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BCS (HFB) + RPA approach

effkin VTH ˆˆˆ +=

nucleus Hamiltonian
semi-phenomenological
Skyrme, Gogny, 

relativistic mean field

derived from the vacuum 
n-n interaction (Brueckner, 
chiral, UCOM, ...)
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Microscopic description of the nuclear states

Hamiltonian eigenstates

most used approaches:

large scale shell models



Knowing the structure and energies of the Hamiltonian eigen-states 
one can determine  excitation probabilities                                         
and strength function of given  transition operator           for all
types                                      and multipolaritiescomtormagelX ,,,=
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Electromagnetic transition operators



current density and density operators:
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1<<<< kRkr

in the isoscalar T=0 processes (like (α,α’)) :

ξξ 82.358.501 −==== eff
n

eff
p

eff
n

eff
p ggee

with the quenching 7.0=ξ

2
)0()0(1)0()0( ),(),(

eff
n

eff
peffs

n
effs

p
eff
n

eff
p

gg
TgTgTeTe

+
========

in the isovector T=1 processes (like partly in (p,p’)):

2
)1()1(1)1()1( ),(),(

eff
n

eff
peffs

n
effs

p
eff
n

eff
p

gg
TgTgTeTe

−
==−====−==



K++= )()( ˆˆ);(ˆ torel TkTkelT λµλµλµ

K+= )(ˆ);(ˆ magTkmagT λµλµ

∫= )ˆ()(ˆˆ 3)( rYrrrdT el
λµ

λ
λµ ρ r

])(ˆ[)ˆ(ˆ
1)32(2

1ˆ 23)( rjrYrrd
c

T nuc
tor rrrr

×∇⋅
++

−= ∫ +
λλµ

λ
λµ λ

λ
λ

)ˆ()(ˆˆ
1

2
2

ˆ ),(),(

1

3)( rYrrrsglgrd
mc
e

T iiii
effs

ii
effl

i

A

i

mag
λµ

λ
λµ δ

λ
∇⋅−







 +

+
= ∑∫

=

rrrrrh

where long-wave limits of the transition operators,                 ,                and
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There is another expression for the Eλ transition operator
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giant monopole resonance

E0

E0



The  incompressibility ( together  with 
the nucleus mass and radius) belongs
to  the  bulk  properties  used  for  the 
determination of the energy functional 
(n-n effective interaction )  parameters

GMR is the subject of intensive
investigation from 60-s up to now

From the point of view of theory the position of             is usually obtained by
means of moments of energy weighted E0 strength functions
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Giant  Monopole Resonance (GMR) centroid            is connected with finite –
nucleus incompressibility           by(see e.g. J.Blaizot, Phys. Rep. 64, 171 (1980))

GMRE

AK

〉〈
= 2

2

rm
K

E A
GMR

h



There are two main groups in the world providing the data on E0 resonance, 
namely:
Texas A&M University (TAMU):

D.H.Youngblood, et al., PRC69, 034315 (2004) -116Sn, 208Pb, 144Sm, 154Sm  
D.H.Youngblood, et al., PRC69, 054312 (2004) -90Zr
D.H.Youngblood, et al., PRC88, 021301(R) (2004) -92Zr, 92Mo, 90Zr, 96Mo, 96Mo, 98Mo, 100Mo

Research Center for Nuclear Physics (RCNP) at Osaka University
M.Uchida, et al., PRC69, 051301 (2004) -90Zr, 116Sn, 208Pb 
M.Itoh, et al., PRC68, 064602 (2003) -144Sm, 148Sm, 150Sm, 152Sm, 154Sm
T.Li, et al., PRC99, 162503 (2007) -112-124Sn

All these papers give not only GMR centroids but also shapes of the GMR and 
both experimental groups used                reaction  for  the  determination of  E0  
strength  functions.  However, in  the  case  when  both  groups  measured  E0 
strength  function  for  the  same  nucleus (  90Zr, 144,154Sm, 208Pb  ) one  can  see 
substantial  differences in  the  E0  strength  functions  between  both  groups
(mentioned already in P.Avogadro, et al., PRC88, 044319 (2013) ) .
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From theoretical point of view in the most of papers only centroids of the E0 
strength function were compared with experimental values (                           )
but recently also shapes of the GMR are compared: 0

1

m
m

EGMR =

Yoshida K., Nakatsukasa T., PRC 88, 034309 (2013)

Li-Gang Cao, Sagawa H., Colo G., PRC 86, 054313 (2012)

Vesely P., Toivanen J., Carlsson B.G., Dobaczewski J., Michel N.,
Pastore A., PRC 86, 024303 (2012)

Kvasil J., Nesterenko V.O., Repko A., Kleinig W., Reihard P.-G.,
arXiv: 1608.01483 v1[ucl-th] 4 Aug 2016

P.Avogadro, Nakatsukasa T., PRC 88, 044319 (2013) 



Dependence of E0 strength function in the spherical nuclei (heavier 208Pb,144Sm; lighter 
112, 116, 124Sn)  on  Skyrme parametrizations with different  K

parametrizations with
K~230 MeV fits the
experimental values
for heavier nuclei
(Sm, Pb)

experimental  values
for lighter Sn isotopes
require  parametrizat-
ions  with  the   lower
values  of  K   (K~200
MeV   like  SkPδ )

differences in RCNP
and TAMU data

Skyrme BCS+RPA



GMR in the isotopes  144-154Sm
comparison of SRPA results with  TAMU and
RCNP exp. data

TAMU data renormalized for absolute units:
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E0-E2 coupling is
switched on

position of the
E2 µ=0  resonance
peak



β

Comparison  of  the GMR  in 154Sm  calculated  with SV-bas  and  SkPδ

parametrizations in  the framework of  sRPA (without and with E0-E2 
mixing) and fRPA with corresponding experimental data

small discrepancies
between sRPA and 
fRPA

the SV-bas Skyrme
interaction gives
better agreement with
experiment

position of the
E2 µ=0  resonance
peak



giant dipole resonance
(pygmy resonance)

E1

ProtonsNeutrons

E1

neutrons protons

neutron skin

core

E1 pygmyE1 pygmy



Photoabsorption cross section for Smisotopes

best agreement for
SLy6

the most of Skyrme
parametrizations
describes experimental 
deformation effects 
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Pb208

Exp
1/5

12682

pygmy resonance

low energy part of the E1 strength function demostrates a bunch of states
called pygmy resonance – see e.g.:

Kneissl U, et al., J. Phys. G 32, R217 (2006)
Krasznahorkay A., et al. Phys.Rev. A64, 067302 (2001)
Ryezayeva N., et al., Phys.Rev. Lett. 89, 272502 (2002)
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TR and CR consitute low- and high-energy  
ISGDR branches 

D.Y. Youngblood et al, 1977
H.P. Morsch et al, 1980 
G.S. Adams et al, 1986
B.A. Devis et al, 1997  
H.L. Clark et al,  2001
D.Y. Youngblood et al, 2004

M.Uchida et al, PLB 557, 12 (2003), 
PRC 69, 051301(R) (2004)

A. Repko, P.-G. Reinhard, 
V.O. Nesterenko, J. Kvasil,

PRC 87, 024305 (2013).Skyrme RPA, SLy6

There are also the ISGDR data for 
56 58,60 90 116 144Fe, Ni, Zr, Sn, Sm, ...

-discrepancy between theory and experiment 
for TR

-perhaps, Uchida observed  not TR but  low-
energy CR fraction. Then TR is not still observed? 
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A. Repko, P.G. Reinhard, V.O.Nesterenko, 
J. Kvasil,  PRC, 87, 024305 (2013)

Isoscalar E1 modes (toroidal and compression)
play an important role for states with energies
in the pygmy resonance region                   new
point of view  for the interpretation  of pygmy
resonance

Two peaks at 7.5 and 10.3 MeV are in agreement 
to RMF calculations: 
(D. Vretenar, N. Paar, P. Ring, PRC, 63, 047301 (2001)) 

SLy6
GDR

Typical PDR  transition density:
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of pygmy resonance:
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N=Z core
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GDR compression
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transition current fields for isovector
GDR (T=1)   and   isoscalar (T=0) 
compression modes
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transition current in HF and RPA level 

HF RPA

x [ fm ]x [ fm ]
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- both isoscalar and isovector
- toroidal flow mainly from neutrons

- mainly isoscalar
- toroidal flow from both n/p

So  the  toroidal flow  is basically formed  already 
by the mean-field, but  residual  interaction makes 
it collective and more impressive. 
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Does the toroidal flow contradicts the familiar PDR picture?

?

The answer is no



- PDR can be viewed as a local peripheral part of TR and CR 
- our calculations demonstrate the TR motion in PDR energy region   for other 

nuclei:  Ni, Zr, Sn, … 

V.O. Nesterenko, A. Repko, 
P.-G. Reinhard, and J. Kvasil,
"Relation of E1 pygmy and toroidal 
resonances",
arXiv:1410.5634[nucl-th], 
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Neutrons Protons

M1

Giant  M1 resonance
(scissor, spin-flip resonance)

scissor

neutrons protons



Strength function in  142-152Nd isotopes),1(),1(
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orbital (scissor) part contributes only 
for deformed systems:
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time-odd densities and currents should 
be involved in the Skyrme functional

so called high-energy scissor mode - see:
I.Hamamoto, W.Nazarewicz, Phys.Lett. B297, 
25 (1992);
J.Kvasil, N.Lo Iudice, F.Andreozzi, F.Knapp, 
A.Porrino, Phys.Rev. C73,
034502 (2006)
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experimental values of energies and B(M1) values for the first 1+ state which is,
according to experimentalists, interpreted as the scissor state

two-rotor model estimation  ( N. Lo Iudice, A. Richter, Phys. Lett. B304, 193  (1993) ) :
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exp. data:

P. Von Brentano, et al., Prog.
Part. Nucl. Phys. 46, 197 (2001)

K. Heyde, P. von Neumann Cosel,
A. Richter, Rev. Mod. Phys. 82,

2365 (2010)

R.W. Fearick, et al.,  Nucl. Phys.
A 727, 41 (2003)



Comparison of M1 strength functions  calculated with different
Skyrme parametrizations with experimental values.

experimental values from:

Ca - S.K.Nanda, et al., 
PRC 29, 660 (1984))

Pb – R.M.Laszewski, et al.,
PRL 61, 1710 (1988)

Gd+U – P.Sarriguren, et al.,
PRC 54, 690 (1996)

none of used parametrizations
describes M1 strength for all
investigated nuclei

V.O. Nesterenko, J.Kvasil, P.Vesely, W. Kleinig,
P.-G. Reinhard, Yu. Pononarev, J. Phys. G:
Nucl. Part. Phys. 37, 064034 (2010)
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reaction (S-DALINAC, Germany))
(Duke University, USA)

),( γγ ′

large-scale shell model calculation
A.Poves et al., Nucl.Phys. A 694, 157 (2001)

the complex multi-phonon components are not
involved in the Skyrme QRPA approach while they
are contained in the shell model  

the peak at E=2.72 MeV (Skyrme QRPA) and
E=3.3 MeV (shell model) corresponds to the exp.
peak at E=3.6 MeV and corresponding 1+ state
has dominant orbital part (scissor character)

H.Pai, et al.,
PRC 93, 014318 (2016)

experiment



giant quadrupole resonance

E2



giant quadrupole resonance
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opposite to             case GQR is experimentally observed also
for isoscalar case 
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0

proton (T = p) E2 strength function for spherical 142Nd and 
deformed 150Nd

deformation splitting
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conclusions and perspectives



concluding remarks

standard Skyrme BCS+RPA was used for the demonstration of the quality of
the description of Giant resonances; the complex configuration approach was
demonstrated by the EMPM method used for GDR in the light 16O 

comparison  with  corresponding  exp.  data  is  qualitatively  good;    better
agreement requires to go beyond the RPA approach – generator coordinate
method  or  shell  model  approach

in order  to test  different  theoretical  approaches to a nuclear structure the 
more  experimental  data  on  level  spectra,  giant  resonances,  transitional 
probabilities  and  other  properties are necessary

since  the extraction  of  exp. data  about  nuclear  structure  from  concrete 
experiments using  different  processes  (nuclear reactions)  is dependent on 
theoretical  mechanism  of  given  process  ( extraction of  nuclear  structure 
data  from  experiments  is  usually  model  dependent ), it  is  necessary  to 
improve  theoretical description of these processes 



perspectives
theoretical models of nuclear structure:

mean field approaches:HFB+RPA+beyond RPA, based on the effective
nucleon - nucleon interaction or energy functionals (Skyrme interaction,
Gogny interaction, relativistic interaction),
beyond RPA – generator coordinate method:

T.R. Rodrigues, J.L. Egido, Phys. Rev. C81, 064323 (2010)
Triaxial angular momentum projection and configuration mixing
calculations with the Gogny force

large scale shell model
no core shell models: 
ab initio approaches – starting  with  bare  nucleon-nucleon  interaction 
( with nowadays computers only light nuclei can be analyzed): 

B.R. Barrett, P. Navratil, J.P. Vary, Progress in Particle and
nuclear physics 69, 131 (2013)
Ab initio no core shell model

Dytrych T.,  Sviratcheva K.D., Bahri K.D., Draayer J.R., Phys. 
Rev. Lett. 98, 1620503 (2005)



core shell models :  inert even-even core (reduction of the configuration 
space to valence nucleons)

Tsunoda Y., Otsuka T., Shimizu N., Honna M., Utsuno Y., 
Phys. Rev. C89, 032 (2014)

Caurier A.P., Martines-Pinedo G., Nowacki F., Poves
A., Zuker A.P.,   Rev. Mod. Phys. 77, 427 (2005)
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beyond RPA



As an example of the beyond RPA description of giant resonances –

Equation of motion multi-phonon method 

De Gregorio G., Knapp F., Lo Iudice N., Vesely P.,  PRC 93,  044314   (2016)
Andreozzi F., Knapp F., Lo Iudice N., Porrino A., Kvasil J., PRC 78, 054308

(2008)

2-nd step: Tamm-Dancoff phonons (TDP),                                       are obtained by 
the  diagonalization of the 1p-1h block: 
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3-d step:n – TDP basis is obtained by the action of TDA phonons
on all n-1 phonon states:

amplitudes          are obtained  by the diagonalization of
the block spanned by basis states 
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4-th step: construction and diagonalization of the total nucleus Hamiltonian
matrix                 final spectrum: ∑∑
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