that  
arise from symmetry restoration  
and quantum fluctuations  
around mean-field minima



Collective Hamiltonian

... nuclear excitations determined by quadrupole 
vibrational and rotational degrees of freedom:

Hcoll = Tvib(�, ⇥) + Trot(�, ⇥,�) + Vcoll(�, ⇥)

Tvib =
1
2
B�� �̇2 + �B�⇥ �̇⇥̇ +

1
2
�2B⇥⇥ ⇥̇2

Trot =
1
2

3�

k=1

Ik�2
k

The dynamics of the collective Hamiltonian is determined by: the self-consistent collective potential, 
the three mass parameters: Bββ, Bβγ, Bγγ, and the three moments of inertia Ik, functions of the intrinsic 
deformations β and γ.

Phys. Rev. C 79, 034303 (2009). 

Prog. Part. Nucl. Phys. 66, 519 (2011). 
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MK(⌦)… collective eigenfunction:



✔ an intuitive interpretation of mean-field results in 
terms of intrinsic shapes and single-particle states

✔ the full model space of occupied states can be 
used; no distinction between core and valence 
nucleons, no need for effective charges!



Shape evolution and triaxiality in germanium isotopes
Phys. Rev. C 89, 044325 (2014). 
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… formation of deformed minima → regions of low single-particle level density around the Fermi surface. 

…shallow triaxial minimum at γ = 30◦   

→ important role of dynamical effects related to restoration of 
broken symmetries and fluctuations in collective coordinates. 
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momentum on the body-fixed symmetry axis) in the 
collective wave functions of the nucleus 76Ge.
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FIG. 6. (Color online) Evolution of the ratio between the exci-
tation energies of the first 4+ and 2+ states (left panel), and the
B(E2; 2+

1 → 0+
1 ) values in Weisskopf units (right panel), with mass

number for the Ge isotopes.

diagonalization of the collective Hamiltonian, with param-
eters determined by the relativistic energy density functional
DD-PC1 and the separable pairing force, are shown in compar-
ison with data [25]. The model reproduces the empirical trend
of increase of R4/2 with neutron number and, in particular, the
experimental value for 76Ge. The calculated B(E2) values are
in good overall agreement with data, even although the rapid
decrease of experimental values with neutron number is not
reproduced by the model. It appears that the collective wave
functions of the yrast states show little variations with mass
number for A ! 80.

To analyze in more detail the level of quantitative agreement
between our microscopic model calculation and data, in Fig. 7
we plot the excitation spectrum of 76Ge calculated with the
collective Hamiltonian. Levels that belong to the ground-state
band and the γ band are shown in comparison to the exper-
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FIG. 7. The excitation spectrum of 76Ge calculated with the
collective Hamiltonian based on the DD-PC1 relativistic density
functional (left) compared to data [12,25] (right). The B(E2) values
are given in Weisskopf units.
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FIG. 8. (Color online) Distribution of K components (projection
of the angular momentum on the body-fixed symmetry axis) in the
collective wave functions of the nucleus 76Ge.

imental spectrum [12,25]. The theoretical levels are assigned
either to the ground-state band or the γ band according to
the distribution of the projection K of the angular momentum
J on the z axis in the body-fixed frame. Yrast states have a
predominant K = 0 component in the wave functions, whereas
the γ band comprises states above the yrast characterized
by dominant K = 2 components. The calculated excitation
energies have been rescaled to reproduce the experimental
energy of the state 2+

1 . This scaling is necessary because of
the well-known fact that the Inglis–Belyaev (IB) moments
of inertia and cranking mass parameters are actually smaller
than the corresponding empirical values, due to the omission
of time-odd components of the mean-field (the so-called
Thouless–Valatin dynamical rearrangement contributions). Of
course, the a posteriori scaling does not affect the collective
wave functions and transition rates. One notices that the
calculation reproduces the experimental spectrum, both the
excitation energies as well as the available B(E2) values.
In particular, the band head 2γ is predicted at the excitation
energy of the level 2+

2 , but the theoretical γ band is somewhat
spread out compared to the experimental sequence and the
calculated B(E2) values for transitions within this band point
to considerable K mixing for states with higher angular
momenta. This is explicitly shown in Fig. 8 where we display
the distribution of K components in the collective wave
functions of the lowest states with angular momenta 2+, 4+,
and 6+:

NK = 6
∫ π/3

0

∫ ∞

0

∣∣ψJ
α,K (β,γ )

∣∣2
β4| sin 3γ |dβdγ . (14)

The ψJ
α,K (β,γ ) components are defined in Eq. (10). A broader

distribution of NK values in the state |αJ ⟩ provides a measure
of mixing of intrinsic configurations.

The level of K mixing is reflected in the staggering in
energy between odd- and even-spin states in the γ band.
The staggering can be quantified by considering the following

044325-6

→ more K-mixing for states with higher angular momenta. 



The level of K-mixing is reflected in the staggering in energy between odd- and even-spin states in the γ band:

Deformed γ-soft potential ⇒ S(J) oscillates between negative values for even-spin states and positive values 
for odd-spin states.

γ-rigid triaxial potential ⇒ S(J) oscillates between positive values for even-spin states and negative values for 
odd-spin states.
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The mean-field potential of 76Ge is γ soft. The inclusion of collective correlations (symmetry restoration and 
quantum fluctuations) drives the nucleus toward triaxiality, but not strong enough to stabilize a γ ≈ 30◦ shape.

Phys. Rev. C 89, 044325 (2014). 



III. RESULTS AND DISCUSSION

A. The 3D PESs of 148,150,152Nd
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FIG. 1: (Color online) The calculated potential energy surfaces of 148,150,152Nd.

4

Shape phase transitions in medium-heavy and heavy nuclei

N ≈ 90 rare-earth nuclei → one of the best examples of shape evolution and shape phase transition. 

Ground-state transitions:  

⇒  the physical control parameter - nucleon number - discrete integer values! 
⇒  order parameters - expectation values of operators that as observables characterize 
the state of a nuclear system.
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Experimental evidence for a first-order shape phase transition at N≈90 → associated 
with the X(5) critical symmetry.



... microscopic calculation of order  
parameters for a first-order nuclear  
QPT between spherical and axially  
deformed shapes.

... using collective wave functions  
obtained by diagonalization of the  
five-dimensional Hamiltonian ...
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TABLE I: The B(E2) values and quadrupole shape invariant q2(0+
n ; k) (in unit of e2b2) in Nd

isotopes, where q2(0+
n ; k) =

k∑
j=1

B(E2; 0+
n → 2+

j ).

144Nd 146Nd 148Nd 150Nd 152Nd 154Nd 156Nd

B(E2; 0+
1 → 2+

1 ) 0.41243 0.796875 1.353881 2.384046 3.548996 4.080346 4.345655

B(E2; 0+
1 → 2+

2 ) 0.003803 0.040853 0.063625 0.003361 0.0002 0.101858 0.106663

B(E2; 0+
1 → 2+

3 ) 0.003146 0.014203 0.056151 0.178894 0.187663 0.072398 0.061663

B(E2; 0+
1 → 2+

4 ) 0.000001 0.000186 0.004067 0.005471 0.002464 0.000127 0.000029

q2(0+
1 ; k = 4) (e2b2) 0.41938 0.852117 1.477724 2.571772 3.739323 4.254729 4.51401

B(E2; 0+
2 → 2+

1 ) 0.098967 0.166729 0.198274 0.205903 0.139194 0.087872 0.07251

B(E2; 0+
2 → 2+

2 ) 0.006116 0.028769 0.362488 1.957861 2.267689 0.10286 0.041417

B(E2; 0+
2 → 2+

3 ) 0.590782 1.005561 1.44571 1.000794 0.718995 2.952074 3.754696

B(E2; 0+
2 → 2+

4 ) 0.001867 0.009202 0.002254 0.001864 0.020941 0.077057 0.059296

q2(0+
2 ; k = 4) (e2b2) 0.697732 1.210261 2.008726 3.166422 3.146819 3.219863 3.927919

FIG. 1: (color online) (a) q2(0+
1 ; k = 4) and q2(0+

2 ; k = 4) in Nd isotopes. (b) the difference between

q2(0+
2 ; k = 4) and q2(0+

1 ; k = 4).

In fig. 1 (a) we show the quadrupole shape invariants q2(0
+
1 ; k = 4) and q2(0

+
2 ; k = 4) in

1

T̂ (E0) =
�

k

ekr2
k

�2(E0; 0+
2 � 0+

1 ) =

������

⇥
0+
2 |T̂ (E0)|0+

1

⇤

eR2

������

2

q2(0+
n ; k) =

k�

j=1

B(E2; 0+
n � 2+

j )

q shape invariants:



Lowest 0+ excitations in N ≈ 90 rare-earth nuclei
J. Phys. G: Nucl. Part. Phys. 43 (2016) 024005 

… eigenspectra of the 5D quadrupole collective Hamiltonian: 



Figure 5. The theoretical excitation spectrum of 152Sm (left), compared to data [40].
The intraband and interband B(E2) values (thin solid arrows) are in Weisskopf units
(W.u.), and (red) dashed arrows denote E0 transitions with the corresponding
ρ2(E0)×103 values.

Figure 6. Same as in the caption to figure 5 but for 154Gd.
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collective Hamiltonian. This is a well known effect of using the simple Inglis–Belyaev
approximation for the moments of inertia, and is also reflected in the excitation energies of the
excited K=0 and K=2 bands [42]. The wave functions, however, are not affected by this
approximation and we note that the model reproduces both the intraband and interband E2
transition probabilities. The K=2 γ-bands are predicted at somewhat higher excitation
energies compared to their experimental counterparts, and this is most probably due to the
potential energy surfaces being too stiff in γ. The deformed rare-earth N=90 isotones are
characterised by very low K=0 bands based on the 02

+ states. In 152Sm, for instance, this
state is found at 685 keV excitation energy, considerably below the K=2 γ-band. Never-
theless, this state has been interpreted as the band-head of the β-band [41, 42].

In 152Sm the excited K=0 band is calculated at moderately higher energy compared to
data, while the agreement with experiment is very good for 154Gd and 156Dy. We note that a
very similar excitation spectrum for 152Sm was also obtained with the collective Hamitonian
based on the D1S Gogny interaction [42]. Particularly important for the present study are the
E0 transitions between the two lowest K=0 bands, and the B E2; 0 22 1( )l+ + and
B E2; 2 02 1( )l+ + values. The available data are very accurately reproduced by the calculation
and, in particular for 152Sm, the E0 transition strengths and B(E2) values seem to match the
criteria for a β-vibrational state [41].

The E0 transitions strengths reflect the degree of mixing between the two lowest K=0
bands, and figures 5–7 show that the theoretical values that correspond to transitions between
the eigenstates of the collective Hamiltonian reproduce the empirical ρ2(E0) values. The
structure of the low-lying 0+ states is analysed in figure 8, in which the probability density
distributions are plotted in the β−γ plane for the three lowest collective 0+ states of 152Sm,
154Gd and 156Dy. We note that the probability distributions for these states are concentrated
on the prolate axis γ=0°, in contrast to the band-heads of the K=2 γ-bands, for which the

Figure 7. Same as in the caption to figure 5 but for 156Dy.
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Criteria for the excited 0+ state to be labelled as a β-vibration: B(E2; 0+� ! 2+1 ) ⇡ 12� 33 W.u.

B(E2; 2+� ! 0+1 ) ⇡ 2.5� 6 W.u.

⇢2(E0; 0+2 ! 0+1 ) ⇡ (85� 230)⇥ 10�3

β-vibration or shape coexistence?



probability density distributions are shown in figure 9. The dynamical γ-deformations of the
latter clearly point to the γ-vibrational nature of these states. The average values of the
deformation parameter β for the collective ground-state wave functions of 152Sm:

Figure 8. Probability distributions equation (11) in the β−γ plane for the lowest
collective 0+ states of 152Sm, 154Gd and 156Dy.

Figure 9. Probability distributions equation (11) in the β−γ plane for the band-heads
of the K=2 γ-bands of 152Sm, 154Gd and 156Dy.
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Quadrupole and octupole shape transition in thorium 
J. Phys. G: Nucl. Part. Phys. 43 (2016) 024005 

An interesting phenomenon are simultaneous quadrupole and octupole shape transitions.
In a series of recent studies [50–52] we have analyzed the evolution of quadrupole and
octupole shapes using a consistent microscopic framework based on relativistic EDFs. In
thorium isotopes, in particular, the calculated triaxial quadrupole and axial quadrupole-
octupole energy surfaces, and predicted observables (excitation energies, isotope shifts of
charge radii, electromagnetic transition rates) point to the occurrence of a simultaneous phase
transition between spherical and quadrupole-deformed prolate shapes, and between non-
octupole and octupole-deformed shapes, with 224Th being closest to the critical point of the
double shape phase transition [51].

Figure 10 displays the deformation energy surfaces in the plane of axial quadrupole and
octupole deformation parameters (β2, β3) for the isotopes 220–230Th. This isotopic chain
exhibits an interesting structural evolution, visible already at the SCMF level. A rather soft
energy surface is calculated for 220Th with the minimum at (β2, β3)≈ (0, 0), and this will
give rise to quadrupole vibrational excitation spectra. Quadrupole deformation becomes more
pronounced in 224Th, and one also notices the emergence of octupole deformation. The
energy minimum is found in the 03b ¹ region, located at (β2, β3)≈(0.1, 0.1). From 224Th to
228Th the occurrence of a rather strongly marked octupole minimum is predicted. Starting
from 228Th, the minimum becomes softer in the octupole β3 direction. An octupole-soft
surface, almost completely flat in β3 for 0.3,3 -b is calculated for 232Th.

In figure 11 we analyse the systematics of energy spectra of the positive-parity ground-
state band (Kπ=0+) (left) and the lowest negative-parity (Kπ=0−) sequences (right) in
224–232Th. The theoretical values calculated using the quadrupole-octupole collective
Hamiltonian(9) are shown in comparison to available data [40]. The excitation energies of
positive-parity states systematically decrease with mass number, reflecting the increase of
quadrupole collectivity. 220,222Th exhibit a quadrupole vibrational structure, whereas

Figure 10. Axially symmetric energy surfaces of the isotopes 220–230Th in the (β2, β3)
plane. The contours join points on the surface with the same energy and the energy
difference between neighboring contours is 1 MeV. Positive (negative) values of β2
correspond to prolate (oblate) configurations. Energy surfaces are symmetric with
respect to the β3=0 axis.
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pronounced ground-state rotational bands with R E E4 2 3.334 2 1 1( ) ( )= »+ + are calculated in
226–232Th. For the lowest negative-parity bands the excitation energies display a parabolic
structure centered between 224Th and 226Th. The approximate parabola of 1−1 states has a
minimum at 226Th, in which the octupole deformed minimum is most pronounced. Starting
from 226Th the energies of negative-parity states systematically increase and the band
becomes more compressed. A rotational-like collective band based on the octupole vibra-
tional state, i.e., the 1−1 band-head, develops. The parabolas of negative-parity states calcu-
lated with the quadrupole-octupole Hamiltonian are in qualitative agreement with data,
although the minima are predicted to occur at 228Th rather than 226Th. Note, however, that all
levels shown in figure 11 are below 1MeV excitation energy, so that the differences between
calculated and experimental levels are rather small, especially considering that no parameters
were adjusted to data. The approximations involved in the calculation of the Hamiltonian
parameters (perturbative cranking for the mass parameters and the Inglis-Belyaev formula for
the moments of inertia) determine the level of quantitative agreement with experiment. We
note that the theoretical B(E2) values for transitions within the ground state bands are in
agreement with availabe data, while the calculated B E3; 3 0 :1 1( )l- + 61 W.u. for 230Th and
41 W.u. for 232Th, are somewhat larger than the experimental values: 29(3) W.u. for 230Th
and 24(3) W.u. for 232Th [53].

Let us consider in more detail the structure of 226Th which, at the SCMF level, exhibits a
nice example of coexistence of axial quadrupole and octupole minima. The energy difference
between the local minimum at β3=0 and the equlibrium minimum at β3=0.16 is 1.8MeV.
We have also carried out a constrained triaxial quadrupole SCMF calculation which confirms

Figure 11. Excitation energies of low-lying yrast positive-parity (left) and negative-
parity (right) collective states of 224–232Th. Lines and symbols denote the theoretical
and experimental [40] levels, respectively.

J. Phys. G: Nucl. Part. Phys. 43 (2016) 024005 Z P Li et al

18

… systematics of energy spectra of the positive-parity ground- state band (Kπ = 0+) and the lowest 

negative-parity (Kπ = 0−) sequences in 224–232Th. 



that the quadrupole minimum is indeed at γ=0°, that is, axial prolate. The microscopic
origin of coexistence of the two minima becomes apparent from the dependence of the single-
nucleon levels on the two deformation parameters. Figure 12 displays the single neutron and
proton levels of 226Th along a path in the β2−β3 plane. Starting from the spherical con-
figuration, the path follows the quadrupole deformation parameter β2 up to the position of the
equilibrium minimum β2=0.2, with the octupole deformation parameter kept constant at
zero value. Then, for the constant value β2=0.2, the path continues from β3=0 to
β3=0.3. The necessary condition for the occurrence of low-energy octupole collectivity is
the presence of pairs of orbitals near the Fermi level that are strongly coupled by the octupole
interaction. In the panels on the left of figure 12 we notice states of opposite parity that
originate from the spherical levels g9/2 and j15/2 for neutrons, and f7/2 and i13/2 for protons.
The total energy can be related to the level density around the Fermi surface, that is, a lower-
than-average density of single-particle levels results in extra binding. Therefore, the local
quadrupole minimum seen on the axial energy surface of 226Th reflects the β2-dependence of
the levels of the Nilsson diagram for β3=0. For the levels in the panels on the right of
figure 12 parity is not conserved, and the only quantum number that characterises these states
is the projection of the angular momentum on the symmetry axis. The octupole minimum,
rather soft along the β3-path in 226Th, is attributed to the low density of both proton and

Figure 12. 226Th single-neutron (upper panel) and single-proton (lower panel) levels in
the canonical basis as functions of the deformation parameters. The path follows the
quadrupole deformation parameter β2 up to the position of the equilibrium minimum
β2=0.2, with the constant octupole deformation β3=0 (left panels). For β2=0.2
the panels on the right display the single-nucleon energies from β3=0 to β3=0.3.
Dashed curves denote the position of the Fermi level at each deformation.
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✔ NEDFs provide an economic, global and accurate microscopic approach to 
nuclear structure that can be extended from relatively light systems to superheavy 
nuclei, and from the valley of β-stability to the particle drip-lines.  

Nuclear Energy Density Functional Framework

✔ NEDF-based structure models that take into account collective correlations → 
microscopic description of low-energy observables: excitation spectra, transition 
rates, changes in masses, isotope and isomer shifts, related to shell evolution with 
nuclear deformation, angular momentum, and number of nucleons. 

✔ …description of universal collective phenomena that reflect the organisation of 
nucleonic matter in finite nuclei → universal theory framework that can be applied 

to different mass regions. 


