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“χ2” 
	  here	  is	  a	  placeholder	  name	  for	  many	  kinds	  of	  

blind	  staIsIcal	  tests	  of	  goodness	  of	  fit	  



Scary	  thought:	  	  	  
	  

At	  this	  8me,	  the	  vo8ng	  is	  star8ng	  in	  
the	  US	  !	  



	  
Super-‐precise	  

data	  can	  mislead	  

Now	  look	  at	  χ2	  

Assume	  Theor	  Uncert	  =	  	  10	  keV	   800	  	  	  	  	  	  	  	  	  	  	  	  	  0.01	  	  	  	  	  

TESTING	  	  
	  

THEORIES	  
	  

Which	  theory	  beMer?	  

Need	  Theore8cal	  
Uncertain8es	  



EvaluaIng	  theories	  with	  equal	  discrepancies	  

Theore8cal	  uncertain8es:	  	  Yrast:	  	  Few	  keV	  ;	  	  Vibra8ons	  	  ~	  100	  keV	  

χ2	  	  	  	  	  	  	  ~1000	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  1	  

Theore8cal	  
uncertain8es	  

are	  
observable-‐
dependent	  



How	  to	  esImate	  theoreIcal	  uncertainIes	  
	  
	  

Micro	  models	  (interac8ng	  SM,	  RPA,	  DFT,	  Ab	  ini8o,….):	  
	  

Model	  -‐-‐-‐-‐-‐-‐-‐	  Space	  -‐-‐-‐-‐-‐-‐-‐	  Interac8on	  	  -‐-‐-‐-‐-‐-‐-‐	  computa8on	  

	  

Phenomenological	  models:	  
	  

H	  =	  aOp1	  +	  bOp2	  +	  cOp3	  …..	  	  	  	  	  	  	  	  	  	  	  	  	  	  
Fit	  to	  data.	  	  Ambigui8es	  in	  fi^ng:	  	  choices	  of	  observables	  

Analy8c	  models	  (Alaga	  rules,	  rota8onal	  energies,	  AHV,	  …):	  
	  

Difficult:	  	  At	  least	  go	  by	  range	  of	  historical	  agreement	  
	  

Fine	  for	  comprehensive	  studies,	  but	  a	  
challenge	  for	  single	  calcula8ons	  (many!!)	  

	  	  	  J.	  Phys.	  G:	  Nucl.	  Part.	  Phys.	  42,030301	  (2015).	  
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6	

26O	  
26O	  measurement	  of	  first	  2+	  state	  energy	  –	  	  

Comparison	  with	  theories	  
	  Kondo	  et	  al,	  PRL	  116,	  102503	  (2016)	  



E.	  A.	  Coello	  Perez	  and	  T.	  Papenbrock,	  preprint,	  2015	  



“Thus,	  the	  claim	  that	  tradiIonal	  vibraIonal	  models	  do	  not	  describe	  the	  exisIng	  data	  is	  
hard	  to	  quanIfy	  in	  the	  absence	  of	  theoreIcal	  uncertainIes.”	  

Phonon-‐changing	  B(E2)	  values	  in	  vibraIonal	  nuclei	  Ni	  to	  Te	  
	  

(Cd	  values	  in	  blue	  rectangular	  boxes)	  
EffecIve	  field	  theory	  for	  nuclear	  vibraIons	  with	  quanIfied	  uncertainIes	  

E.	  A.	  Coello	  Perez	  and	  T.	  Papenbrock,	  preprint,	  2015	  



How	  to	  esImate	  theoreIcal	  uncertainIes	  
	  
	  

Micro	  models	  (interac8ng	  SM,	  RPA,	  DFT,	  Ab	  ini8o,….):	  
	  

Model	  -‐-‐-‐-‐-‐-‐-‐	  Space	  -‐-‐-‐-‐-‐-‐-‐	  Interac8on	  	  -‐-‐-‐-‐-‐-‐-‐	  computa8on	  

Phenomenogical	  models:	  
	  

H	  =	  aOp1	  +	  bOp2	  +	  cOp3	  …..	  	  	  	  	  	  	  	  	  	  	  	  	  	  
Fit	  to	  data.	  	  Ambigui8es	  in	  fi^ng:	  	  choices	  of	  observables	  

Analy8c	  models	  (Alaga	  rules,	  rota8onal	  energies,	  AHV,	  …):	  
	  

Difficult:	  	  At	  least	  go	  by	  range	  of	  historical	  agreement	  
	  



The Evolution of Structure 
Two key observables, E(2+

1), R42 



= 2.9 R4/2	  

Structural	  triangle	  for	  collec8ve	  behavior	  	  
(based	  on	  the	  IBM	  but	  similar	  for	  GCM)	  

What	  does	  an	  observable	  tell	  us?	  	  Consider	  R4/2	  	  
	  R4/2	  =	  2.0	  (harm.	  vib);	  	  	  =	  3.33	  (Ax.	  Rotor);	  	  	  =	  2.5	  (Gamma-‐soo	  rotor)	  

En8re	  family	  of	  
structures	  

R42	  not	  enough	  



The	  symmetry	  triangle	  of	  the	  IBM	  

UncertainIes	  in	  
phenomenological	  models.	  

	  
Regions	  of	  parameter	  

acceptability	  
	  



Current	  0νββ	  predicIons	  J. Phys. G: Nucl. Part. Phys. 39 (2012) 124002 P Vogel
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Figure 9. Dimensionless 0νββ nuclear matrix elements for selected nuclei evaluated using a
variety of indicated methods. For references see text.

The nuclear shell model (NSM) is, in principle, the method that seems to be well suited for
this task. In it, the valence space consists of just few single particle states near the Fermi level
(usually one main shell). With interaction that is based on the realistic nucleon–nucleon force,
but renormalized slightly to describe better masses, energies and transitions in real nuclei, all
possible configurations of the valence nucleons are included in the calculation. The resulting
states have not only the correct number of protons and neutrons, but also all relevant quantum
numbers (angular momentum, isospin, etc). For most nuclei of interest (48Ca is an exception)
the valence space, however, does not include enough states to fulfil the Ikeda sum rule (see
equation (10)), hence full description of the β strength functions Sβ± is not possible. However,
NSM is well tested, since it is capable to describe quite well the spectroscopy of low lying
states in both initial and final nuclei. In the following figures 9–11 the NSM results are denoted
by the blue squares.

The 2νββ decay matrix elements M2ν for several nuclei in table 1 are reasonably well
described in the NSM, see [44] (100Mo being a notable exception). However, to achieve
this task, it was necessary to apply quenching factors that, for nuclei heavier than 48Ca,
are considerably smaller than in the lighter nuclei where the valence space contains the full
oscillator shell. Note that no quenching is applied to the results shown in figures 9–11. I will
describe the issue of quenching of the weak nucleon current operators in section 9.

The QRPA and its renormalized version (RQRPA) is another method often used in the
evaluation of M0ν . In it, the valence space is not restricted and contains at least two full oscillator
shells, often more than that. On the other hand, only selected simple configurations of the
valence nucleons are used. The basis states have broken symmetries in which particle numbers,
isospin, and possibly angular momentum are not good quantum numbers but conserved only
on average. After the equations of motion are solved, some of the symmetries are partially
restored. The RQRPA partially restores the Pauli principle violation in the resulting states.

The procedure consist of several steps. In the first one the like particle pairing interaction
is taken into account, using the BCS procedure. Then, the neutron–proton interaction is used
in the equations of motion, resulting in states that contain two quasiparticle and two quasihole
configurations and their iterations. Usually, the realistic G-matrix based interaction is used, but

17

“There	  is	  generally	  significant	  varia2on	  among	  different	  calcula2ons	  of	  the	  nuclear	  matrix	  
elements	  for	  a	  given	  isotope.	  For	  considera2on	  of	  future	  experiments	  and	  their	  projected	  
sensi2vity	  it	  would	  be	  very	  desirable	  to	  reduce	  the	  uncertainty	  in	  these	  nuclear	  matrix	  
elements.”	  	  	  (Neutrinoless	  Double	  Beta	  Decay	  NSAC	  Report	  2014)	  

W. Nazarewicz, INPC 2016 

Figure	  courtesy	  of	  Witek	  Nazarewicz	  



	  
Not	  all	  observables	  equally	  important;	  

many	  mul8ply-‐test	  same	  physics	  

What	  are	  the	  key	  observables	  for	  tes8ng	  collec8ve	  models?	  

8+	   5+	  

6+	  
7+	  

10+	  

4+	  

6+	  

Rel.	  Rel.	  
Rel.	  Abs.	  

Rota8onal	  
spacings	  

Staggering:	  

γ	  sokness	  
Vibra8onal
bandhead	  
energies	  

Band	  mixing	  

Collec8vity	  
Example:	  	  Including	  many	  
rota8onal	  levels	  in	  a	  χ2	  	  test	  
can	  overweight	  that	  physics.	  



Parameters	  
	  	  InterpreIng	  this	  level	  scheme	  with	  bandmixing	  

How	  many	  parameters?	  

One	  of	  many	  examples:	  
	  

Three	  quasi	  bands,	  say,	  in	  
a	  transi8onal	  nucleus,	  with	  
R42	  values	  from	  2.8-‐	  3.2.	  	  	  



Beware	  of	  mul8	  -‐	  (oken	  hidden)	  
parameter	  predic8ons	  

β

To	  	  fit	  quasi-‐bands,	  
need	  to	  start	  with	  
quasi	  bands,	  with	  
energies	  adjusted	  
to	  fit	  final	  states:	  
4gr,	  3γ,	  4γ,	  23,	  43	  

15	  	  
in	  all	  



Dealing	  with	  mul8-‐
parameter	  models	  

	  
Set	  of	  very	  similar	  
Ba	  level	  schemes	  

	  
Fit	  with	  Geometric	  
Collec8ve	  model	  
with	  parametrized	  

Hamiltonian	  
	  





Cau8on:	  	  Mul8-‐paraameter	  models	  can	  have	  mul8ple	  minima	  

Geometric	  CollecIve	  Model	  CalculaIons	  in	  the	  
Ba	  isotopes	  



Alaga	  works	  
surprisingly	  well.	  

	  

PDS	  (Ami’s	  talk:	  	  takes	  
into	  account	  finite	  
valence	  nucleon	  

number)	  always	  closer	  
to	  data	  than	  Alaga.	  	  But	  
doesn’t	  go	  far	  enough.	  

	  

Bandmixing	  accounts	  
extremely	  well	  for	  the	  

data.	  
	  

	  	  Parameters:	  	  	  	  0	  	  	  	  	  	  	  	  	  	  1	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  0	  

168Er	  rela8ve	  γ to	  ground	  band	  B(E2)s	  
Which	  model	  is	  berer?	  



Main	  points	  
	  
•  Sta8s8cal	  tests	  	  can	  be	  extremely	  useful	  but	  also	  

dangerous	  if	  conducted	  blindly	  

•  Don’t	  inadvertently	  overweight	  super-‐precise	  data	  	  

•  Include	  theore8cal	  uncertain8es	  	  	  

•  Focus	  on	  key	  observables	  	  
	  

•  Don’t	  overweight	  mul8ple	  observables	  tes8ng	  the	  
same	  physics	  

•  Count	  parameters	  (including	  hidden	  ones)	  

	  
	  



BACKUPS	  
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Value of paradigms 



Structural evolution: Look at data from   

different perspectives 



Time out – warning:  

BEWARE OF FALSE CORRELATIONS! 
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An	  important	  example:	  different	  perspec8ves!	  

Onset	  of	  deforma8on	   Onset	  of	  deforma8on	  	  
as	  a	  

	  quantum	  phase	  transi8on	  
mediated	  by	  a	  	  

change	  in	  proton	  shell	  structure	  
driven	  by	  	  

the	  p-‐n	  interac6on	  	  

mid-‐sh.	  

magic	  



The	  NpNn	  scheme:	  	  InterpolaIon	  vs.	  ExtrapolaIon	  

142Xe  (54,88) ? 

Np Np  = 4 x 6 =24 

 

•                156Te (52, 104)     156Gd (64, 92)    184Pt (78, 106).   
•  NpNn  :     2x22 = 44        14x10 = 140          4x20 = 80     



EsImaIon	  by	  interpolaIon	  

Known	  

NpNn	  Plots	  


