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Energy
Temperature
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Matter dominatedRadiation dominated
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Radiation dominated Matter dominated

γ are in thermal equilibrium 
with electromagnetically 

charged species :
 nγ =3/4 nfermions

ρn

Treheating:
Γφ =3H(Tr)
Tr=0.7Γφ^0.5

10^-5 s
1 GeV
3 10^12K

ρp

1 second
1 MeV
3 10^9 K

The neutron being heavier than the 
proton, it freezes out with a more 

suppressed boltzmann factor,
Exp(mp-mn/kT) =0.15-0.20

200 MeV

Large increase of the Entropy due to 
the decay of the φ field into photons 

and electrons: Radiation dominated era

ρ

Decay of φ
 (Moduli, Dilaton, Inflaton)

10 -10^7 sec  
1 MeV - 1 keV
3 10^9 K -3 10^6 K
1 yr= 3 10^7 s
t(s)=10^13/E^2(eV)
T(K)=3 10^3 E(eV)
H(T)=5.5 T^2/Mpl

1-3 minutes
0.3 MeV
10^9 K

C12He4

Decoupling : the temperature is not 
sufficient anymore to destroy the 
formation of neutral atoms : the γ 
are free to propagates to form the 

CMB

Temperature is below the binding 
energy (entropy renormalized) of 

the deuteron beginning of the 
Nucleosynthesis

Transition quarks/hadron

Γφ

Exponential suppression from 
Boltzman factor Exp(-m/kT)

Dark Matter

Expansion rate H dominates decay 
rates of φ . Definition of the 

reheating temperature (minimum 2 
MeV up to GUT scale)
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Fields of interest
The meaning of equilibrium

�i!f = ni(T )h�vii!f = H(T )

Relativistic Thermodynamics

Particle Physics

Universe in expansion
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1) Warm-up: thermodynamics
Book, chapter 2



from the last reaction, one can immediately deduce that the chemical potential of photon
is null (3µ� = 2µ�) and that the chemical potential of positron and electrons are opposite
(µe� = �µe+). Moreover, from the very tiny ratio of the baryon to photon ratio of today
(nB/n� ' 7 ⇥ 10�10), one can deduce that µe� = µe+ . The two preceding hypothesis imply
that µe� = µe+ = 0 and one can describe the primordial plasma as a group of bosonic and
fermionic population at temperature T with null chemical potential. In this case, for a
particle A, in a more general context its statistic (homogen) distribution is given by :

fA(~p) =
gA

e(E�µA)/kT ± 1
(2.23)

with E2 = m2c4 + p2c2 and ±1 correspond to fermionic (+) or bosonic (-) statistic. gA is
the spinorial/helicity degree of freedom of the particle A (2 for a fermion, 3 for a massive
vector, 2 for a photon..). The number density nA(T ) and energy density ⇢A(T ) of a specie
A is thus given by :

nA(T ) =
gA

(2⇡)3

Z
fA(~p)d3p =

gA

2⇡2

Z 1

mA

(E2 � m2
A)1/2

e(E�µA)/kT ± 1
EdE

=
gA

2⇡2

Z 1

mA

p2dp

e(
p

p2+m2

A�µA)/kT ± 1
(2.24)

⇢A(T ) =
gA

(2⇡)3

Z
E(~p)f(~p)d3p =

gA

2⇡2

Z 1

mA

(E2 � m2
A)1/2

e(E�µA)/kT ± 1
E2dE

=
gA

2⇡2

Z 1

mA

(
p

p2 + m2
A) p2dp

e(
p

p2+m2

A�µA)/kT ± 1
(2.25)

In the relativistic limit (T � m) and for negligible chemical potential (T � µA) on can have
an analytical expression of 2.25 using the relation

Z 1

0

dx

✓
xn

ex � �

◆
= �(n + 1)⇣(n + 1)y(�) (2.26)

with y(�) = 1 if � = 1 and 1 � 1
2n if � = �1. � is the Euler function (�(z + 1) = z�(z))

and ⇣(s) is the zeta function defined by ⇣(s) =
P1

n=1
1
ns [⇣(0) = �1/2; ⇣(1) = 1; ⇣(2) =

⇡2/6; ⇣(3) ' 1.2; ⇣(4) = ⇡4/90; ..]. Integrating Eq.(2.25) gives

⇢A(T )T�m,µ =
⇡2

30
gAT 4 (bosons)

⇢A(T )T�m,µ =
7

8

⇡2

30
gAT 4 (fermions) (2.27)

nA(T )T�m,µ =
⇣(3)

⇡2
gAT 3 (bosons)

nA(T )T�m,µ =
3

4

⇣(3)

⇡2
gAT 3 (fermions) (2.28)

For non-relativistic species (when the temperature of the plasma approaches the mass of a
particle A), the Boltzmann factor dominates the denominator in Eq.(2.25) so bosonic and
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Energy distribution of a gas of a particle A, 
with chemical potential µA is:
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is null (3µ� = 2µ�) and that the chemical potential of positron and electrons are opposite
(µe� = �µe+). Moreover, from the very tiny ratio of the baryon to photon ratio of today
(nB/n� ' 7 ⇥ 10�10), one can deduce that µe� = µe+ . The two preceding hypothesis imply
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Energy distribution of a gas of a particle A, 
with chemical potential µA is:
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fermionic distribution are identical. Developing (2.24) in expansion of p2/m2
A and usingR 1

0
x2e�ax2

= 1
4

p
⇡
a3

we obtain

nA(T )T⌧mA = gA

✓
mAT

2⇡

◆3/2

e�(mA�µA)/T

⇢A(T )T⌧mA = gAmA

✓
mAT

2⇡

◆3/2

e�(mA�µA)/T (2.29)

One can ask what is the mean energy per particle for non–degenerate relativistic species,
hEi = ⇢

n :

hEiper particle
T�mA

=
⇡4

30⇣(3)
T ' 2.7 T (bosons)

hEiper particle
T�mA

=
7⇡4

180⇣(3)
T ' 3.2 T (fermions) (2.30)

Putting some numbers, one can make an idea of the energy density of a relativistic gas at a
temperature T. For that we need to reintroduce the lost unities and multiply the expression
(2.27) by k4

~3c3 ' 1.15 ⇥ 10�21Jcm�3K�4 for the energy density and (k/~c)3 (remembering
that g� = 2)

⇢�(T ) ' 9 ⇥ 1040 GeVcm�3

✓
T

GeV

◆4

; n�(T ) ' 20

✓
T

K

◆3

' 3.3 ⇥ 1040

✓
T

GeV

◆3

(2.31)

When the particle is non-relativistic, but still having some kinetic energy it is an intermediate
regime. If we develop E =

p
m2 + p2 ' m + p2/2m in the non relativistic limit, integrating

on p and using
R 1

0
x4e�ax2

= 3
23a2

p
⇡
a , we can obtain the kinetic energy of a gaz of non-

relativistic particles :

hEciT⌧mA =
3gA

16

✓
2mAT

⇡

◆3/2

T e�mA/T ) hEciper particle
T⌧mA

=
hEci

nA(T )T⌧mA

=
3

2
T. (2.32)

Gathering the mass and kinetic energy we finally obtain :

hEiper particle
T⌧mA

= m +
3

2
T, (2.33)

which is obviously the same for a boson or a fermion because the exponential suppression
is the dominant contributor to the density and it washes up the spin-statistics di↵erences.
In another word, one can say that, in average, a relativistic particle has only kinetic energy
(by definition) of 2.7 T if it is a boson, or 3.2 T if it is a fermion. On the other hand, if the
particle is non-relativistic, its average kinetic energy is 1.5 T (fermion as boson).

Another possibility (especially if one needs to use analytical approximate solutions) is to
use the Boltzmann distribution instead of the Fermi-Dirac or Bose-Einstein one. Indeed, in
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In the relativistic limit (T � m) and for negligible chemical potential (T � µA) on can have
an analytical expression of 2.25 using the relation
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with y(�) = 1 if � = 1 and 1 � 1
2n if � = �1. � is the Euler function (�(z + 1) = z�(z))

and ⇣(s) is the zeta function defined by ⇣(s) =
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For non-relativistic species (when the temperature of the plasma approaches the mass of a
particle A), the Boltzmann factor dominates the denominator in Eq.(2.25) so bosonic and
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from the last reaction, one can immediately deduce that the chemical potential of photon
is null (3µ� = 2µ�) and that the chemical potential of positron and electrons are opposite
(µe� = �µe+). Moreover, from the very tiny ratio of the baryon to photon ratio of today
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For non-relativistic species (when the temperature of the plasma approaches the mass of a
particle A), the Boltzmann factor dominates the denominator in Eq.(2.25) so bosonic and
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Energy distribution of a gas of a particle A, 
with chemical potential µA is:
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For non-relativistic species (when the temperature of the plasma approaches the mass of a
particle A), the Boltzmann factor dominates the denominator in Eq.(2.25) so bosonic and
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energy density

number density

fermionic distribution are identical. Developing (2.24) in expansion of p2/m2
A and usingR 1

0
x2e�ax2

= 1
4

p
⇡
a3

we obtain
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One can ask what is the mean energy per particle for non–degenerate relativistic species,
hEi = ⇢

n :

hEiper particle
T�mA

=
⇡4

30⇣(3)
T ' 2.7 T (bosons)

hEiper particle
T�mA

=
7⇡4

180⇣(3)
T ' 3.2 T (fermions) (2.30)

Putting some numbers, one can make an idea of the energy density of a relativistic gas at a
temperature T. For that we need to reintroduce the lost unities and multiply the expression
(2.27) by k4

~3c3 ' 1.15 ⇥ 10�21Jcm�3K�4 for the energy density and (k/~c)3 (remembering
that g� = 2)

⇢�(T ) ' 9 ⇥ 1040 GeVcm�3

✓
T

GeV

◆4

; n�(T ) ' 20

✓
T

K

◆3

' 3.3 ⇥ 1040

✓
T

GeV

◆3

(2.31)

When the particle is non-relativistic, but still having some kinetic energy it is an intermediate
regime. If we develop E =

p
m2 + p2 ' m + p2/2m in the non relativistic limit, integrating

on p and using
R 1

0
x4e�ax2

= 3
23a2

p
⇡
a , we can obtain the kinetic energy of a gaz of non-

relativistic particles :

hEciT⌧mA =
3gA

16

✓
2mAT

⇡

◆3/2

T e�mA/T ) hEciper particle
T⌧mA

=
hEci

nA(T )T⌧mA

=
3

2
T. (2.32)

Gathering the mass and kinetic energy we finally obtain :

hEiper particle
T⌧mA

= m +
3

2
T, (2.33)

which is obviously the same for a boson or a fermion because the exponential suppression
is the dominant contributor to the density and it washes up the spin-statistics di↵erences.
In another word, one can say that, in average, a relativistic particle has only kinetic energy
(by definition) of 2.7 T if it is a boson, or 3.2 T if it is a fermion. On the other hand, if the
particle is non-relativistic, its average kinetic energy is 1.5 T (fermion as boson).

Another possibility (especially if one needs to use analytical approximate solutions) is to
use the Boltzmann distribution instead of the Fermi-Dirac or Bose-Einstein one. Indeed, in
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from the last reaction, one can immediately deduce that the chemical potential of photon
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In the relativistic limit (T � m) and for negligible chemical potential (T � µA) on can have
an analytical expression of 2.25 using the relation
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For non-relativistic species (when the temperature of the plasma approaches the mass of a
particle A), the Boltzmann factor dominates the denominator in Eq.(2.25) so bosonic and
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fermionic distribution are identical. Developing (2.24) in expansion of p2/m2
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Putting some numbers, one can make an idea of the energy density of a relativistic gas at a
temperature T. For that we need to reintroduce the lost unities and multiply the expression
(2.27) by k4
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When the particle is non-relativistic, but still having some kinetic energy it is an intermediate
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p
m2 + p2 ' m + p2/2m in the non relativistic limit, integrating

on p and using
R 1

0
x4e�ax2

= 3
23a2

p
⇡
a , we can obtain the kinetic energy of a gaz of non-

relativistic particles :

hEciT⌧mA =
3gA

16

✓
2mAT

⇡

◆3/2

T e�mA/T ) hEciper particle
T⌧mA

=
hEci

nA(T )T⌧mA

=
3

2
T. (2.32)

Gathering the mass and kinetic energy we finally obtain :
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which is obviously the same for a boson or a fermion because the exponential suppression
is the dominant contributor to the density and it washes up the spin-statistics di↵erences.
In another word, one can say that, in average, a relativistic particle has only kinetic energy
(by definition) of 2.7 T if it is a boson, or 3.2 T if it is a fermion. On the other hand, if the
particle is non-relativistic, its average kinetic energy is 1.5 T (fermion as boson).

Another possibility (especially if one needs to use analytical approximate solutions) is to
use the Boltzmann distribution instead of the Fermi-Dirac or Bose-Einstein one. Indeed, in
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2 remarks

For a Boltzmann distribution:

regimes where T ⌧ E, µA, fA(~p) ' gAe� E
T = fBoltzmann. In this case, a look at Eq.(B.30)

gave us

nBoltzmann
A = gA

Z
d3p

(2⇡)3
e� E

T = gA
m2

AT

2⇡2
K2

⇣mA

T

⌘
(2.34)

K2(x) being the modified Bessel function of second order. In fact, we can show that this
expression is still valid at the order of 20 % to 25% for T � E. Indeed, comparing Eq.(2.28)
and Eq.(2.34), a 100 GeV majorana dark matter (gA = 2) at a temperature of 1 000 TeV has
a density of 2.4⇥1023 GeV3 whereas the Boltzmann approximation (2.34) gives 2.⇥1023 GeV3

Degrees of freedom : computation of g(T)

So far we have considered plasma of specific species. The primordial plasma is a mix be-
tween di↵erent kind of particles, some are relativistic, some no. However, since the energy
density of relativistic species is much greater than that of non relativistic species (Boltzmann
suppressed), it su�ces to include the relativistic species only8. The energy density can thus
can be written

⇢(T ) =
⇡2

30
T 4

X

i=all species

30

⇡2

✓
Ti

T

◆4 gi

2⇡2

Z 1
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(✏2 � x2
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1/2✏2d✏

e✏�µi/T ± 1
= g⇢(T )

⇡2

30
T 4 (2.35)

with xi = mi/T and

g⇢(T ) =
30

⇡2

X

i=all species

gi

2⇡2

✓Z 1

xi

(✏2 � x2
i )

1/2✏2d✏

e✏�µi/T ± 1

◆ ✓
Ti

T

◆4

(2.36)

which gives with a pretty good approximation, approximating the Boltzmann factor as a
step function:

g⇢(T ) '
X

b=bosons

gb

✓
Tb

T

◆4

+
7

8

X

f=fermions

gf

✓
Tf

T

◆4

(2.37)

The relative factor of 7/8 account for the di↵erence in Fermi and Bose statistics. The
individual temperatures Tb and Tf are equal to the photon temperature of the bath (T� = T )
as soon as they are relativistic in equilibrium in the bath. One can interpret g⇢ as being
the degree of freedom of a gas made only of relativistic bosons of degree 1. The degrees of
freedom of all the other relativistic species are integrated in geff . As an example we can
compute the total degree of freedom of a gas in the SU(3) ⇥ SU(2) ⇥ U(1) standard model.
The contents is : 6 dirac (4) quarks colored (3) [6 ⇥ 4 ⇥ 3] plus 3 dirac (4) leptons [3 ⇥ 4]
plus 3 majorana (2) neutrino [3 ⇥ 2] plus 3 massive (3) vecor fields Z0 W± [3 ⇥ 3] nine non
massive vector fields (2) (1 photon and 8 gluon) [9 ⇥ 2] and finally one rela scalar (1) Higgs
field [1] which gives

8This is true in the early universe, but not at a later times when eventually the rest masses of the particles
left over from annihilation begin to dominate and we enter a matter-dominated era, see section (2.3.7)
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individual temperatures Tb and Tf are equal to the photon temperature of the bath (T� = T )
as soon as they are relativistic in equilibrium in the bath. One can interpret g⇢ as being
the degree of freedom of a gas made only of relativistic bosons of degree 1. The degrees of
freedom of all the other relativistic species are integrated in geff . As an example we can
compute the total degree of freedom of a gas in the SU(3) ⇥ SU(2) ⇥ U(1) standard model.
The contents is : 6 dirac (4) quarks colored (3) [6 ⇥ 4 ⇥ 3] plus 3 dirac (4) leptons [3 ⇥ 4]
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B.5.3 Modified Bessel Function of the 2nd kind Kn(z)

Definition, propriety

z2K 00
n(z) + zK 0

n(z) � (z2 + n2)Kn(z) = 0
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p
⇡zn

2n�(n + 1
2
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)(2z)n
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cos tdt
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n
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K0(z) ⇠ � log z (B.37)
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Degrees of freedom
The primordial plasma is a sum of different species. However, one 

keeps « T » as the definition of the photon temperature 
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Figure 2.5: E↵ective degree of freedom of the primordial plasma as function of the temperature

gSM
⇢ = (3 ⇥ 3 + 9 ⇥ 2 + 1) +
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(6 ⇥ 4 ⇥ 3 + 3 ⇥ 4 + 3 ⇥ 2) = 106.75 (2.38)

If one add a dirac dark matter candidate, gSM+DM
⇢ = gSM

⇢ + 7
8
⇥4 = 110.25. We represent in

fig.2.5 the evolution of the degree of freedom as function of the temperature. We observed
that the degree of freedom decrease especially at around 200 MeV where the quark/hadrons
transition absorbs the up-type, down-type and gluonic degrees of freedom to form the first
nucleus (see the Big Bang Nucleosynthesis section for more details) passing from 61.75 to
10.75. below 511 keV, we enter in a zone where the neutrino decoupling plays a role (see the
corresponding section for more details).
We can compute the value of g⇢ nowadays, noticing that, a priori the 2 relativistic species
still living in the bath are the photon and the neutrino, even if the neutrino has a lower
temperature T⌫ than the photon due to the entropy given by the electron to the photon
when they decoupled (see section 5.6) T⌫ = (4/11)1/3T� = (4/11)1/3 ⇥ 2.725 ⇡ 1.95 K.
What is left is thus 3 families of neutrino (fermions) with 2 degrees of freedom (SU(2)) and a
temperature T⌫ = 1.95 K and a photon (boson) with 2 degrees of freedom and a temperature
T� = T0 = 2.725 K. Thus we can write Eq.(2.37)
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K2(x) being the modified Bessel function of second order. In fact, we can show that this
expression is still valid at the order of 20 % to 25% for T � E. Indeed, comparing Eq.(2.28)
and Eq.(2.34), a 100 GeV majorana dark matter (gA = 2) at a temperature of 1 000 TeV has
a density of 2.4⇥1023 GeV3 whereas the Boltzmann approximation (2.34) gives 2.⇥1023 GeV3

Degrees of freedom : computation of g(T)

So far we have considered plasma of specific species. The primordial plasma is a mix be-
tween di↵erent kind of particles, some are relativistic, some no. However, since the energy
density of relativistic species is much greater than that of non relativistic species (Boltzmann
suppressed), it su�ces to include the relativistic species only8. The energy density can thus
can be written
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which gives with a pretty good approximation, approximating the Boltzmann factor as a
step function:
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The relative factor of 7/8 account for the di↵erence in Fermi and Bose statistics. The
individual temperatures Tb and Tf are equal to the photon temperature of the bath (T� = T )
as soon as they are relativistic in equilibrium in the bath. One can interpret g⇢ as being
the degree of freedom of a gas made only of relativistic bosons of degree 1. The degrees of
freedom of all the other relativistic species are integrated in geff . As an example we can
compute the total degree of freedom of a gas in the SU(3) ⇥ SU(2) ⇥ U(1) standard model.
The contents is : 6 dirac (4) quarks colored (3) [6 ⇥ 4 ⇥ 3] plus 3 dirac (4) leptons [3 ⇥ 4]
plus 3 majorana (2) neutrino [3 ⇥ 2] plus 3 massive (3) vecor fields Z0 W± [3 ⇥ 3] nine non
massive vector fields (2) (1 photon and 8 gluon) [9 ⇥ 2] and finally one rela scalar (1) Higgs
field [1] which gives

8This is true in the early universe, but not at a later times when eventually the rest masses of the particles
left over from annihilation begin to dominate and we enter a matter-dominated era, see section (2.3.7)
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Figure 2.5: E↵ective degree of freedom of the primordial plasma as function of the temperature
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If one add a dirac dark matter candidate, gSM+DM
⇢ = gSM

⇢ + 7
8
⇥4 = 110.25. We represent in

fig.2.5 the evolution of the degree of freedom as function of the temperature. We observed
that the degree of freedom decrease especially at around 200 MeV where the quark/hadrons
transition absorbs the up-type, down-type and gluonic degrees of freedom to form the first
nucleus (see the Big Bang Nucleosynthesis section for more details) passing from 61.75 to
10.75. below 511 keV, we enter in a zone where the neutrino decoupling plays a role (see the
corresponding section for more details).
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In thermal equilibrium, the temperatures Tb 
and Tf are equal to the photon temperature 

of the bath Tγ=T. We obtain :

and

ntoday
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2⇣(3)

⇡2
T 3 = 394 cm�3 (2.41)

QCD (quark–hadrons) phase transition

Before the strange quark had time to annihilate, something else happens: matter undergoes
the QCD phase transition ()also called quark-hadron transition). This takes place at T ⇠ 150
MeV. While quarks are asymptotically free (i.e. weakly interacting) at high energies, below
150 MeV, the strong interactions between the quarks and the gluons become important.
The quarks and gluons then form bound three-quark systems, called baryons, and quark-
antiquark pairs, called mesons We should treat these as our new degrees of freedom9.

The lightest baryons are the proton and the neutron. The lightest mesons are the pions
⇡±, ⇡0. Baryons are fermions mesons are bosons. There are many di↵erent species of baryons
and mesons, but all except the pions are non relativistic below the temperature of the QCD
phase transition. Thus, the only particle species left in large number are the puions, electrons,
muons, neutrinos and the photons. The three pions (spin 0) corresponds to g = 3 internal
degrees of freedom. We therefore get g⇢ = 2 + 3 + 7

8
⇥ (4 + 4 + 6) = 17.25. Soon after the

QCD phase transition, the pions and muons annihilate and g⇢ = 17.25 � 3 � 7
8

⇥ 4 = 10.75.
Next electrons and positrons annihilate (see section 5.6).

A little history of g⇢(T ): summary

As a summary, we can give in the table 2.2.5 the di↵erent values of g⇢(T ) after the annihila-
tion is over assuming the next annihilation would not have begun yet. In reality they overlap
in many cases. The temperature on the left is the approximate mass of the particle in ques-
tion and indicates roughly when the annihilation begins. The temperature is much smaller
when the annihilation ends. Therefore top annihilation is placed after the electroweak tran-
sition. The top quark receives its mass in the electroweak transition, so annihilation only
begins after the transition.

The entropy

To compute the entropy of the Universe, one needs to remember the second law of thermo-
dynamics. The first law was used to compute the relation between pressure and volume in
the section (B.4.1) in the case of adiabatic transformations. The second principle of thermo-
dynamics establishes the link between entropy, pressure, temperature and internal energy.
It can be written

TdS = dU + PdV = �Q (2.42)

where dS is the variation of entropy at a temperature T under a pressure P , corresponding
to an exchange of heat �Q. If one define ⇢ as the energy density (U = ⇢V ) and s the density
of entropy (S = sV ) , one obtains

9The assumption of a weakly interacting gas of particles still holds for the baryons and the mesons, but
not for the individual quarks and gluons.
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Table 2.2: History of g⇢(T ).

T particles g⇢(T )
200 GeV all present 106.75
100 GeV Electroweak transition (no e↵ect)

< 170 GeV top annihilation 96.25
< 80 GeV W±, Z0, H0 86.25
< 4 GeV bottom 75.75
< 1 GeV charm, ⌧� 61.75

< 150 MeV QCD transition 17.25
< 100 MeV ⇡±, ⇡0, µ� 10.75
< 500 keV e� annihilation (7.25) 2 + 5.25(4/11)4/3 = 3.36

d⇢ � Tds = (Ts � ⇢ � P )
dV

V
. (2.43)

In equilibrium, the entropy density, energy density and pressure are intensive quantities that
can be written as functions only of the temperature ⇢(T ), s(T ), P (T ), so that d⇢�Tds / dT .
The coe�cients in front of dT and dV are then independent and must vanish separately
because one is intensive (indpendant of volume) and the other one is extensive (depends on
the size of the system). This relates the entropy density to the energy density and pressure

s =
⇢ + P

T
(2.44)

using (2.27) and (2.11) one has

s =
2⇡2
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(2.46)

Except in the case where the decoupling of some particles transfers its entropy to the photon
and not to other relativistic particles like neutrinos which have already decoupled from
the bath (case of the decoupling of the electrons/positrons), all particles have the same
temperature and we can reasonably approximate gs ' g⇢.
One can also notice that s� ' 3.6 n�, and constant entropy impose s / 1/R. Then ,
working with comoving frame densities (Yi = ni/s = ni ⇥ R3) is equivalent to working with
particle/photon ratio density Yi ' ni/n�.
As in the case of the density energy degrees of freedom, one can compute the entropy e↵ective
degree of freedom today, di↵erent from g⇢ as the decoupling of the neutrino has created a
di↵erence between the neutrino and photon temperature (see section 5.6). On obtain10

10The fact of taking into account three species of neutrino, even if it is probable from the measurement of
�matm and �msol that some are non-relativistic nowadays comes from the fact that, once decoupled, the
massive neutrinos still follows a classical relativistic distribution function (see section 2.2.6 for more details)

38

Table 2.2: History of g⇢(T ).

T particles g⇢(T )
200 GeV all present 106.75
100 GeV Electroweak transition (no e↵ect)

< 170 GeV top annihilation 96.25
< 80 GeV W±, Z0, H0 86.25
< 4 GeV bottom 75.75
< 1 GeV charm, ⌧� 61.75

< 150 MeV QCD transition 17.25
< 100 MeV ⇡±, ⇡0, µ� 10.75
< 500 keV e� annihilation (7.25) 2 + 5.25(4/11)4/3 = 3.36

d⇢ � Tds = (Ts � ⇢ � P )
dV

V
. (2.43)

In equilibrium, the entropy density, energy density and pressure are intensive quantities that
can be written as functions only of the temperature ⇢(T ), s(T ), P (T ), so that d⇢�Tds / dT .
The coe�cients in front of dT and dV are then independent and must vanish separately
because one is intensive (indpendant of volume) and the other one is extensive (depends on
the size of the system). This relates the entropy density to the energy density and pressure

s =
⇢ + P

T
(2.44)

using (2.27) and (2.11) one has

s =
2⇡2

45
gsT

3 (2.45)

gs =
X

b=bosons

gb

✓
Tb

T

◆3

+
7

8

X

f=fermions

✓
Tf

T

◆3

(2.46)

Except in the case where the decoupling of some particles transfers its entropy to the photon
and not to other relativistic particles like neutrinos which have already decoupled from
the bath (case of the decoupling of the electrons/positrons), all particles have the same
temperature and we can reasonably approximate gs ' g⇢.
One can also notice that s� ' 3.6 n�, and constant entropy impose s / 1/R. Then ,
working with comoving frame densities (Yi = ni/s = ni ⇥ R3) is equivalent to working with
particle/photon ratio density Yi ' ni/n�.
As in the case of the density energy degrees of freedom, one can compute the entropy e↵ective
degree of freedom today, di↵erent from g⇢ as the decoupling of the neutrino has created a
di↵erence between the neutrino and photon temperature (see section 5.6). On obtain10
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Except in the case where the decoupling of some particles transfers its entropy to the photon
and not to other relativistic particles like neutrinos which have already decoupled from
the bath (case of the decoupling of the electrons/positrons), all particles have the same
temperature and we can reasonably approximate gs ' g⇢.
One can also notice that s� ' 3.6 n�, and constant entropy impose s / 1/R. Then ,
working with comoving frame densities (Yi = ni/s = ni ⇥ R3) is equivalent to working with
particle/photon ratio density Yi ' ni/n�.
As in the case of the density energy degrees of freedom, one can compute the entropy e↵ective
degree of freedom today, di↵erent from g⇢ as the decoupling of the neutrino has created a
di↵erence between the neutrino and photon temperature (see section 5.6). On obtain10

10The fact of taking into account three species of neutrino, even if it is probable from the measurement of
�matm and �msol that some are non-relativistic nowadays comes from the fact that, once decoupled, the
massive neutrinos still follows a classical relativistic distribution function (see section 2.2.6 for more details)
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H 0.71
He 0.28
C 0.34 ⇥ 10�2

N 0.99 ⇥ 10�3

O 0.96 ⇥ 10�2

Ne 0.18 ⇥ 10�2

Na 0.35 ⇥ 10�4

Mg 0.66 ⇥ 10�3

Al 0.56 ⇥ 10�4

Si 0.70 ⇥ 10�3

S 0.3 ⇥ 10�3

Cl 0.47 ⇥ 10�5

Ar 0.11 ⇥ 10�3

Ca 0.65 ⇥ 10�4

Cr 0.18 ⇥ 10�4

Fe 0.13 ⇥ 10�2

Co 0.36 ⇥ 10�5

Ni 0.73 ⇥ 10�4

Table 2.1: Mass fraction of di↵erent elements in the Solar neighbourhood.

P =
2

3

Z 1

0

f(E)EdE =
2

3
⇢ (2.10)

where ⇢ is the internal energy density (kinetic energy of random motion per unit volume).
If the gas is relativistic, v = c and E = pc giving

P =
1

3

Z 1

0

f(E)EdE =
1

3
⇢ (2.11)

The proportionality constant between P and ⇢ has a physical significance: it is equal to
� �1, where �, called the ”adiabatic index” (Eq. B.32) , equals the ratio of specific heats for
a thermal gas. Reversible adiabatic processes yield PV � =constant5, (Eq. B.31) where V is
the volume of the gas. Using this, one finds that for a specific adiabatic expansion the total
energy U = ⇢V of a gas drops as R�2 for a non-relativistic gas and as R�1 for a relativistic
gas (V / R3)6.
At this point, let us remind ourselves what we mean by a ”thermal gas”. For a classical
gas, this means that all energy levels of the gas, both discrete and continuous, are occupied
according to the Boltzmann distribution:

N(E) / g(E)e�E/kT

5See section B.4.1 for the demonstration of this law called Laplace’s law
6Another way to obtain the same result is to note that the energy of a relativistic species is Urel = pc

and scales as R�1 whereas the energy of non-relativistic species is Unon�rel = 1
2mv2 scales as R�2.
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and

ntoday
� =

2⇣(3)

⇡2
T 3 = 394 cm�3 (2.41)

QCD (quark–hadrons) phase transition

Before the strange quark had time to annihilate, something else happens: matter undergoes
the QCD phase transition ()also called quark-hadron transition). This takes place at T ⇠ 150
MeV. While quarks are asymptotically free (i.e. weakly interacting) at high energies, below
150 MeV, the strong interactions between the quarks and the gluons become important.
The quarks and gluons then form bound three-quark systems, called baryons, and quark-
antiquark pairs, called mesons We should treat these as our new degrees of freedom9.

The lightest baryons are the proton and the neutron. The lightest mesons are the pions
⇡±, ⇡0. Baryons are fermions mesons are bosons. There are many di↵erent species of baryons
and mesons, but all except the pions are non relativistic below the temperature of the QCD
phase transition. Thus, the only particle species left in large number are the puions, electrons,
muons, neutrinos and the photons. The three pions (spin 0) corresponds to g = 3 internal
degrees of freedom. We therefore get g⇢ = 2 + 3 + 7

8
⇥ (4 + 4 + 6) = 17.25. Soon after the

QCD phase transition, the pions and muons annihilate and g⇢ = 17.25 � 3 � 7
8

⇥ 4 = 10.75.
Next electrons and positrons annihilate (see section 5.6).

A little history of g⇢(T ): summary

As a summary, we can give in the table 2.2.5 the di↵erent values of g⇢(T ) after the annihila-
tion is over assuming the next annihilation would not have begun yet. In reality they overlap
in many cases. The temperature on the left is the approximate mass of the particle in ques-
tion and indicates roughly when the annihilation begins. The temperature is much smaller
when the annihilation ends. Therefore top annihilation is placed after the electroweak tran-
sition. The top quark receives its mass in the electroweak transition, so annihilation only
begins after the transition.

The entropy

To compute the entropy of the Universe, one needs to remember the second law of thermo-
dynamics. The first law was used to compute the relation between pressure and volume in
the section (B.4.1) in the case of adiabatic transformations. The second principle of thermo-
dynamics establishes the link between entropy, pressure, temperature and internal energy.
It can be written

TdS = dU + PdV = �Q (2.42)

where dS is the variation of entropy at a temperature T under a pressure P , corresponding
to an exchange of heat �Q. If one define ⇢ as the energy density (U = ⇢V ) and s the density
of entropy (S = sV ) , one obtains

9The assumption of a weakly interacting gas of particles still holds for the baryons and the mesons, but
not for the individual quarks and gluons.

37

and

ntoday
� =

2⇣(3)

⇡2
T 3 = 394 cm�3 (2.41)

QCD (quark–hadrons) phase transition

Before the strange quark had time to annihilate, something else happens: matter undergoes
the QCD phase transition ()also called quark-hadron transition). This takes place at T ⇠ 150
MeV. While quarks are asymptotically free (i.e. weakly interacting) at high energies, below
150 MeV, the strong interactions between the quarks and the gluons become important.
The quarks and gluons then form bound three-quark systems, called baryons, and quark-
antiquark pairs, called mesons We should treat these as our new degrees of freedom9.

The lightest baryons are the proton and the neutron. The lightest mesons are the pions
⇡±, ⇡0. Baryons are fermions mesons are bosons. There are many di↵erent species of baryons
and mesons, but all except the pions are non relativistic below the temperature of the QCD
phase transition. Thus, the only particle species left in large number are the puions, electrons,
muons, neutrinos and the photons. The three pions (spin 0) corresponds to g = 3 internal
degrees of freedom. We therefore get g⇢ = 2 + 3 + 7

8
⇥ (4 + 4 + 6) = 17.25. Soon after the

QCD phase transition, the pions and muons annihilate and g⇢ = 17.25 � 3 � 7
8

⇥ 4 = 10.75.
Next electrons and positrons annihilate (see section 5.6).

A little history of g⇢(T ): summary

As a summary, we can give in the table 2.2.5 the di↵erent values of g⇢(T ) after the annihila-
tion is over assuming the next annihilation would not have begun yet. In reality they overlap
in many cases. The temperature on the left is the approximate mass of the particle in ques-
tion and indicates roughly when the annihilation begins. The temperature is much smaller
when the annihilation ends. Therefore top annihilation is placed after the electroweak tran-
sition. The top quark receives its mass in the electroweak transition, so annihilation only
begins after the transition.

The entropy

To compute the entropy of the Universe, one needs to remember the second law of thermo-
dynamics. The first law was used to compute the relation between pressure and volume in
the section (B.4.1) in the case of adiabatic transformations. The second principle of thermo-
dynamics establishes the link between entropy, pressure, temperature and internal energy.
It can be written

TdS = dU + PdV = �Q (2.42)

where dS is the variation of entropy at a temperature T under a pressure P , corresponding
to an exchange of heat �Q. If one define ⇢ as the energy density (U = ⇢V ) and s the density
of entropy (S = sV ) , one obtains

9The assumption of a weakly interacting gas of particles still holds for the baryons and the mesons, but
not for the individual quarks and gluons.

37

gtoday
s = 2 +

7

8
⇥ 2 ⇥ 3 ⇥ 4

11
= 3.91 (2.47)

from that number one can deduce the present entropy s0, which will be very useful to compute
relic abundance of stable species

s0 =
2⇡2

45
gtoday

s T 3
0 = 34.71 K3 = 2.1 ⇥ 10�38 GeV3 = 2787 cm�3 (2.48)

The constance of the entropy S = sR3 of the Universe have several consequences. First,
from Eq.(2.45) the temperature of the photons follows a law T / R�1. The other consequence
is that, every time a particle decouple from the thermal bath, this decoupling happens
at constant entropy. It means that this particle ”gives” its entropy before leaving to the
relativistic particles still present in the bath. This information is in fact encoded in the
degrees of freedom gs

eff : after the decoupling of a specie i the e↵ective degrees of freedom
in the bath decrease : gs

eff ! gs � gi. the entropy being constant (and so its density as
the universe do not have time to evoluate during this process) gsT 3=cst implies that the
decoupling of a specie increase the temperature of the bath (ie of the photons) following
T after

� = T before
� ⇥ (gbefore

s /gafter
s )1/3. After this heating of the bath, the temperature of the

plasma follows the R�1 law.
On the other hand, the particle which has decoupled from the plasma follows di↵erent

laws if it is a massless or massive particle. Indeed, after decoupling the energy of each
massless particle is redshifted by the expansion of the Universe E(t) = E(tdec)R(tdec)/R(t) =
EdecRdec/R = p(t) in the relativistic case. As n(t) decrease proportionally to R�3 because the
density is ”frozen” (no any way of producing it thermally nor destroying it after decoupling
time) the distribution function f(~p) = d3n/d3p is constant during the expansion. This imply
eE/T = eEdec/Tdec = eER/RdecTdec ) T = TdecRdec/R / R�1. The relativistic species thus
follows the R�1 evolution after they decoupled from the plasma but are not a↵ected by the
(gs)1/3 enhancement that a↵ects the photons and relativistic species still living in the bath.

The massive non-relativistic species (m � Tdec) follows another law after being decoupled.
Their kinetic momentum follows the classical redshift p = pdecRdec/R from which it follows
that the kinetic energy of each particle red shifts as R�2 : Ec = Edec

c R2
dec/R

2. Conservation
of the density function thus imply ep2

dec/2mTdec = ep2/2mT ) T = TdecR2
dec/R

2 / R�2. As a
conclusion, after the decoupling of a specie ”i”

Ti / R�1 relativistic Ti / R�2 nonrelativistic (2.49)

We have summarized this e↵ect in the Fig.2.6

The Hubble constant

The evolution of the Hubble parameter as function of the temperature is easily derived
through the Friedmann equation

H2 =
8⇡G

3
⇢(T ) (2.50)
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Consequences 
Considering an adiabatic evolution, the 

total entropy S = sV should stay constant. 
This implies V proportional to 1/T3. 

Morever, once a particle decouple from the 
thermal bath, sbefore=safter implies  

gsbefore . T3before =gsafter . T3after 
 or 

gtoday
s = 2 +

7

8
⇥ 2 ⇥ 3 ⇥ 4

11
= 3.91 (2.47)

from that number one can deduce the present entropy s0, which will be very useful to compute
relic abundance of stable species

s0 =
2⇡2

45
gtoday

s T 3
0 = 34.71 K3 = 2.1 ⇥ 10�38 GeV3 = 2787 cm�3 (2.48)

The constance of the entropy S = sR3 of the Universe have several consequences. First,
from Eq.(2.45) the temperature of the photons follows a law T / R�1. The other consequence
is that, every time a particle decouple from the thermal bath, this decoupling happens
at constant entropy. It means that this particle ”gives” its entropy before leaving to the
relativistic particles still present in the bath. This information is in fact encoded in the
degrees of freedom gs

eff : after the decoupling of a specie i the e↵ective degrees of freedom
in the bath decrease : gs

eff ! gs � gi. the entropy being constant (and so its density as
the universe do not have time to evoluate during this process) gsT 3=cst implies that the
decoupling of a specie increase the temperature of the bath (ie of the photons) following
T after

� = T before
� ⇥ (gbefore

s /gafter
s )1/3. After this heating of the bath, the temperature of the

plasma follows the R�1 law.
On the other hand, the particle which has decoupled from the plasma follows di↵erent

laws if it is a massless or massive particle. Indeed, after decoupling the energy of each
massless particle is redshifted by the expansion of the Universe E(t) = E(tdec)R(tdec)/R(t) =
EdecRdec/R = p(t) in the relativistic case. As n(t) decrease proportionally to R�3 because the
density is ”frozen” (no any way of producing it thermally nor destroying it after decoupling
time) the distribution function f(~p) = d3n/d3p is constant during the expansion. This imply
eE/T = eEdec/Tdec = eER/RdecTdec ) T = TdecRdec/R / R�1. The relativistic species thus
follows the R�1 evolution after they decoupled from the plasma but are not a↵ected by the
(gs)1/3 enhancement that a↵ects the photons and relativistic species still living in the bath.

The massive non-relativistic species (m � Tdec) follows another law after being decoupled.
Their kinetic momentum follows the classical redshift p = pdecRdec/R from which it follows
that the kinetic energy of each particle red shifts as R�2 : Ec = Edec

c R2
dec/R

2. Conservation
of the density function thus imply ep2

dec/2mTdec = ep2/2mT ) T = TdecR2
dec/R

2 / R�2. As a
conclusion, after the decoupling of a specie ”i”

Ti / R�1 relativistic Ti / R�2 nonrelativistic (2.49)

We have summarized this e↵ect in the Fig.2.6

The Hubble constant

The evolution of the Hubble parameter as function of the temperature is easily derived
through the Friedmann equation

H2 =
8⇡G

3
⇢(T ) (2.50)

39

0.001 0.01 0.1 1 10 100 1000

10

100

50

20

30

15

150

70

transition

tau
decoupling

b decoupling

top decoupling

geff

T(GeV)

quark

Hadron

phase 

Figure 2.5: E↵ective degree of freedom of the primordial plasma as function of the temperature

gSM
⇢ = (3 ⇥ 3 + 9 ⇥ 2 + 1) +

7

8
(6 ⇥ 4 ⇥ 3 + 3 ⇥ 4 + 3 ⇥ 2) = 106.75 (2.38)

If one add a dirac dark matter candidate, gSM+DM
⇢ = gSM

⇢ + 7
8
⇥4 = 110.25. We represent in

fig.2.5 the evolution of the degree of freedom as function of the temperature. We observed
that the degree of freedom decrease especially at around 200 MeV where the quark/hadrons
transition absorbs the up-type, down-type and gluonic degrees of freedom to form the first
nucleus (see the Big Bang Nucleosynthesis section for more details) passing from 61.75 to
10.75. below 511 keV, we enter in a zone where the neutrino decoupling plays a role (see the
corresponding section for more details).
We can compute the value of g⇢ nowadays, noticing that, a priori the 2 relativistic species
still living in the bath are the photon and the neutrino, even if the neutrino has a lower
temperature T⌫ than the photon due to the entropy given by the electron to the photon
when they decoupled (see section 5.6) T⌫ = (4/11)1/3T� = (4/11)1/3 ⇥ 2.725 ⇡ 1.95 K.
What is left is thus 3 families of neutrino (fermions) with 2 degrees of freedom (SU(2)) and a
temperature T⌫ = 1.95 K and a photon (boson) with 2 degrees of freedom and a temperature
T� = T0 = 2.725 K. Thus we can write Eq.(2.37)

gtoday
⇢ = 2 +

7

8
⇥ 2 ⇥ 3 ⇥

✓
4

11

◆4/3

= 3.36 (2.39)

which implies

⇢rel =
⇡2

30
g⇢T

4 = 8.1 ⇥ 10�34 g cm�3 (2.40)
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Example: when the neutrino decouple from the bath, Tν=Tγ. 
After the decoupling of the electrons and positrons, they 
« gave » their degrees of freedom to the photon, not the 

neutrino: Tγ increases compare to Tν:

plasma of photon

3 MeV 511 keV

Tv = Te = Tph
Tv

Te = Tph Te = 0

Tph

Tv= (4/11)     Tph
1/3

neutrino, electrons and photon

in equilibrium in equilibrium

electron and photon

Figure 2.10: A brief history of the neutrino

of the Boltzmann factor e�Ei/T (kinetic freeze out) when T . mi (case of the quarks,
gauge bosons or dark matter candidate), or the particle is light and still relativistic, but
the expansion rate H(T ) begin greater than the annihilation cross section h�vi because of
weak couplings (like in the case of the neutrino, chemical freeze out). In the case of the
recombination temperature (decoupling of the photon) we will see that it occured not at
T = 13.6 eV which is the binding energy of the atom of hydrogen but a little bit later,
at at 0.3 eV (see Fig.2.11) because what is important is not only that the photons have a
temperature below the binding energy BH but than n�h�vi is below the rate to destroy and
forbid the hydrogen atom formation. In other words, even at T = T� = 1 eV, there are
still some photons present with T = 13.6 eV by quantum fluctuations able to destroy the
structure of the atom.
Another interesting point is the measurement of the relic abundance of neutrinos nowadays.
From T⌫ = 1.95 K one can compute from Eq.(2.28) the neutrino density to be n⌫ = 109 cm

3

implying14 ⇢0
⌫ = m⌫⌫0

⌫

⌦⌫ =
⇢0

⌫

⇢0
c

=
m⌫ 109 cm�3

10�5h2 GeV cm�3
⇡ m⌫

92 h2 eV
) ⌦⌫h

2 ⇡ m⌫

92 eV
(2.63)

Asking for the neutrino abundance to be less than the CMB bound on ⌦M ⇠ 0.3 and taking
h ' 0.7 we can derive the Mac–Lelland limit on the mass of a stable neutrino:

X

⌫

m⌫  14 eV. (2.64)

This cosmological bound to the mass of a stable, light neutrino species is often referred to
as the Cowsik-McClelland bound.

2.2.8 The recombination: decoupling of the photons

This period of the Universe happens quite late (⇠ 380 000 years after the Big Bang) and is at
the origin of the cosmic microwave background (CMB). Indeed, at this time, 2 phenomenon
took place : the temperature of the plasma in equilibrium decreased such that the photon

14Notice that the mass density of a massive neutrino does not follows the boltzmann suppressed evolution
of classical massive particles as neutrino have already decoupled from the thermal bath, and there density
thus always follows the T 3 evolution by number of particle conservation (n⌫(t) ⇥ a(t) / n(t) ⇥ T�3 = cte),
a(t) being the scale factor of the Universe.
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before e+ e- decoupling : gs=2 + 7/8 x 4 = 11/2 
after e+ e- decoupling : gs = 2

Book, section 2.2.7
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Fields of interest
The meaning of equilibrium

�i!f = ni(T )h�vii!f = H(T )

Universe in expansion



The Friedmann equations
A newtonian approach: we live in an isotropic and homogeneous Universe

Book, 2.2.1

Homogeneous non-isotropic Universe Isotropic non-homogeneous Universe

Figure 2.4: Left : An homogeneous but not isotropic Universe: the dot and the cross see the same universe,

but not isotropic ones because one direction is preferred. Right: An isotropic but non homogeneous Universe:

The dot sees the same Universe whatever direction he looks at, but the cross does not see the same Universe

than the dot.
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Figure 2.5: Illustration of the Hubble law (see text for details). Left: Universe with expansion parameter
a(t), and comoving coordinate �. Right: Velocity of a point C viewed by and observer A and B
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The Hubble law is the only law which describes an isotropic and 
homogeneous Universe (proof in the book).
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a(t), and comoving coordinate �. Right: Velocity of a point C viewed by and observer A and B
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parameter nowadays (H0 ' 67 km/s/Mpc) we can compute the time t0 needed for B and
C to join A, t0 ' 1/H0 ' 14.2 billions years, which as a good approximation corresponds
to the age of the Universe (13.8 billions years). One can also understand why the Hubble
law is valid only at scales above 100 Mpc. Indeed, at such distances, the velocity due to
the expansion is of the order of 6700 km/s, which is larger than the peculiar velocities of
galaxies (of the order of hundreds of km/s). For instance, the Andromeda galaxy, which
is at a distance of 0.7 Mpc from the Milky way (see section 17.1.4), possesses a recession
velocity: Andromeda falls toward us at a velocity of around 300 km/s : at such low distance,
the Hubble expansion has few influence on the Newton law of attraction.

The computation is in fact a little bit more subtile as the Hubble parameter is not
constant and depends on the Universe content (matter, radiation or cosmological constant).
This law is easy to interpret if one consider points on a radius of an expanding sphere of
radius a(t) as illustrated in Fig.(2.5). One can define rAB(t) = �ABa(t), then vAB = �ABȧ(t).
�AB is called the comoving coordinate. It does not evolve with time, and can be considered
as an initial condition. Then

vAB = H(t)rAB ) H(t) =
ȧ(t)

a(t)
(2.3)

It is then interesting to solve the equation of motion in an homogeneous and isotropic space
in expansion dominated by matter (dust dominated) ie respecting the Hubble law. If one
define ⇢ the mass density that we suppose constant between A and B one can write

M =
4⇡

3
r3⇢(t), ) ⇢(t) = ⇢0

✓
a0

a(t)

◆3

(2.4)

where r = rAB = �a(t), and M is the mass inside the radius r. On the other hand, the
Newtonian equation of motion is for the observer B of mass mB

mB r̈ = mB�ä(t) = � GmM

�2a2(t)
, ) ä(t) = �4⇡G

3
⇢(t)a(t) = �4⇡G

3
⇢0

a3
0

a2(t)
. (2.5)

Multiplying by ȧ both sides of Eq.(2.5) and integrating with constant of integration k one
obtains

1

2
ȧ2 =

4⇡G

3
⇢0

a3
0

a(t)
+ k, )

✓
ȧ(t)

a(t)

◆2

= H2(t) =
8⇡G

3
⇢(t) +

k

a2(t)
(2.6)

where we used H(t) = ȧ(t)/a(t) (Eq. 2.3). This is the Friedmann equation that we obtained
in a pure Newtonian formalism and which determines entirely the physics of an expanding
mass dominated (dust) Universe (up to the cosmological constant). We will see that the
equation is still valid in the general relativity framework, ⇢ being the density of energy. In
fact, Eq.(2.6) can be seen as the conservation of energy equation, k being the initial energy.
A positive k means that at the beginning of the expansion, the kinetic energy was larger
then the potential attraction, then the Universe will evolve in a continuous expansion with
time. On the opposite, a negative k drives the Universe to a future collapse on itself to to
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where we used H(t) = ȧ(t)/a(t) (Eq. 2.3). This is the Friedmann equation that we obtained
in a pure Newtonian formalism and which determines entirely the physics of an expanding
mass dominated (dust) Universe (up to the cosmological constant). We will see that the
equation is still valid in the general relativity framework, ⇢ being the density of energy. In
fact, Eq.(2.6) can be seen as the conservation of energy equation, k being the initial energy.
A positive k means that at the beginning of the expansion, the kinetic energy was larger
then the potential attraction, then the Universe will evolve in a continuous expansion with
time. On the opposite, a negative k drives the Universe to a future collapse on itself to to
the dominance of the gravitational attraction. k will in fact corresponds to the curvature of
the Universe in a Friedmann-Robertson-Walker metric.

27

parameter nowadays (H0 ' 67 km/s/Mpc) we can compute the time t0 needed for B and
C to join A, t0 ' 1/H0 ' 14.2 billions years, which as a good approximation corresponds
to the age of the Universe (13.8 billions years). One can also understand why the Hubble
law is valid only at scales above 100 Mpc. Indeed, at such distances, the velocity due to
the expansion is of the order of 6700 km/s, which is larger than the peculiar velocities of
galaxies (of the order of hundreds of km/s). For instance, the Andromeda galaxy, which
is at a distance of 0.7 Mpc from the Milky way (see section 17.1.4), possesses a recession
velocity: Andromeda falls toward us at a velocity of around 300 km/s : at such low distance,
the Hubble expansion has few influence on the Newton law of attraction.

The computation is in fact a little bit more subtile as the Hubble parameter is not
constant and depends on the Universe content (matter, radiation or cosmological constant).
This law is easy to interpret if one consider points on a radius of an expanding sphere of
radius a(t) as illustrated in Fig.(2.5). One can define rAB(t) = �ABa(t), then vAB = �ABȧ(t).
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where we used H(t) = ȧ(t)/a(t) (Eq. 2.3). This is the Friedmann equation that we obtained
in a pure Newtonian formalism and which determines entirely the physics of an expanding
mass dominated (dust) Universe (up to the cosmological constant). We will see that the
equation is still valid in the general relativity framework, ⇢ being the density of energy. In
fact, Eq.(2.6) can be seen as the conservation of energy equation, k being the initial energy.
A positive k means that at the beginning of the expansion, the kinetic energy was larger
then the potential attraction, then the Universe will evolve in a continuous expansion with
time. On the opposite, a negative k drives the Universe to a future collapse on itself to to
the dominance of the gravitational attraction. k will in fact corresponds to the curvature of
the Universe in a Friedmann-Robertson-Walker metric.

27

parameter nowadays (H0 ' 67 km/s/Mpc) we can compute the time t0 needed for B and
C to join A, t0 ' 1/H0 ' 14.2 billions years, which as a good approximation corresponds
to the age of the Universe (13.8 billions years). One can also understand why the Hubble
law is valid only at scales above 100 Mpc. Indeed, at such distances, the velocity due to
the expansion is of the order of 6700 km/s, which is larger than the peculiar velocities of
galaxies (of the order of hundreds of km/s). For instance, the Andromeda galaxy, which
is at a distance of 0.7 Mpc from the Milky way (see section 17.1.4), possesses a recession
velocity: Andromeda falls toward us at a velocity of around 300 km/s : at such low distance,
the Hubble expansion has few influence on the Newton law of attraction.

The computation is in fact a little bit more subtile as the Hubble parameter is not
constant and depends on the Universe content (matter, radiation or cosmological constant).
This law is easy to interpret if one consider points on a radius of an expanding sphere of
radius a(t) as illustrated in Fig.(2.5). One can define rAB(t) = �ABa(t), then vAB = �ABȧ(t).
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If one defines ρ(t) the mass density between A and B and r = rAB, on can write

whereas the equation of motion is given by

multiplying by the derivative of a on both side and integrating with constant k, on obtains

The last equation is called the Friedmann equation and is also valid in a general relativity 
framework
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A relativistic approach



The Hubble « constant »
From the Friedman equation, one can write

gtoday
s = 2 +

7

8
⇥ 2 ⇥ 3 ⇥ 4

11
= 3.91 (2.47)

from that number one can deduce the present entropy s0, which will be very useful to compute
relic abundance of stable species

s0 =
2⇡2

45
gtoday

s T 3
0 = 34.71 K3 = 2.1 ⇥ 10�38 GeV3 = 2787 cm�3 (2.48)

The constance of the entropy S = sR3 of the Universe have several consequences. First,
from Eq.(2.45) the temperature of the photons follows a law T / R�1. The other consequence
is that, every time a particle decouple from the thermal bath, this decoupling happens
at constant entropy. It means that this particle ”gives” its entropy before leaving to the
relativistic particles still present in the bath. This information is in fact encoded in the
degrees of freedom gs

eff : after the decoupling of a specie i the e↵ective degrees of freedom
in the bath decrease : gs

eff ! gs � gi. the entropy being constant (and so its density as
the universe do not have time to evoluate during this process) gsT 3=cst implies that the
decoupling of a specie increase the temperature of the bath (ie of the photons) following
T after

� = T before
� ⇥ (gbefore

s /gafter
s )1/3. After this heating of the bath, the temperature of the

plasma follows the R�1 law.
On the other hand, the particle which has decoupled from the plasma follows di↵erent

laws if it is a massless or massive particle. Indeed, after decoupling the energy of each
massless particle is redshifted by the expansion of the Universe E(t) = E(tdec)R(tdec)/R(t) =
EdecRdec/R = p(t) in the relativistic case. As n(t) decrease proportionally to R�3 because the
density is ”frozen” (no any way of producing it thermally nor destroying it after decoupling
time) the distribution function f(~p) = d3n/d3p is constant during the expansion. This imply
eE/T = eEdec/Tdec = eER/RdecTdec ) T = TdecRdec/R / R�1. The relativistic species thus
follows the R�1 evolution after they decoupled from the plasma but are not a↵ected by the
(gs)1/3 enhancement that a↵ects the photons and relativistic species still living in the bath.

The massive non-relativistic species (m � Tdec) follows another law after being decoupled.
Their kinetic momentum follows the classical redshift p = pdecRdec/R from which it follows
that the kinetic energy of each particle red shifts as R�2 : Ec = Edec

c R2
dec/R

2. Conservation
of the density function thus imply ep2

dec/2mTdec = ep2/2mT ) T = TdecR2
dec/R

2 / R�2. As a
conclusion, after the decoupling of a specie ”i”

Ti / R�1 relativistic Ti / R�2 nonrelativistic (2.49)

We have summarized this e↵ect in the Fig.2.6

The Hubble constant

The evolution of the Hubble parameter as function of the temperature is easily derived
through the Friedmann equation

H2 =
8⇡G

3
⇢(T ) (2.50)
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H(t) =
Ṙ

R
,

we have

v = H(t)dP

which is the Hubble’s law, while H(t) is the Hubble’s ”constant” = H(t0) = H0 today.
Hubble’s law is thus a direct outcome of homogeneity and isotropy.

2.2.2 Hubble expansion for dummies

We present here the main results useful for us concerning the evolution of the scale factor in
the Universe. For more details in the computations and results, see the appendix B.1. The
Friedmann equation can be written

H2 =

✓
ȧ

a

◆2

=
8⇡G

3
⇢ � kc2

a2
+

⇤

3
(2.2)

with a being the scaling factor, a = 1/(1 + z) (a=1 today), k the curvature factor (0, ±1),
G = 1/MP the gravitational coupling (MP is the Planck mass = 1.22 ⇥ 1022 GeV) and ⇤
the cosmological constant. Compared to the formulae of the preceding section, a is defined
as R(t) = R0 ⇤ a, R0 being the present time radius of the universe (and then a  1). If
the universe is matter-dominated, then the mass density of the universe ⇢ can just be taken
to include matter so ⇢ = ⇢0/a3, ⇢0 being the density of matter today. We know for non–
relativistic particles that their mass density decreases proportional to the inverse volume of
the universe so the equation above must be true. We can also define

⇢c =
3H2

8⇡G
, ⌦M =

⇢0

⇢c
, ⌦R =

�kc2

H2
0

and ⌦⇤ =
⇤

3H2
0

(2.3)

⇢c is the critical density. It corresponds to the density we would expect if the Universe is flat.
Any deviation on ⇢c can be interpreted as a measurement of the space curvature. Nowadays,
for a value of H0 = 100h km/s/Mpc = 2.13 ⇥ 10�42 h GeV (corresponding to the speed of a
galaxy 1Mpc away, h being measured to be in 2012: h = 74.3 ± 2.1 km/s/Mpc) one obtains,
reminding that G = 1/M2

P

⇢0
c =

3H2
0

8⇡G
= 10�5h2 GeV cm�3 = 1.88h2 ⇥ 10�29 g cm�3 (2.4)

The CMB measurements as well as the type Ia supernovae observations seems to favorize
a flat Universe with a matter component composing a fraction ⌦M = ⇢M/⇢0

c = 0.3 of the
critical density. One can then compute which fraction of this matter is composed from
baryonic (' 1 GeV as it is mainly proton/hydrogenic clouds) matter from the data given by
WMAP of the ratio of baryon to photon number density [13]

⌘ =
nB

n�
= 6.19 ⇥ 10�10 (2.5)
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Which implies, once neglecting the curvature and cosmological 
constant (primordial universe, radiation dominated)

which gives

dec
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Tmassive

Tmassless

Tphoton

R
−1

R
−2

g
eff

s

T

R

dec

R

Figure 2.6: Evolution of the temperature of di↵erent species (relativistic/massless and nonrelativis-

tic/massive) after their decoupling from the thermal bath. It can be for instance the dark matter decoupling

followed by the neutrino decoupling.

At the temperature we consider, the Universe is totaly dominated by the relativistic particles
(radiation dominated) and ⇢(T ) = g⇢

⇡2

30
T 4 (Eq.2.35). replacing the expression in Eq.(2.50),

we obtains

H(T ) =
p

g⇢

r
4⇡3

45

p
GT 2 =

p
g⇢

r
4⇡3

45

T 2

MP
' 1.66g1/2

⇢

T 2

MP
(2.51)

What is decoupling?

Suppose a particle A interacting in the bath with a rate per particle � = nh�vi, n being the
density of the target particle, and h�vi the average cross section times the relative velocity.
�t = 1/� represents the mean time between two collisions. During this time �t the universe
has expanded by a factor �R such as �R/R = H�t = H/�. In another word, when H ' �,
the size of the Universe has doubled and the density n of the target has been divided by 8,
as the interaction rate � / n. In another word, the time (temperature) of the Universe when
H ' � is the epoch where the particles decouple from the bath and their interaction rates
with the plasma decrease exponentially. We illustrate it in Fig.2.7. The exact way to treat
the decoupling problem is to solve the Boltzmann equation. However, the approximation
H ' � to obtain the decoupling time of particles is usually quite accurate. We will give
two specific example to understand how the nature of the interaction can change drastically
the temperature of decoupling of species. We will consider first i) interactions mediated by
a massless gauge boson (like the photon) and ii) interactions mediated by a massive gauge
boson (Z or Z 0).
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Summary of the thermodynamical episode
Relativistic particles in 

thermal equilibrium 

nA(T) = ξ(3) /π2 gA T3 

ρA(T) = π2/30 gA T4 

H2(T)= 8 π G/3 ρ + k/a2 + Λ 

in radiation dominated 
universe (T > 1 eV) 

H(T) = 1.6 T2/MPL  
(G=1/MPL2)

Density of entropy 

s(T)= 2 π2/45 gs T3

critical energy (density of energy needed to fulfill the Universe) 

ρc(T)=8 π G/[3 H2(T)] 

nowadays ρ0c=8 π G/[3 H2(T0)] = 10-5 h2  GeV4 

with H(T0)=100 h km/s/Mpc

Non relativistic particles in 
thermal equilibrium 

nA(T) = gA (mAT/2π)3/2 e-mA/T 

ρA(T) = nA(T) mA α T3/2 mA5/2

Non Relativistic particles which 
decoupled while being relativistic 

nA(T) = ξ(3) /π2 gA TA3 

ρA(T) = nA(TA) x mA  α  mA TA3 

with TA = f(T)

Non Relativistic particles which 
decoupled while being non relativistic 

nA(T)=s(T) Ydec α  T3/(σv mA MPL) 

ρA(T) = nA(T) x mA  α  T3/(σv MPL)

ν1

γ

DM



Decoupling from the bath

after

Target
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Figure 2.7: Illustrative example of the decoupling epoch when the number of interaction is divided by 2

during a time �t due to the dilution of the target. The volume necessary to have 2 collision (Rbefore) is now

just su�cient to give one collision (Rafter)

.

The exchange of a massless gauge field between two particles S and S̃ can be param-
eterized in a case of bosonic particles11 by a lagrangian of the form L = (DµS)(DµS)† +
(D⌫S̃)(D⌫S̃)† which includes the terms of interactions ig pµAµSS†+ig p̃⌫A⌫S̃S̃†, Aµ being the
massless vectorial field (photon for instance) and g its coupling to the particles in the bath.
On can then compute the amplitude of the interaction (see appendix C) M = g2pµ⌘µ⌫ p̃⌫/p2 =
g2p.p̃/p2 ' EẼ(1 � cos ✓)/E2, cos ✓ being the di↵used angle between S and S̃ which implies
|M|2 ' g4EẼ(1 � cos ✓)/E2. Using Eq.C.38 (� ' |M|2/64⇡2s), considering that the parti-
cles are relativistic in the plasma and using Eq.(2.30) (mS,S̃ ⌧ T ) E ' Ẽ ' T ) one can
deduce � ' g4/T 2 implying when combined with Eq.(2.24) � = nSh�vi = nSh�ci ' g4T .
The particle S will thus be decoupled from the primordial plasma when

�

H
. 1 ) g4MP

T
. 1 ) T & g4Mp ' 1015GeV [non � massive gauge boson exchange]

(2.52)
It is important to notice that T in this case is an upper bound, which means that as soon a
T . 1015 GeV the eletromagnetics interactions will always be su�cient to maintain charged
relativistic particles in equilibrium in the bath: the decoupling will appears only when
the temperature will reach mS, where the density will be exponentially suppressed by the
Boltzmann factor (the term nS in the expression of �).

In the case of the exchange of a massive gauge boson Z 0 (MZ0 & T ) the amplitude of the
reaction can be written M ' g2E2/M2

Z0 ' g2T 2/M2
Z0 ) � ' g4T 5/M4

Z0 . The decoupling
temperature will then be given by the usual condition �/H . 1 :

�

H
. 1 ) g4MP T 3

M4
Z0

. 1 ) T .
✓

MZ0

g

◆4/3

M�1/3
p ' 0.1

✓
MZ0

1 TeV

◆4/3

MeV (2.53)

In this case we clearly see that the decoupling of particles charged only under SU(2) (Z boson
exchange) will decouple quite late in the history of the universe (around 1 MeV) which is
precisely the case of the neutrino (that we will study more in detail in another section).

11The analysis does not depend on the nature -fermionic/bosonic- of the particles we consider..
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Suppose a particle A interacting in the bath with a rate per particle Γ = n⟨σv⟩, n being the 
density of the target particle, and ⟨σv⟩ the average cross section times the relative velocity. ∆t 
= 1/Γ represents the mean time between two collisions. During this time ∆t the universe has 

expanded by a factor ∆R such as ∆R/R = H∆t = H/Γ.  
In another word, when H ≃ Γ, the size of the Universe has doubled and the density n of 

the target has been divided by 8.  
The approximation H ≃ Γ to obtain the decoupling time of particles is usually quite 

accurate.

Illustrative example of the decoupling epoch when the number of interaction is divided by 2 
during a time ∆t due to the dilution of the target. The volume necessary to have 2 collision 

(Rbefore) is now just sufficient to give one collision (Rafter) 



The meaning of thermal equilibrium
A system of particles (χ + SM)  is in thermal equilibrium  
when both  kinetic and chemical equilibrium is achieved : 
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Usually, (except some exception/transition) both are realized simultaneously.
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This is the only way to define a temperature of the Universe, 
which is in fact the temperature of the photons :  

n(T) α T 3.  
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Figure 2.9: Distribution function h(p) = p2

2⇡2 ⇥ f(p) for T = 100 GeV for di↵erent value of the scale factor

a(t) in the relativistic fermion (left) and non–relativistic fermion (right).

is a relativistic one, respecting n(T̃ ) / T̃ 3 (2.27) even in m > T (no exponential
suppression). In other words, all particles that were relativistic during their decoupling
time count as relativistic degrees of freedom in the Universe nowadays.

Notice that the conservation of the entropy, in the radiation dominated era, impose
S = sR3 = sa3R3

0=cte, using (2.44), one deduce T / a�1. This means that even after
decoupling, a gas of relativistic particle keep a ”virtual” temperature T̃ following the
one of the thermal bath.

• Decoupling while non-relativistic: if, on the other hand, a particle is non-relativisitic :
if, on the other hand, a particle is non–relativistic at the time of decoupling, Tdec, then
E ' m + p2/2m and the distribution function is given by

f(p, t > tdec) = e�m/T
dece�p2/2mT̃ , T̃ (t) = Tdec

✓
a(tdec)

a(t)

◆2

. (2.59)

So the temperature of decoupled non–relativistic species falls as a�2, which means much
faster than the relativistic ones. Their number density thus decreases not exponentially
but as T 2 in a radiation dominated Universe.

It is important to emphasize that, despite the di↵erent scaling behavior of the temperature
for relativistic and non-relativistic species after decoupling, in both cases the equilibrium
distribution is maintained. The particles are not anymore in thermal equilibrium but the
shape of the distribution is maintained around a virtual temperature T̃ .

We illustrate the behavior of the two cases (relativistic and non relativistic) in the Figure
(2.9) for T = 100 GeV and two masses of particles :10 and 200 GeV for the relativistic and
non–relativistic case respectively.

44



The meaning of thermal equilibrium
A system of particles (χ + SM)  is in thermal equilibrium  
when both  kinetic and chemical equilibrium is achieved : 

SM χ

χSM

chemical equilibrium

SM

χ χ

SM

kinetic equilibrium

Usually, (except some exception/transition) both are realized simultaneously.

1/H, (H being the Hubble parameter) is also called the « doubling time »: Universe is twice bigger 
after the time 1/H. The previous expression just means that the chemical equilibrium dominates over 

the expansion rate.

���!SM SM (T ) < H(T ) =
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faster than the relativistic ones. Their number density thus decreases not exponentially
but as T 2 in a radiation dominated Universe.

It is important to emphasize that, despite the di↵erent scaling behavior of the temperature
for relativistic and non-relativistic species after decoupling, in both cases the equilibrium
distribution is maintained. The particles are not anymore in thermal equilibrium but the
shape of the distribution is maintained around a virtual temperature T̃ .

We illustrate the behavior of the two cases (relativistic and non relativistic) in the Figure
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Two ways of decoupling

The massless case (neutrino)

means n is small OR σv is  small.n⇥ h�vi < H

GF = 10-5  GeV-2

e+

ν

GF 
ν

e+

The decoupling condition

n⇥ h�vi ' T 3
⌫ ⇥G2

FT
2
⌫ = H(T⌫) =

T 2
⌫

MPl
) T⌫ '

�
G2

FMPl

��1/3 ' 3 MeV

At 3 MeV, the neutrinos decouple from the thermal bath, but being still relativistic 

Remark: E = m+3/2 T => γ2 = (E/m)2 = 1-v2/c2 => v ≃ 0.3 c. The particle is « almost » 
non-relativistic while decoupling  
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n⇥ h�vi ' T 3
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FT
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⌫ = H(T⌫) =

T 2
⌫

MPl
) T⌫ '

�
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��1/3 ' 3 MeV

At 3 MeV, the neutrinos decouple from the thermal bath, but being still relativistic 

The massive case (dark matter)
The decoupling condition

n⇥ h�vi ' (T�m�)
3/2

e�m�/T� ⇥ 1

T 2
�

= H(T�) =
T 2
�

MPl
) m�

T�
' 25

Tχ corresponds physically to the temperature under which the thermal bath does not have sufficient energy  
to produce a dark matter particle.

Remark: E = m+3/2 T => γ2 = (E/m)2 = 1-v2/c2 => v ≃ 0.3 c. The particle is « almost » 
non-relativistic while decoupling  



Decoupling of relativistic particles
hot / warm dark matter: no need of the Boltzmann equation

The condition of decoupling of a particle A can be written [see the neutrino case as example] 
Γ = n⟨σv⟩ = n⟨σ⟩ ≃ T3 <σ>    ≃   H(Td) = Td2/Mpl ⇒ Td ≃ (<σ> . Mpl)-1 

At the temperature Td, the particle A will not communicate with the thermal bath of photons anymore, BUT 
will still preserve its Boltzmann/Maxwell distribution in density or energy  

nA(TA) ≃ (TA)3 
with TA=Tγ as long as the thermal bath do not loose any other particles. When other particles from the 

plasma decoupled from it, they will transfer their entropy, and then their temperature through their degrees 
of freedom (conservation of entropy, see the neutrino case) to the photons. Then Tγ differs from TA 
The situation is the same for the energy density which is redshifted the same way than the photon. 

This situation stay EVEN when the particle becomes non relativistic anymore! 
Indeed, nothing will perturb the botlzmann/Maxell distribution once decoupled:  

(DEFINITION of a TEMPERATURE). 
Nowadays, even if the neutrinos are massive, heavier than the CMB temperature, they still follow a 

relativistic distribution: n(T) ≃ T3.
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3

4

⇣(3)

⇡2
2
9.93

8⇡

�
1.16 ⇥ 10�5

�2
T 5

⌫dec . 1.66(10.75)1/2T 2
⌫dec

MP l
) T⌫dec . 3.58 MeV (2.62)

From 3.6 MeV, the neutrino density is frozen and will not increase even when T . me =
511 keV because the process ee ! ⌫⌫ is too weak compare to the interaction with the only
light particles left in the plasma at such low temperature : the entropy in e± pair is transfered
to the photon through the stronger electromagnetic interaction (Thomson scattering), but
not to the neutrino through a ”too much” weakly interaction.

When the temperature is below 3 MeV, the neutrinos are decoupled, which means they
are ”invisible” in the thermal plasma where only electrons, positrons and photons survive.
However, even if decoupled, their temperature followed the classical law T 3

⌫ R3= cte as which
is the translation to the fact that the e↵ective number of neutrino is fixed because they
escaped from the plasma. The photons follows the same law, which means than even after
the neutrino-decoupling, T⌫ = T�: there is no ”transfer” of the neutrino degrees of freedom to
the temperature of the plasma from entropy conservation, as the neutrino still participate at
the universe entropy. They decoupled from the photon but still keep the same temperature
and evolution. When the temperature drops below 511 keV, the electrons and positrons
decouple from the plasma. they gives all their kinetic energy to the photons and increase
their temperature by this way. This transfer of energy is made with constant entropy, which
means ge+e��

⇤ (T e+e��
� )3R3 = g�

⇤ (T �
� )3R3 with ge+e��

⇤ = 2+4⇤(7/8) = 11/2 and g�
⇤ = 2 and T �

�

the photons temperature after the electrons decoupling and T e+e��
� the temperature before

the electrons decoupling13 . We then obtain T �
� = (11/4)1/3T e+e��

� = (11/4)1/3T⌫ . As the
present photon temperature in the CMB is 2.725 K on deduce that the nowadays neutrino
temperature T⌫ = (11/4)�1/3 ⇥ 2.725 = 1.95 K. The processes are summarized in Fig.2.10
As a final notes we want to stress that there is finally 2 ways of obtaining a freeze out
condition : ni(T )⇥h�vi < H(T ). Or the density decrease due to the exponential suppression

132 degrees of freedom for the photon, 2 fermionic states for the electron, plus 2 for the positrons
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⌦A =
⇢A
⇢0c

=
n(T )mA

⇢0c
=

⇣(3)gA(T 0
A)

3

⇡210�5h2
mA

) ⌦Ah
2 = 105

⇣(3)gA(T 0
A)

3

⇡2
mA



The Boltzmann equation in a nutshell

noticing that when  ni=nj = nEQ  the system is frozen (dni/dt=0), one deduces:

For the massive case, one will need to solve the Boltzmann equation as the 
decoupling from the thermal bath is slightly more complex.

dNi

dt
= �Nini h�vii!j +Njnjh�vij!i

and from Ni = ni ⇥ a3 one obtains

dni

dt
= �3

ȧ

a
ni � ninih�vii!j + njnjh�vij!i

dni

dt
= �3Hni � h�vii!j(n

2
i � (nEQ

i )

2
)

dNi

dt
= �Nini h�vii!j +Njnjh�vij!i

and from Ni = ni ⇥ a3 one obtains

dni

dt
= �3

ȧ

a
ni � ninih�vii!j + njnjh�vij!i

dni

dt
= �3Hni � h�vii!j

h
n2
i � (nEQ

i )

2
i

This is the Boltzmann equation

In a close system in  expansion, we have conservation of the total number of particles :



Solving the equation
book 2.3.4

dn

dt
= �3Hn� h�vi

�
n2 � n2

eq

�
) dn

dT
= 3

n

T
� h�vi

HT

�
n2
eq � n2

�

✓
d

dt
=

dT

dt

d

dT
= �T

da/dt

a

d

dT
= �HT

d

dT
! t / MPl

T 2

◆
defining the yield Y =

n

S
, with the entropy S =

2⇡2

45

gsT
3

dY�

dT
= T 2 h�vi1,2!��

H(T )

�
Y 2
� � Y 2

eq

�
with h�vi =

Z T

TRH

⇧i
d3pi
(2⇡)3i

|M1,2!��|2e�E1/T e�E2/T and H(T ) =
T 2

MPl

It is easier to express everything as function of x=m/T, similar to « time » evolution

introducing Y = n/s, s being the entropy density, and supposing adiabatic processes, we
can deduce sR3 = S =cste ) ṡ/s = �3Ṙ/R = �3H ) Ẏ /Y = ṅ/n � ṡ/s = ṅ/n � 3H.
We then deduce

ṅ � 3Hn = sẎ (2.93)

and using as previously d
dt = dT

dt
d

dT = �HT d
dT we can write

dY

dx
=

h�vis
Hx

�
Y 2

eq � Y 2
�

' 6.6 ⇥ 109

x2

gs

g1/2
⇢

⇣ m

GeV

⌘ ✓
h�vi

3 ⇥ 10�26cm3s�1

◆ �
Y 2

eq � Y 2
�

(2.94)

with x = m/T , s = (2⇡2/45)gsm3/x3, Yeq = neq/s = 45
2⇡4

�
⇡
8

�1/2 g
gs

x3/2e�x ' 0.14 g/gsx3/2e�x (x �
3) ' 0.278geff/gs (x ⌧ 3) [geff = g (bosons), geff = 3/4g (fermions)] and H = 1.66 m2

MP x2

g1/2
⇢

To quantify the above argument concerning the transition between the thermal equilibrium
and the freeze out time (the region B). Defining the deviation from the equilibrium � such
as Y = (1 + �)Yeq, after neglecting �2, d�/dx ⌧ � Eq.(2.94) becomes

� ' H

2�eq

✓
x � 3

2

◆
' 5.5 ⇥ 1010 gs

g

(x � 3/2)

x1/2
ex

✓
1 GeV

m

◆ ✓
3 ⇥ 10�26 cm3s�1

h�vi

◆
(2.95)

We can easily understand from Eq.(2.95) that the yield Y will depatrure from Yeq when
�eq = neqh�vi begins to be small. For m = 100 GeV and h�vi = 3 ⇥ 10�26 cm3s�1 one
obtains

� ' 1 (decoupling condition) ) x =
m

T
' 26. (2.96)

which means that the decoupling does not begin when T . m but much later, when T .
m/26. At this temperature, Y ' 2Yeq > Yeq as we described already.
Another way of understanding the decoupling phenomena is by writing Eq.(2.94) as

dY

dx
=

�eq

H

1

xYeq

�
Y 2

eq � Y 2
�

(2.97)

It is then easy to understand that in early universe, as long as � � H Yeq, the number
density Y try to track the equilibrium value Yeq. This is because Y wants to change to
match Yeq. However, �eq is decreasing. Eventually � ' H at some ’time’ xf . From that
point on, dY/dx becomes small and Y does not want to change anymore. We are left with
Y (x) ' Y (xf ), so that the number of particles per comoving volume has frozen out. For
neutrinos this occurs while the species are still relativistic (see above) whereas for WIMPs,
this occurs when the particles are already non-relativistic (see below).

2.4.3 Solving the equation

Before solving the equation (2.94), let’s write it in a convenient way

61



The solution The s-wave case: book 2.4.3

It is easier to express everything as function of x=m/T, similar to « time » evolution

dY

dx
=

r
⇡

45

gsp
g⇢

mMP
h�vi
x2

�
Y 2

eq � Y 2
�

=

r
⇡

45

gsp
g⇢

mMP
h�vi
x2

=
�

x2

�
Y 2

eq � Y 2
�

(2.98)

with � = h�vimMP

p
⇡
45

gsp
g⇢

and g⇢ = gs (which is the case at such temperature as non-

massive degrees of freedom like neutrino has not decoupled yet. A typical electroweak cross
section

�EW ' |M|2/64⇡2s ' g2/64⇡2(100 GeV)2 ' 10�9 GeV�2 (2.99)

implying � ' �mMP ' 1012 � 1 for a 100 GeV particle (m = 100 GeV). As a consequence,
such a large value of � depletes very quickly the density of the particle (even if much slower
than the equilibrium density which is Boltzmann suppressed).

s-wave

The equation (2.98) is a type of Riccati equation with no analytic solution. Despite not
being exactly solvable, we can still see this through by invoking some physics intuition. We
know that all happens around x ⇠ 1. In this region we can see that the left hand side of
(2.98) is O(Y ) while the right hand side is O(�Y ). We just understood that � � 1, so the
right hand side must have a cancelation in the Y 2 � Y 2

eq term.

After freeze out, Yeq will continue to decrease according to the thermal suppression e�m/T ,
so that Y � Yeq. This happens at late times x � 1 where the Boltzmann equation reduces
to

dY

dx
⇡ ��(x)

x2
Y 2 (2.100)

s-wave annihilation is characterized by h�vi = cte. In this case, the resolution of the
Eq.(2.98), integrating between the freeze out time xf and the present time x0, one obtains
(noticing x0 � xf and Y0 ⌧ Yf )

1

Y0

� 1

Yf
= �(

1

xf
� 1

x0

) ) Y0 ' xf

�
(2.101)

with xf , time of freeze out obtained as a first approximation by solving

neq(xf )h�vi = H(xf ) (2.102)

which, for a weakly cross section, gives xf ' 20 (a more precise solution will be given in the
following section). From Y0 one can deduce the massive relic abundance of the particle A of
mass m with

⌦A =
⇢A

⇢0
c

=
mnA

⇢0
c

=
mY0s0

⇢0
c

=
m xf

�

2⇡2gtoday
s T 3

0

45⇢0
c

(2.103)

with ⇢0
c = 3H2

0/8⇡G = 1.88h2 g cm�3 = 10�5h2 GeV cm�3 as we computed in Eq.(2.4) and
the value of gtoday

s = 3.91 as we found in Eq.(2.47) we obtain
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⌦A =
xf

h�vi
(10�9GeV�2)

8.8 ⇥ 10�7

p
g⇢⇢0

c

GeV cm�3 (2.104)

Taking g⇢ ' 100 (see Fig.(2.5)), xf ⇠ 20 (Eq.(2.114)) and the value of ⇢0
c of Eq.(2.4) we can

write22

⌦Ah2 ' 0.17
h�vi

(1.2⇥10�26 cm3 s�1)

(2.105)

This is oftenly called ”WIMP miracle”. Indeed, we see that for a typical electroweak cross
section the relic abundance ⌦A reach 0.17/h2 ' 0.3 which is the measured value of the
matter content in the Universe. Some corrections has to be taken into account: the velocity
at decoupling time is not c, the value of xf should be computed iteratively (see next section
for a more complete calculation) and the dependance on the e↵ective degree of freedom or
mass of dark matter should be looked carefully. However, this approximation is surprisingly
quite accurate in any models with s-wave dominated annihilation process.

General solution

Now that we understood how to compute the relic abundance in a specific case, we can now
apply the same method in the generic case, developing �v = a + bv2, v being the relative
velocity between the two annihilating particles23. Notice that in the In the he Boltzmann
equation, it is not �v which enters in the definition of � in Eq.(2.98) but the thermal averaged
cross section h�vi. At the temperature of interest at freeze out (xf = m/Tf ⇡ 20 as we will
compute more in detail later on) we can consider that the annihilating particles ”1” and
”2” is non-relativistic and thus their Boltzmann distributions (2.23) can be approximate by
fi ' e�Ei/T ' e�(m+p2

i /2m)/T . One thus can write

h�vi =

R
1

R
2
d3p1d3p2(a + bv2)e�E

1

/T e�E
2

/T

R
1

R
2
d3p1d3p2e�E

1

/T e�E
2

/T
(2.106)

We can thus deduce ha+bv2i = a+bhv2i with in the non-relativistic limit v = |p2�p1|/m We
then have v2 = (|p1|2 + |p2|2 � 2p1p2 cos ✓)/m2, ✓ being the angle between the two colliding
particles. Noticing by symmetry that hcos ✓i = 0 and h|p1|2i = h|p2|2i, using Eq.(B.39) we
then can write24

hv2i = 2

R
1
p2

1dp1(p2
1/m

2)e�p2

1

/2mT

R
1
p2

1dp1e�p2
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/2mT
=

2
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⇡(2mT )5/2
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⇡(2mT )3/2
= 6

T

m
= 6x�1 (2.107)

giving

22h�vi has been normalized to a typical electroweak cross section for a 100 GeV particle: 10�9 GeV�2 =
1.2 ⇥ 10�26cm3 s�1, Eq.(2.99).

23We define the relative velocity between two particles i and j by vij =
p

(p
i

.p
j

)2�m2
i

m2
j

E
i

E
j

, with pi and Ei

being four-momentum and energy of particle i.
24See the section (2.5.1) for another way to lead the integration for the mean h�vi.
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Appendix F

Numbers

I have included in this appendix the main tables, conversion factors and formulae I concretely
regularly needed in my cosmological/astrophysical/particle computation. I hope you will
enjoy using them as much as we enjoyed (sic!) writing them...

F.1 Useful formulae

F.1.1 Cosmology

T0 = 2.34 ⇥ 10�4 eV ; G = 1/M2
P ; MP = 1.22 ⇥ 1019 GeV

H(T ) =

r
8⇡G

3
⇢(T ) =

p
g⇢

r
4⇡3

45

T 2

MP
' 1.66g1/2

⇢

T 2

MP

⇢0
c =

3H2
0

8⇡G
= 10�5 h2 GeV cm�3 ; ⌦A =

⇢A

⇢0
c

n0
� = 394 cm�3; ⇢0

� = 2.4 ⇥ 10�10GeV/cm3; hE0
�i = ⇢0

�/n
0
� = 6 ⇥ 10�4eV;

s(T ) =
2⇡2

45
gs(T )T 3; g0

s = 3.91 ; s(T0) = 2.1 ⇥ 10�38 GeV3

Y (T0) =
⌦⇢0

c

ms0

=

✓
⌦

0.1

◆ ✓
100 GeV

m

◆
135 ⇥ 10�3H2

0M
2
P

16⇡3g0
sT

3
0

Y (T0) ' 5 ⇥ 10�10

✓
1 GeV

m

◆

fA =
gA

e(E�µA)/kT ± 1
; nA(T ) =

gA

(2⇡)3

Z
fA(~p)d3p

nA
EQ(T � m)

✓
3

4

◆
⇣(3)

⇡2
gAT 3 (fermion) boson

⇢A
EQ(T � m)

✓
7

8

◆
⇡2

30
gAT 4 (fermion) boson

nA
EQ(T ⌧ m) = gA

✓
mT

2⇡

◆3/2

e�m/T ; ⇢A
EQ(T ⌧ m) = m ⇥ nA

EQ(T ⌧ m)

481
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Figure 2.16: Schematically evolution of a massive particle A as a function of the temperature following

the Boltzmann equation (red-full) in comparison with the photon thermal bath density (brown-dotted) and

the equilibrium state (blue-dashed) i the regimes A, B and C (see the text for details). Kinetic equilibrium

is equivalent to thermal equilibrium.

the model and on �v. Up to now, we are still not in the ”frozen” regime but in a semi–
decoupled one (the Hubble parameter H is still negligible compared to nh�vi). The Eq.(2.92)

can then be approximated by dn
dT ' n2h�vi

HT

C) After a while, the Hubble parameter H dominates on the annihilation rate � = nh�vi
and we recover the decoupling limit (”freeze out”) we discussed previously �/H . 1. In
this regime, the number of particles A per comoving frame is constant and frozen and the
Boltzmann equation (2.92) can be simply approximated by dn/dT ' 3n/T ) n / T 3. The
law has the same behavior than a relativistic particle in thermal bath but for a di↵erent
reason (expansion rate in this case). In fact, fundamentally speaking, the reason is not so
di↵erent. The keypoint being the conservation of the entropy which, at the same time is
responsible for the thermal equilibrium and for the evolution of the space metric as function
of the temperature: asking for a constant number of particle per comoving frame gives
similar evolution for a relativistic particle in thermal equilibrium with the photons than
for a particle out of equilibrium which density evolve solely due to the expansion. These 3
regimes A), B) and C) are sumarized in Fig.(2.16)

2.4.2 Overview

Neglecting the evolution of gs(T ) (see [?] for a more complete treatment of the equation
taking into account this correction) we can write (2.92) in a more workable way. Indeed,
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From 3.6 MeV, the neutrino density is frozen and will not increase even when T . me =
511 keV because the process ee ! ⌫⌫ is too weak compare to the interaction with the only
light particles left in the plasma at such low temperature : the entropy in e± pair is transfered
to the photon through the stronger electromagnetic interaction (Thomson scattering), but
not to the neutrino through a ”too much” weakly interaction.

When the temperature is below 3 MeV, the neutrinos are decoupled, which means they
are ”invisible” in the thermal plasma where only electrons, positrons and photons survive.
However, even if decoupled, their temperature followed the classical law T 3

⌫ R3= cte as which
is the translation to the fact that the e↵ective number of neutrino is fixed because they
escaped from the plasma. The photons follows the same law, which means than even after
the neutrino-decoupling, T⌫ = T�: there is no ”transfer” of the neutrino degrees of freedom to
the temperature of the plasma from entropy conservation, as the neutrino still participate at
the universe entropy. They decoupled from the photon but still keep the same temperature
and evolution. When the temperature drops below 511 keV, the electrons and positrons
decouple from the plasma. they gives all their kinetic energy to the photons and increase
their temperature by this way. This transfer of energy is made with constant entropy, which
means ge+e��

⇤ (T e+e��
� )3R3 = g�

⇤ (T �
� )3R3 with ge+e��

⇤ = 2+4⇤(7/8) = 11/2 and g�
⇤ = 2 and T �

�

the photons temperature after the electrons decoupling and T e+e��
� the temperature before

the electrons decoupling13 . We then obtain T �
� = (11/4)1/3T e+e��

� = (11/4)1/3T⌫ . As the
present photon temperature in the CMB is 2.725 K on deduce that the nowadays neutrino
temperature T⌫ = (11/4)�1/3 ⇥ 2.725 = 1.95 K. The processes are summarized in Fig.2.10
As a final notes we want to stress that there is finally 2 ways of obtaining a freeze out
condition : ni(T )⇥h�vi < H(T ). Or the density decrease due to the exponential suppression

132 degrees of freedom for the photon, 2 fermionic states for the electron, plus 2 for the positrons
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The relaxation time (time needed to still keep the kinetic equilibrium, i.e. to obtain Ncoll

collisions) with a scattering �scat is

⌧r ⇠ Ncoll

�scat
=

m�

T

1

neq
SM�scat

⇠ m�

T 4�scat
⇠ 109 m�

T 4
�

�scat
10�9

� (2.56)

Then, kinetic decoupling occurs approximately at the temperature Tk, for which ⌧r(Tk) =

H�1(Tk) which gives with H = 1.66g1/2
⇢

T 2

MP

Tk ⇠ 10�4g1/4
⇢

⇣ �scat

10�9 GeV�2

⌘1/2 ⇣ m�

100 GeV

⌘1/2

GeV (2.57)

corresponding roughly to the MeV scale for a 100 GeV dark matter and an electroweak–like
scattering cross-section (�scat ' �EW ⇠ 10�9 GeV�2). When the temperature of the plasma
drops below Tk, the number of collisions needed to still keep the dark matter in kinetic
equilibrium is such that the time to reach it becomes larger that the Hubble expansion time:
the dark matter reaches the kinetic decoupling.
This e↵ect can play an important role when the velocity appears in processes like Sommerfeld
enhancement for instance [16]. A more detailed analysis and analytical solutions of the
kinetic decoupling temperature can be found in [15]. The mechanism to obtain kinetic
equilibrium in the primaveal Universe is described more in detail in section (2.12) whereas
the thermalization of the dark bath is explained in section (2.6.5).

What is happening after the decoupling?

Once � (scattering or decay) falls below the expansion rate H, the particles decouple from
the plasma and propagate freely along geodesics of the spacetime. The form of the distri-
bution function f(p) is conserved, while the momentum redshifts as p(t) / 1/a, implying
p(t) = p(tdec)a(tdec)/a(t). The form of the distribution function is indeed conserved as soon
as the particle is not in thermal bath with another dark sector (which can also have decou-
pled from the primordial plasma before) because of the conservation of energy/momentum
of the decoupled system: there is no source (thermal bath of collisions) that can modify the
distribution in energy of the decoupled gas. It follows that the distribution function for any
t > tdec is given by

f(p, t > tdec) = f(
a(t)

a(tdec)
p, tdec) . (2.58)

We see that the distribution function of the decoupled particles is simply a rescaled version
of the distribution function at decoupling.

• Decoupling while relativistic: if a particle of mass m decouples when relativistic, Tdec �
m, then the distribution function (2.58) takes the form

f(p, t > tdec) =
1

eE/T̃ (t) ± 1
, with T̃ (t) = Tdec

a(tdec)

a(t)
. (2.59)

So the temperature of a decoupled relativistic species falls strictly as a�1. If the particle
later becomes non-relativistic, we have E ⇠ m but the distribution function keeps the
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form (2.59). This is an important point, especially when computing the relativistic
degrees of freedom for the present entropy for instance. What is important is that the
particle was relativistic during the decoupling time. Once it is decoupled, it is as if the
thermal bath gave them a punch, and they continue their way in space without any
interaction at the same velocity, just redshifted by the scale factor. The distribution
is a relativistic one, respecting n(T̃ ) / T̃ 3 (2.28) even in m > T (no exponential
suppression). In other words, all particles that were relativistic during their decoupling
time count as relativistic degrees of freedom in the Universe nowadays.

Notice that the conservation of the entropy, in the radiation dominated era, impose
S = sR3 = sa3R3

0=cte, using (2.45), one deduce T / a�1. This means that even after
decoupling, a gas of relativistic particle keep a ”virtual” temperature T̃ following the
one of the thermal bath.

• Decoupling while non-relativistic: if, on the other hand, a particle is non-relativisitic :
if, on the other hand, a particle is non–relativistic at the time of decoupling, Tdec, then
E ' m + p2/2m and the distribution function is given by

f(p, t > tdec) = e�m/T
dece�p2/2mT̃ , T̃ (t) = Tdec

✓
a(tdec)

a(t)

◆2

. (2.60)

So the temperature of decoupled non–relativistic species falls as a�2, which means much
faster than the relativistic ones. Their number density thus decreases not exponentially
but as T 2 in a radiation dominated Universe.

It is important to emphasize that, despite the di↵erent scaling behavior of the temperature
for relativistic and non-relativistic species after decoupling, in both cases the equilibrium
distribution is maintained. The particles are not anymore in thermal equilibrium but the
shape of the distribution is maintained around a virtual temperature T̃ .
We illustrate the behavior of the two cases (relativistic and non relativistic) in the Figure
(2.9) for T = 100 GeV and two masses of particles :10 and 200 GeV for the relativistic and
non–relativistic case respectively.

2.2.7 The neutrino decoupling

Earlier in time, the neutrino decoupled from the plasma. Indeed, the neutrino is the only
particle of the Standard Model which interacts only weakly and not electromagnetically
nor strongly. Because of that, the interaction rate �⌫ = n⌫�v from the scattering reaction
e⌫ ! e⌫ or annihilation ⌫⌫ ! ee becomes smaller than the Hubble expansion rate H(T )
much earlier than for the other particles of the Standard model in the Plasma. We can easily
compute this rate combining Eq.(C.55) and Eq.(B.28) :

�⌫ ' n⌫
G2

F

8⇡
9.93 ⇥ T 2, with GF = 1.1664 ⇥ 10�5GeV�2 and n⌫ =

3

4

⇣(3)

⇡2
g⌫T

3 (2.61)

At such earlier time, the Universe is radiation dominated, which means H(T ) = 1.66g1/2
⇤ T 2/MP ,

see Eq.(2.50). The condition �⌫(T⌫dec) . H(T⌫dec) gives
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First microscopical approach
In the case of the exchange of a massless 

mediator, σ ≃ g4/T2 implying Γ = n⟨σv⟩ = n⟨σ⟩ ≃ 
g4T. The particle will thus be decoupled from the 

primordial plasma when  

In the case of the exchange of a massive 
gauge boson Z′ (MZ′ > T) the cross section of 

the reaction can be written σ ≃ g4T2/MZ’4  
⇒ Γ ≃ g4T5/MZ’4. The decoupling temperature 

will then be given by the usual condition: 
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Figure 2.7: Illustrative example of the decoupling epoch when the number of interaction is divided by 2

during a time �t due to the dilution of the target. The volume necessary to have 2 collision (Rbefore) is now

just su�cient to give one collision (Rafter)

.

The exchange of a massless gauge field between two particles S and S̃ can be param-
eterized in a case of bosonic particles11 by a lagrangian of the form L = (DµS)(DµS)† +
(D⌫S̃)(D⌫S̃)† which includes the terms of interactions ig pµAµSS†+ig p̃⌫A⌫S̃S̃†, Aµ being the
massless vectorial field (photon for instance) and g its coupling to the particles in the bath.
On can then compute the amplitude of the interaction (see appendix C) M = g2pµ⌘µ⌫ p̃⌫/p2 =
g2p.p̃/p2 ' EẼ(1 � cos ✓)/E2, cos ✓ being the di↵used angle between S and S̃ which implies
|M|2 ' g4EẼ(1 � cos ✓)/E2. Using Eq.C.38 (� ' |M|2/64⇡2s), considering that the parti-
cles are relativistic in the plasma and using Eq.(2.30) (mS,S̃ ⌧ T ) E ' Ẽ ' T ) one can
deduce � ' g4/T 2 implying when combined with Eq.(2.24) � = nSh�vi = nSh�ci ' g4T .
The particle S will thus be decoupled from the primordial plasma when

�

H
. 1 ) g4MP

T
. 1 ) T & g4Mp ' 1015GeV [non � massive gauge boson exchange]

(2.52)
It is important to notice that T in this case is an upper bound, which means that as soon a
T . 1015 GeV the eletromagnetics interactions will always be su�cient to maintain charged
relativistic particles in equilibrium in the bath: the decoupling will appears only when
the temperature will reach mS, where the density will be exponentially suppressed by the
Boltzmann factor (the term nS in the expression of �).

In the case of the exchange of a massive gauge boson Z 0 (MZ0 & T ) the amplitude of the
reaction can be written M ' g2E2/M2

Z0 ' g2T 2/M2
Z0 ) � ' g4T 5/M4

Z0 . The decoupling
temperature will then be given by the usual condition �/H . 1 :

�

H
. 1 ) g4MP T 3

M4
Z0

. 1 ) T .
✓

MZ0

g

◆4/3

M�1/3
p ' 0.1

✓
MZ0

1 TeV

◆4/3

MeV (2.53)

In this case we clearly see that the decoupling of particles charged only under SU(2) (Z boson
exchange) will decouple quite late in the history of the universe (around 1 MeV) which is
precisely the case of the neutrino (that we will study more in detail in another section).

11The analysis does not depend on the nature -fermionic/bosonic- of the particles we consider..
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We represent in Fig.2.8 the evolution of H(T ) and �(T ) in di↵erent cases (taking g = 0.1)

log H ' �2 log 1/T � 19; log �� ' � log 1/T � 4; log �MZ0 = �5 log 1/T � 4 log MZ0 � 4
(2.54)

2.2.6 Chemical decoupling or kinetic/thermal decoupling?

The main idea

In fact, to be precise, all the discussion above concerned mainly the ”chemical” decoupling,
i.e. the temperature for which the production rate of dark matter is too small to maintain
it in equilibrium with the thermal bath. In other words the thermal bath cannot change
anymore the number of dark species, so the name ”chemical” decoupling in analogy with
chemical reactions. It is very important to realize that even though dark matter is now a
chemically distinct particle species, it is still a constituent of the local heat bath. Indeed, the
relevant target density for elastic scattering processes is provided by the number density of
relativistic SM particles and thus only decreasing at T 3, and not exponentially as the ”self”
target, the dark matter itself. Eventually, at a temperature Tk, the elastic scattering (and
not annihilating) rate12 �scat = neq

SMh�scati cannot compete with that of the expansion of the
Universe, and the dark matter particles start to decouple from kinetic equilibrium. Elastic
scattering processes cease. In fact, to be precise, even before the last scattering occurs, the
temperature of the dark matter has no time to be relaxed because of the Hubble expansion.
It is thus the relaxation time which will determine the kinetic decoupling of the dark matter,
i.e. the time when the temperature of the dark matter is not maintained anymore to the
plasma one through scattering and drops quickly with the scale factor a as a�2 instead
of a�1, the temperatures of the dark matter particles and the radiation background are
approximately related by T� = h|p|2/2m�i ⇠ T 2/Tk [15]

Approximate solution, to have the feeling

Let us estimate the relaxation time for a WIMP of mass m� living in a thermal bath of
temperature T . Let suppose that after each shock, the SM particles transfer an impulsion
�p (tri–vector), roughly given by its energy |�p| ⇠ T to the dark matter corresponding
to a velocity �v. After the number of collision Ncoll, the velocity of the dark matter is
vNcoll

= vNcoll�1 + �v, implying |vNcoll
|2 = |vNcoll�1|2 + 2|vNcoll�1||�v| cos ✓ + |�v|2, ✓ being

the angle between the two colliding (dark matter and SM) particles. We can thus deduce
hv2

Ncoll
i = hv2

0i + Ncoll(�v)2. In other words, after Ncoll collisions, the velocity (and thus
impulsion) gained by the dark matter (if we suppose it at rest for instance at the beginning,

v0 = 0) is �pNcoll
= N1/2

coll�p which should be equal to (2m�Ec)1/2 ⇠ (m�T )1/2 for a dark
matter particle at the temperature T . Replacing �p ⇠ T we then can compute the number
of collision needed to keep the dark matter in kinetic equilibrium :

Ncoll ⇠ m�

T
� 1. (2.55)

12Notice that �scatvSM = �scat as the SM particles are still largely relativistic in the thermal bath :
vSM = c.
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The exchange of a massless gauge field between two particles S and S̃ can be param-
eterized in a case of bosonic particles11 by a lagrangian of the form L = (DµS)(DµS)† +
(D⌫S̃)(D⌫S̃)† which includes the terms of interactions ig pµAµSS†+ig p̃⌫A⌫S̃S̃†, Aµ being the
massless vectorial field (photon for instance) and g its coupling to the particles in the bath.
On can then compute the amplitude of the interaction (see appendix C) M = g2pµ⌘µ⌫ p̃⌫/p2 =
g2p.p̃/p2 ' EẼ(1 � cos ✓)/E2, cos ✓ being the di↵used angle between S and S̃ which implies
|M|2 ' g4EẼ(1 � cos ✓)/E2. Using Eq.C.38 (� ' |M|2/64⇡2s), considering that the parti-
cles are relativistic in the plasma and using Eq.(2.30) (mS,S̃ ⌧ T ) E ' Ẽ ' T ) one can
deduce � ' g4/T 2 implying when combined with Eq.(2.24) � = nSh�vi = nSh�ci ' g4T .
The particle S will thus be decoupled from the primordial plasma when

�

H
. 1 ) g4MP

T
. 1 ) T & g4Mp ' 1015GeV [non � massive gauge boson exchange]

(2.52)
It is important to notice that T in this case is an upper bound, which means that as soon a
T . 1015 GeV the eletromagnetics interactions will always be su�cient to maintain charged
relativistic particles in equilibrium in the bath: the decoupling will appears only when
the temperature will reach mS, where the density will be exponentially suppressed by the
Boltzmann factor (the term nS in the expression of �).

In the case of the exchange of a massive gauge boson Z 0 (MZ0 & T ) the amplitude of the
reaction can be written M ' g2E2/M2

Z0 ' g2T 2/M2
Z0 ) � ' g4T 5/M4

Z0 . The decoupling
temperature will then be given by the usual condition �/H . 1 :

�

H
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M4
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✓

MZ0

g
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M�1/3
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In this case we clearly see that the decoupling of particles charged only under SU(2) (Z boson
exchange) will decouple quite late in the history of the universe (around 1 MeV) which is
precisely the case of the neutrino (that we will study more in detail in another section).

11The analysis does not depend on the nature -fermionic/bosonic- of the particles we consider..
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eterized in a case of bosonic particles11 by a lagrangian of the form L = (DµS)(DµS)† +
(D⌫S̃)(D⌫S̃)† which includes the terms of interactions ig pµAµSS†+ig p̃⌫A⌫S̃S̃†, Aµ being the
massless vectorial field (photon for instance) and g its coupling to the particles in the bath.
On can then compute the amplitude of the interaction (see appendix C) M = g2pµ⌘µ⌫ p̃⌫/p2 =
g2p.p̃/p2 ' EẼ(1 � cos ✓)/E2, cos ✓ being the di↵used angle between S and S̃ which implies
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The particle S will thus be decoupled from the primordial plasma when
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It is important to notice that T in this case is an upper bound, which means that as soon a
T . 1015 GeV the eletromagnetics interactions will always be su�cient to maintain charged
relativistic particles in equilibrium in the bath: the decoupling will appears only when
the temperature will reach mS, where the density will be exponentially suppressed by the
Boltzmann factor (the term nS in the expression of �).
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In this case we clearly see that the decoupling of particles charged only under SU(2) (Z boson
exchange) will decouple quite late in the history of the universe (around 1 MeV) which is
precisely the case of the neutrino (that we will study more in detail in another section).

11The analysis does not depend on the nature -fermionic/bosonic- of the particles we consider..

41



Fields of interest
The meaning of equilibrium

�i!f = ni(T )h�vii!f = H(T )
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Limits on the masses and number of neutral weakly interacting particles are derived using cosmological arguments. 
No such particles with a mass between 120 eV and 3 GeV can exist within the usual big band model Simdar, but much 
more severe, restrictions follow for parUcles that interact only gravitationally. This seems of Importance with respect to 
supersymmetric theories. 

Following an idea, put  forward by Shvartsman [1], 
Steigman et al. [2] presented arguments leading to an 
upper limit to the number of  different types of  mass- 
less neutrinos, which may be summarized as follows. 

According to the hot  big bang model all forms of  
matter in the universe, even neutrinos, are initially in 
thermal equilibrium. The total  energy density of  rela- 
tivistic particles is then given at a temperature T by 

0 = Ka T4. (1) 

a is the radiation density constant,  appearing in the 
black-body radiation law, and K is given by  

t~ = ½(nb + ~ nf). (2) 

The quantities n b and nf are the total  number of  Inter- 
nal degrees of  freedom of  the different types of  bosons 
and fermions respectively. For  a photon gas K = 1, whde 
for a mixture of  photons,  electrons, electron and muon 
neutrinos, together with their antiparticles, ¢ = 9/2. 

A second expression for the total energy density p 
is given as a function of  the expansion time t by solv- 
ing the Einstein equations in a radiation dominated 
homogeneous and isotropic universe, 

p = 3/32 rr Gt 2, (3) 

where G is the gravitational coupling constant,  G = 6.7 
X 10 -45 MeV - 2 . .  Combining (1) and (3) we get 

T = (3/32 rr Ga) 1/4 K- 1/4 t -  1/2 (4) 

* We use units such that fi = c = k = 1, and the temperature Is 
expressed in MeV. 

Adding more types of  neutrinos relative to the standard 
big bang model increases the value of  K. This would have 
the following observable effect. 

The neutron/proton ratio is given by the equilibrium 
value n/p = exp { - ( m  n - mp)/T) as long as the rate of  
weak interactions, like e.g. n + e ÷ ~ p + F e, is high 
enough. But this ratio freezes in soon after the time be- 
tween successive collisions grows bigger than, say, the 
expansion time. The mean free time is r = (oN)-1  as 
long as the electrons are relativistic. The cross section 
o " T 2 and the number density of  protons and neu- 
trons N ~ R - 3 ,  where R is the scale factor of  the ex- 
panding universe. At these early times the number of  
nucleons is far smaller than the number of  photons,  
electrons, positrons and neutrinos, so the cooling pro- 
ceeds adiabatically like T ~ R -1  . Therefore N ~ T 3 
and thus 

r = const. × T -5 .  (5) 

Putting t = r in (4), from (5) we get an effective 
temperature Tf at which the neut ron/proton ratio 
freezes in, given by 

Tf = const. X K 1/6. (6) 

When the temperature falls off further nearly all neu- 
trons are captured to form deuterium and subsequently 
helium. In the standard model Tf ~ 1 MeV ~ 1010 K and 
the abundance by weight ofhehum produced m this way 
is Y ~ 0.23 to 0.27, depending on thepresen t  density 
of nucleons in the universe. An observational upper 
limit [4] Y ~ 0.29 agrees well with the standard model. 

Increasing now the number of  neutrino types would 
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The Zeldovich-Cowsik-McClelland bound

Enrico Fermi 
“Tentativo di una teoria dei raggi β",  

Ricerca Scientifica, 1933 /HH�:HLQEHUJ�OLPLW��P˪!IHZ�*H9

&RZVLN�0F&OHOODQG�ERXQG��P˪��IHZ�H9

��HDUO\�ERXQGV�RQ�QHXWULQR�PDVV�IURP�FRVPRORJ\��UHOLF�
DEXQGDQFH��

[CMB, Penziaz 1965 + discovery νµ, Lederman 1962 ]

at T < me, e- and e+ decouple from the 
thermal bath: they give their degrees of 
freedom (2+2=4) to the photons and not 

the neutrinos because the latter are 
already out of equilibrium since T ~ 3 MeV  

2 nγ -> (2+ 7/8 4 )nγ =  11/2 nγ.

The photons are then almost 3 times more « dense » than the neutrino in the 
bath after the decoupling of the electrons,  

resulting at T0=2.7 K, nγ = 400 cm-3 [CMB] => nν + nν = 200 cm-3 

To avoid overclosing the Universe, one needs  
ρν = mν (nν + nν) < ρcrit = 3 H2/8 π G =  2 x 10-29 h2  g / cm3  

=> mν <  2 10-31 h2 g = 94 h2 eV = 45 eV             [H0=67 km/s/Mpc] 
[corrections 1/3 from Ωm versus 1 (or 5, Zeldovich)  

+ number of families]
[Zeldovich considered  ρ < 2 x 10-28 g/cm3]



A little remark

Not true. Cowsik forgot to take 
into account the reheating of 

the thermal bath (photons) due 
to the entropy conservation 
once the electrons/positrons 

decoupled. Factor (4/11)1/3 (see 
book section 2.2.7 + Entropy 

slide)

Cowsik considered left + right 
handed neutrino whereas right 
handed neutrino does not feel 

weak interaction, i.e. cannot be 
considered as in thermal 
equilibrium with the left 

handed ones: only 2 degrees of 
freedom for neutrinos should 
be considered (νL+νL), not 4

Treatment of Zeldovich is ~ok but two little mistakes has been made by Cowsik: 
(the original article can be find there: http://www.ymambrini.com/My_World/History.html )

http://www.ymambrini.com/My_World/History.html


Zeldovich considered indeed that the degrees of freedom (quanta as he wrote) of the 
electrons are transferred to the photons and not the neutrino (Peebles, 1966) he 
miscounted the degrees of freedoms forgetting that the fundamental quantities 

which is conserved is the entropy s(T)=(ρ+P/3)/T=4/3 ρ(T)/T and not n(T). 
They considered that [e+] + [e-] = (3/4 x 4)=1.5 [γ] give all their 4 degrees of freedom 

to the photons after their decoupling, thus 
 [γ]after = (2 + 4)/2=3[γ]before implying ([ν] + [ν])after = 0.5 [γ]after 

The exact treatment should be made with the entropy conservation 
[γ]after = (2 + 7/8 x 4)/2= 11/4 [γ]before 

11/4 compared to 3, not so much differences..

A little mistreatment made by Zeldovich



Application: the Z’ case
As a simple microscopic application, let suppose the case of an intermediate gauge boson Z’ , 

mediator between the thermal Standard Model bath (SM) and the Dark Matter (DM) of mass m: 
SM χ

χSM

Z’

g

cos ✓W

g

cos ✓W

3 regimes 

1) m << Tdecoupling : relativistic case,   Ω ~ m 

2) Tdecoupling << m << MZ’ ,  σ ~ m2/(MZ’)4   =>   Ω ~ (MZ’)4/m2 

3) MZ’ << m ,    σ ~ 1/m2    =>    Ω ~ m2 

�v =

✓
g4

64⇡ cos

4 ✓W

◆
m2

(s�M2
Z0)

2
+ �

2
Z0M2

Z0



Application: the Z’ case

We find that Tfr ∝ m, with only logarithmic corrections (this is due to the exponential Boltzmann factor). We can
then derive the current mass density as ρ ∼ mneq(Tfr)(T/Tfr)3 ∼ T 3(m/Tfr)/σ. Thus we find the crucial result
that ρ ∝ 1/σ, with only logarithmic dependence on mass since m/Tfr is roughly constant. This means that smaller
annihilation cross sections yield larger relic densities, which makes sense, as less efficient annihilations should allow
more particles to survive. Taking the simple scaling that σ ∝ m−2, we find the approximate relic density

Ωh2 ∼
( m

TeV

)2
. (3)

This is a very interesting result in that a stable particle at the weak interaction scale of several hundred GeV would
give the proper relic density to be dark matter. Any Weakly Interacting Massive Particle (WIMP) might thus be a
compelling dark matter candidate.

3.3. Pedagogical Example

We can illustrate both the relativistic and non-relativistic freeze-out regimes with a single toy model as follows.
Taking a Dirac fermion annihilating through a wide Z ′ boson, the annihilation cross section is

σv =
(

g4

64π cos4 θW

)
m2

(s − m2
Z′)2 + m4

Z′
. (4)

In figure 1, we plot the relic density of this particle for a wide range of masses, as calculated by the DarkSUSY
code [17]. Three regimes are evident. For masses below 1 MeV, the freeze out is relativistic, and the relic density
is proportional to mass. Above 1 MeV, but below mZ′ the interaction is like low energy weak interactions, with
σ ∝ E2 = m2, thus the relic density is proportional to the inverse square of the mass. For masses larger than the Z ′,
the usual behavior of σ ∝ m−2 is recovered, with relic density proportional to the square of the mass. In a parallel set
of three regimes, the boundaries between hot, warm, and cold dark matter are approximately illustrated. Comparing
with the known value of the relic density, the hot and cold possibilities appear at 10 eV and 1 TeV respectively.

Figure 1: Relic density of a species freezing out in thermal

equilibrium. The interaction cross section is of weak interac-

tion strength. For masses below ∼ MeV, the particles are rela-

tivistic at freeze-out, above this mass they are non-relativistic.

Above a mass of ∼ 100 GeV, the interactions look “electro-

magnetic” as the gauge boson becomes light relative to the

particle mass. The three regimes of cold, warm, and hot dark

matter are illustrated, along with the WMAP 2σ constraint

on dark matter density.

SLAC Summer Institute on Particle Physics (SSI04), Aug. 2-13, 2004
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Lee-Weinberg bound (1977) : 
m > 2 GeV
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Unitarity limit

m� . 340 TeV

Boltzmann Unitarity

+ + Overclosure

=



Summary on bounds:

h�vi = G2
Fm

2
� > 10�9 GeV�2 ) m� > 2 GeV

BUT non-valid as soon as we suppose an extra mediator  
(Z’ lighter then the Z for instance => G’F > GF

Lee-Weinberg bound (1977)

Cowsik-McClelland bound (1972)

⌦⌫h
2 =

⇢⌫
⇢c0

h2 =
n⌫ m⌫

10�5 GeV cm3
' m⌫

92 eV
) m⌫ . 9 eV

BUT be careful to the extra degrees of freedom  
(dark radiation)

Unitarity bound 

BUT thermal production has been imposed 
(FIMP or WIMPZILLA do not enter in this game)

m� . 340 TeV



Problem of hot dark matter: the formation of large structures

A particle when decoupled while relativistic 
(« hot ») collisionless will have tendency to 

stream out from overdense region into 
underdense region, smoothing out in the 
process inhomogenities. One should then 

compute its free-streaming path, and check 
that it is lower than the size of proto-galaxies 

(~Megaparsec)

credit ITP, University of Zurich

book 2.8.3

Once a species decouples from te plasma, it simply travels in free fall in the expanding
Universe. We thus may choose the particle motion to be along d� = d✓ = 0 so that the
motion of a freely propagating particle is simply given by a(t)dr = v(t)dt. The distance �FS

traversed by a free streaming particle at a time t can then be written

�FS(t) =

Z t

0

dr =

Z t

0

v(t0)

a(t0)
dt0 (2.202)

While the particles are relativistic, v = c, and later, v / a�1 because the momentum is
redshifted. We thus need to introduce a new scale, the scale factor anr where the dark matter
particles become non–relativistic. It is defined by the condition kTnr = a�1

nr kT0. Following
Eq.(B.14) we have the link between temperature and scaling factor : T / a�1. We thus can
deduce the temperature when a particle � becomes non relativistic : m� ' Tnr ) anr ' T

0

m�
.

In the case of the neutrino � = ⌫, Eq.(2.63) gave us m⌫ ⇡ ⌦⌫h2 ⇥ 92 eV implying

anr =
T0

m⌫
=

2.35 ⇥ 10�4

92

�
⌦⌫h

2
��1

= 2.6 ⇥ 10�6
�
⌦⌫h

2
��1

(2.203)

We will then integrate the free streaming equation in the 3 regimes independently : t between
0 and tnr, between tnr and tEQ and finally between tEQ and t0.

• Between t = 0 and t = tnr, the neutrino is relativistic and thus v = c and the expansion
factor is proportional to t1/2 [Eq.(B.16)], a(t) = ↵ t1/2

�0�nr
FS (t) =

Z t

0

dt0

a(t0)
=

2

↵
t1/2 = 2

a(t)tnr

a2
nr

[0 < t < tnr]. (2.204)

• Between tnr and tEQ, the velocity of the particle v(t) is proportional to a�1(t) by
redshift, which means v(t) = c anr

a(t) = anr
a(t) which gives

�nr�EQ
FS (t) � �nr�EQ

FS (tnr) = �nr�EQ
FS (t) � �0�nr

FS (tnr) =

Z t

tnr

anrdt0

a2(t0)
=

tnr

anr
ln

✓
t

tnr

◆

) �nr�EQ
FS (t) = 2

tnr

anr
+ 2

tnr

anr
ln

✓
a(t)

anr

◆
= 2

tnr

anr


1 + ln

✓
a(t)

anr

◆�
[tnr < t < tEQ].

(2.205)

• Between t = tEQ and t = t0 the dependance on the velocity is of course still red-
shifted, but the relation between time and scale factor from Eq.(B.16) is a(t) = ↵ t2/3.
Remarking tnr = tEQ(anr/aEQ)2 we then obtain

�EQ�t
0

FS (t) = �nr�EQ
FS (tEQ) + anr

Z t

tEQ

dt0

a2(t0)
= 2

tnr

anr


1 + ln

✓
aEQ

anr

◆�
+

3tnr

anr


1 �

✓
aEQ

a(t)

◆1/2�

) �EQ�t
0

FS (t) =
2tnr

anr


5

2
+ ln

✓
aEQ

anr

◆
� 3

2

✓
aEQ

a(t)

◆1/2�
[tEQ < t < t0]. (2.206)
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Remarking tnr = tEQ(anr/aEQ)2 we then obtain

�EQ�t
0

FS (t) = �nr�EQ
FS (tEQ) + anr

Z t

tEQ

dt0

a2(t0)
= 2

tnr

anr


1 + ln

✓
aEQ

anr

◆�
+

3tnr

anr


1 �

✓
aEQ

a(t)

◆1/2�

) �EQ�t
0

FS (t) =
2tnr

anr


5

2
+ ln

✓
aEQ

anr

◆
� 3

2

✓
aEQ

a(t)

◆1/2�
[tEQ < t < t0]. (2.205)

We can see that �FS(t) quickly reaches and asymptotic value �1
FS. With the values obtained

in Eq.(2.87) and Eq.(B.11-B.16) we can deduce tnr and aEQ and thus compute the asymptotic
limit �1

FS:

�1
FS =

MP

T0Tnr

s
45

4⇡3g⇢


5

2
+ ln

✓
⇢R

0 Tnr

⇢M
0 T0

◆�
⇡ 70 Mpc

1 eV

Tnr
⇡ 210 Mpc

1 eV

m⌫
(2.206)

if we suppose Tnr ' m⌫/3 (an exact solution of the boltzmann solution is needed here). It
means that structures of larger scales than 70 Mpc should have been destroyed by neutrino
of masses m⌫ < 1 eV. if they were the main matter constituent of the density of the Universe.
We plotted a numerical solution of �FS in Fig.(2.29).
The limit m⌫ = 1 keV is known as the warm dark matter limit . Indeed, the free streaming of
such particle is around 1 Mpc, which is the typical size of protogalaxies. Hot dark matter are
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the close universe with a wave vector k ' 1/�. In the case isotrope, Eq.(2.198) can be
written

⇣(r) =
V

2⇡2

Z 1

0

P (k)
sin(kr)

kr
k2dk (2.199)

r represent a comoving scale (or wavelength) corresponding to the wave number k = 2⇡
r .

The function sin(kr)
kr acts like a windows letting only the modes with k < 2⇡

r to contribute to
the fluctuation at the scale r. For these reasons, fluctuations with k > 2⇡

r (i.e. small scales
compared to r) does not contribute at the scale r. As a conclusion the correlation function
at a scale r will be sensible only to power spectrum corresponding to scales > r.
To have an idea, recent measurements with some simulation hyptothesis gives

⇣(r) '
✓

r

r0

◆��

(2.200)

with � ' 1.77 and r0 ' 5h�1 Mpc for scales from 0.1 to 10 h�1 Mpc. Higher is r0 larger is
⇣(r) and so the structure features. r0 quantify the clustering.

2.8.3 Free streaming

If dark matter is composed by collisionless particles (like neutrino for instance), after they
are kinematicaly decoupled from the bath (see section 2.2.5) they are subject to Landau
damping , also known as collisionless phase mixing or free streaming. Until perturbations
become Jeans unstable and begin to grow after the decoupling time, collisionless particles
can stream out of overdense regions and into underdense regions, in the process smoothing
out inhomogeneities. We will estimate the scale of collisionless damping in this section33.
Once a species decouples from te plasma, it simply travels in free fall in the expanding
Universe. We thus may choose the particle motion to be along d� = d✓ = 0 so that the
motion of a freely propagating particle is simply given by a(t)dr = v(t)dt. The distance �FS

traversed by a free streaming particle at a time t can then be written

�FS(t) =

Z t

0

dr =

Z t

0

v(t0)

a(t0)
dt0 (2.201)

While the particles are relativistic, v = c, and later, v / a�1 because the momentum is
redshifted. We thus need to introduce a new scale, the scale factor anr where the dark matter
particles become non–relativistic. It is defined by the condition kTnr = a�1

nr kT0. Following
Eq.(B.14) we have the link between temperature and scaling factor : T / a�1. We thus can
deduce the temperature when a particle � becomes non relativistic : m� ' Tnr ) anr ' T

0

m�
.

In the case of the neutrino � = ⌫, Eq.(2.62) gave us m⌫ ⇡ ⌦⌫h2 ⇥ 92 eV implying

anr =
T0

m⌫
=
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(2.202)

33In order to take this e↵ect into account properly, one must integrate the Boltzmann equation that
describes the collisionless component
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The result

Hot dark matter (ν) Warm dark matter (νR) Cold dark matter
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Figure 2.29: Free streaming distance (in Mpc) as function of the scaling parameter a(t) for di↵erent masses

of neutrino (from 1 eV to 1 keV)

particles still relativistic at the recombination time (m⌫ . 10 eV as we can see from Fig.2.29).
In fact, more generically speaking, candidate particles can be grouped into three categories
on the basis of their e↵ect on the fluctuation spectrum. If the dark matter is composed of
abundant light particles which remain relativistic until shortly before recombination, then
it may be termed ”hot”. The best candidate for hot dark matter is a neutrino. A second
possibility is for the dark matter particles to interact more weakly than neutrinos, to be
less abundant, and to have a mass of order 1 keV. Such particles are termed ”warm dark
matter”, because they have lower thermal velocities than massive neutrinos . There are at
present few candidate particles which fit this description. Gravitinos and photinos have been
suggested. Any particles which became nonrelativistic very early, and so were able to di↵use
a negligible distance, are termed ”cold” dark matter (CDM) .
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Two exceptions to the Boltzmann equation

The WIMPZILLA 

or how to have the eyes bigger than the stomach

The FIMP (Freeze In Massive Particle) 

or how to have the stomach smaller than the eyes



inflaton

The WIMPZILLA : How to obtain a very massive (> 10
8
 GeV) candidate?

TRH . One implication of this is that it is incorrect to assume that the maximum abundance
of a massive particle species of mass M , produced after inflation is suppressed by a factor
e�M/TRH . We will show in this section, how to calculate the evolution of the temperature in
a hot Universe, in presence of massive states.
Let us consider a model Universe with three components: inflaton field energy ⇢I , radiation
energy density ⇢R. We will assume that the decay rate of the inflaton field energy density
into light degrees of freedom, generically referred to as radiation, is �I . We will also assume
that the light degrees of freedom are in local thermal equilibrium.
With the above assumption, the Boltzmann equations describing the redshift and interchange
in the energy density among the di↵erent component is

⇢̇I + 3H⇢I + �I⇢I = 0

⇢̇R + 4H⇢R � �I⇢I = 0 (2.209)

where dot denotes time derivative. It is convenient to work with dimensionless quantities
that can absorb the e↵ect of expansion of the Universe. This may be accomplished with the
definitions

� ⌘ ⇢IM
�1
I a3 ; R ⌘ ⇢Ra4 (2.210)

It is also convenient to use the scale factor, rather than time, for the independent variable.
With this choice, the system of equations can be written as (prime denotes d/da)

�0 = ��I

H

�

a
, R0 =

�IMI

H
� . (2.211)

Under the hypothesis that, at the beginning, the inflaton decay dominates on the expansion
rate (�I ⌧ H), the system (2.211) can be solve exactly, which gives

R =
2

5
�I

r
3MI

8⇡
Mp(a

5/2 � a5/2
I )

p
�I (2.212)

where �I is the inflaton energy (almost constant) during this preheating phase, and aI the
scale factor at the end of the inflation (at the beginning of the preheating phase, instal
condition). Using (2.26) to define the temperature of the plasma of relativistic particles, one
can then write

T =

✓
12Mp�I

g⇤

◆1/4 ✓
3⇢I

8⇡5

◆1/8 ✓
a

aI

◆�3/2

�
✓

a

aI

◆�4�1/4

(2.213)

Using the definition of the reheating temperature (H(TRH) = �I , with H(TRH) computed
in the radiation dominated epoch) and introducing HI , the Hubble parameter at the end of
inflation we have

�I =

r
8⇡3g⇤

90

T 2
RH

Mp
, and ⇢I =

3M2
p

8⇡
H2

I , (2.214)
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Figure 2.31: Evolution of the temperature of the universe as function of the scaling parameter a/aI for

di↵erent values of reheating temperature. One clearly see the maximum occurring at x = ( 8
3 )2/5 = 1.48, and

then the classical evolution of a radiation dominated Universe T / a�1.

which gives
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(2.215)

We illustrate the behavior of the temperature as function of the reduced scale factor a/aI on
Fig.(2.31). We clearly see that the temperature first increase, due to the dominance of the
decay rate of the inflaton on the expansion rate of the universe. The plasma is heated by
the decay process. However, when the Hubble expansion rate begin to dominate, the plasma
reaches a classical thermal equilibrium, without the introduction of new particles from the
inflaton decay (or at least, their influence diminishes). The temperature then follows the
classic T / 1/a law. We can compute the value amax for which the temperature of the
plasma reaches is maximum by derivate Eq.(2.215), which gives

xmax =
amax

aI
=

✓
8

3

◆2/5

' 1.5 (2.216)

which is independent on the initial conditions. It means that when the Universe was roughly
1.5 times larger than after the inflation phases, the temperature begins to decreases toward
a reheating temperature. The maximal temperature can be computed injecting xmax in
(2.215), we obtain

Tmax =

✓
5

3

◆1/4 ✓
8

3

◆�2/5 ✓
9

5g⇤⇡3

◆1/8 p
TRH(HIMp)

1/4 . (2.217)
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di↵erent values of reheating temperature. One clearly see the maximum occurring at x = ( 8
3 )2/5 = 1.48, and

then the classical evolution of a radiation dominated Universe T / a�1.
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We illustrate the behavior of the temperature as function of the reduced scale factor a/aI on
Fig.(2.31). We clearly see that the temperature first increase, due to the dominance of the
decay rate of the inflaton on the expansion rate of the universe. The plasma is heated by
the decay process. However, when the Hubble expansion rate begin to dominate, the plasma
reaches a classical thermal equilibrium, without the introduction of new particles from the
inflaton decay (or at least, their influence diminishes). The temperature then follows the
classic T / 1/a law. We can compute the value amax for which the temperature of the
plasma reaches is maximum by derivate Eq.(2.215), which gives
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which is independent on the initial conditions. It means that when the Universe was roughly
1.5 times larger than after the inflation phases, the temperature begins to decreases toward
a reheating temperature. The maximal temperature can be computed injecting xmax in
(2.215), we obtain
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inflaton

The WIMPZILLA : How to obtain a very massive (> 10
8
 GeV) candidate?

TRH . One implication of this is that it is incorrect to assume that the maximum abundance
of a massive particle species of mass M , produced after inflation is suppressed by a factor
e�M/TRH . We will show in this section, how to calculate the evolution of the temperature in
a hot Universe, in presence of massive states.
Let us consider a model Universe with three components: inflaton field energy ⇢I , radiation
energy density ⇢R. We will assume that the decay rate of the inflaton field energy density
into light degrees of freedom, generically referred to as radiation, is �I . We will also assume
that the light degrees of freedom are in local thermal equilibrium.
With the above assumption, the Boltzmann equations describing the redshift and interchange
in the energy density among the di↵erent component is

⇢̇I + 3H⇢I + �I⇢I = 0

⇢̇R + 4H⇢R � �I⇢I = 0 (2.209)

where dot denotes time derivative. It is convenient to work with dimensionless quantities
that can absorb the e↵ect of expansion of the Universe. This may be accomplished with the
definitions

� ⌘ ⇢IM
�1
I a3 ; R ⌘ ⇢Ra4 (2.210)

It is also convenient to use the scale factor, rather than time, for the independent variable.
With this choice, the system of equations can be written as (prime denotes d/da)

�0 = ��I

H

�

a
, R0 =

�IMI

H
� . (2.211)

Under the hypothesis that, at the beginning, the inflaton decay dominates on the expansion
rate (�I ⌧ H), the system (2.211) can be solve exactly, which gives
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where �I is the inflaton energy (almost constant) during this preheating phase, and aI the
scale factor at the end of the inflation (at the beginning of the preheating phase, instal
condition). Using (2.26) to define the temperature of the plasma of relativistic particles, one
can then write
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Using the definition of the reheating temperature (H(TRH) = �I , with H(TRH) computed
in the radiation dominated epoch) and introducing HI , the Hubble parameter at the end of
inflation we have

�I =

r
8⇡3g⇤

90

T 2
RH

Mp
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We illustrate the behavior of the temperature as function of the reduced scale factor a/aI on
Fig.(2.31). We clearly see that the temperature first increase, due to the dominance of the
decay rate of the inflaton on the expansion rate of the universe. The plasma is heated by
the decay process. However, when the Hubble expansion rate begin to dominate, the plasma
reaches a classical thermal equilibrium, without the introduction of new particles from the
inflaton decay (or at least, their influence diminishes). The temperature then follows the
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decay rate of the inflaton on the expansion rate of the universe. The plasma is heated by
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End of the primordial Universe part.



End of the primordial Universe part.

Questions?



Summary on bounds:

h�vi = G2
Fm

2
� > 10�9 GeV�2 ) m� > 2 GeV

BUT non-valid as soon as we suppose an extra mediator  
(Z’ lighter then the Z for instance => G’F > GF

Lee-Weinberg bound (1977)

Cowsik-McClelland bound (1972)

⌦⌫h
2 =

⇢⌫
⇢c0

h2 =
n⌫ m⌫

10�5 GeV cm3
' m⌫

92 eV
) m⌫ . 9 eV

BUT be careful to the extra degrees of freedom  
(dark radiation)

Unitarity bound 

⌦⌫h
2 =

⇢⌫
⇢c0

h2 =
n⌫ m⌫

10�5 GeV cm3
' m⌫

92 eV
) m⌫ . 9 eV

BUT be careful to the extra degrees of freedom  
(dark radiation)



Unitarity limit
regimes where T ⌧ E, µA, fA(~p) ' gAe� E

T = fBoltzmann. In this case, a look at Eq.(B.30)
gave us

nBoltzmann
A = gA

Z
d3p

(2⇡)3
e� E

T = gA
m2

AT

2⇡2
K2

⇣mA

T

⌘
(2.34)

K2(x) being the modified Bessel function of second order. In fact, we can show that this
expression is still valid at the order of 20 % to 25% for T � E. Indeed, comparing Eq.(2.28)
and Eq.(2.34), a 100 GeV majorana dark matter (gA = 2) at a temperature of 1 000 TeV has
a density of 2.4⇥1023 GeV3 whereas the Boltzmann approximation (2.34) gives 2.⇥1023 GeV3

Degrees of freedom : computation of g(T)

So far we have considered plasma of specific species. The primordial plasma is a mix be-
tween di↵erent kind of particles, some are relativistic, some no. However, since the energy
density of relativistic species is much greater than that of non relativistic species (Boltzmann
suppressed), it su�ces to include the relativistic species only8. The energy density can thus
can be written
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with xi = mi/T and
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(2.36)

which gives with a pretty good approximation, approximating the Boltzmann factor as a
step function:

g⇢(T ) '
X

b=bosons

gb

✓
Tb

T

◆4

+
7

8

X

f=fermions

gf

✓
Tf

T

◆4

(2.37)

The relative factor of 7/8 account for the di↵erence in Fermi and Bose statistics. The
individual temperatures Tb and Tf are equal to the photon temperature of the bath (T� = T )
as soon as they are relativistic in equilibrium in the bath. One can interpret g⇢ as being
the degree of freedom of a gas made only of relativistic bosons of degree 1. The degrees of
freedom of all the other relativistic species are integrated in geff . As an example we can
compute the total degree of freedom of a gas in the SU(3) ⇥ SU(2) ⇥ U(1) standard model.
The contents is : 6 dirac (4) quarks colored (3) [6 ⇥ 4 ⇥ 3] plus 3 dirac (4) leptons [3 ⇥ 4]
plus 3 majorana (2) neutrino [3 ⇥ 2] plus 3 massive (3) vecor fields Z0 W± [3 ⇥ 3] nine non
massive vector fields (2) (1 photon and 8 gluon) [9 ⇥ 2] and finally one rela scalar (1) Higgs
field [1] which gives

8This is true in the early universe, but not at a later times when eventually the rest masses of the particles
left over from annihilation begin to dominate and we enter a matter-dominated era, see section (2.3.7)
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Approximating the Boltzmann function as a 
step function:

and

ntoday
� =

2⇣(3)

⇡2
T 3 = 394 cm�3 (2.41)

QCD (quark–hadrons) phase transition

Before the strange quark had time to annihilate, something else happens: matter undergoes
the QCD phase transition ()also called quark-hadron transition). This takes place at T ⇠ 150
MeV. While quarks are asymptotically free (i.e. weakly interacting) at high energies, below
150 MeV, the strong interactions between the quarks and the gluons become important.
The quarks and gluons then form bound three-quark systems, called baryons, and quark-
antiquark pairs, called mesons We should treat these as our new degrees of freedom9.

The lightest baryons are the proton and the neutron. The lightest mesons are the pions
⇡±, ⇡0. Baryons are fermions mesons are bosons. There are many di↵erent species of baryons
and mesons, but all except the pions are non relativistic below the temperature of the QCD
phase transition. Thus, the only particle species left in large number are the puions, electrons,
muons, neutrinos and the photons. The three pions (spin 0) corresponds to g = 3 internal
degrees of freedom. We therefore get g⇢ = 2 + 3 + 7

8
⇥ (4 + 4 + 6) = 17.25. Soon after the

QCD phase transition, the pions and muons annihilate and g⇢ = 17.25 � 3 � 7
8

⇥ 4 = 10.75.
Next electrons and positrons annihilate (see section 5.6).

A little history of g⇢(T ): summary

As a summary, we can give in the table 2.2.5 the di↵erent values of g⇢(T ) after the annihila-
tion is over assuming the next annihilation would not have begun yet. In reality they overlap
in many cases. The temperature on the left is the approximate mass of the particle in ques-
tion and indicates roughly when the annihilation begins. The temperature is much smaller
when the annihilation ends. Therefore top annihilation is placed after the electroweak tran-
sition. The top quark receives its mass in the electroweak transition, so annihilation only
begins after the transition.

The entropy

To compute the entropy of the Universe, one needs to remember the second law of thermo-
dynamics. The first law was used to compute the relation between pressure and volume in
the section (B.4.1) in the case of adiabatic transformations. The second principle of thermo-
dynamics establishes the link between entropy, pressure, temperature and internal energy.
It can be written

TdS = dU + PdV = �Q (2.42)

where dS is the variation of entropy at a temperature T under a pressure P , corresponding
to an exchange of heat �Q. If one define ⇢ as the energy density (U = ⇢V ) and s the density
of entropy (S = sV ) , one obtains

9The assumption of a weakly interacting gas of particles still holds for the baryons and the mesons, but
not for the individual quarks and gluons.
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Non-thermal production through decay
regimes where T ⌧ E, µA, fA(~p) ' gAe� E
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individual temperatures Tb and Tf are equal to the photon temperature of the bath (T� = T )
as soon as they are relativistic in equilibrium in the bath. One can interpret g⇢ as being
the degree of freedom of a gas made only of relativistic bosons of degree 1. The degrees of
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and
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T 3 = 394 cm�3 (2.41)

QCD (quark–hadrons) phase transition

Before the strange quark had time to annihilate, something else happens: matter undergoes
the QCD phase transition ()also called quark-hadron transition). This takes place at T ⇠ 150
MeV. While quarks are asymptotically free (i.e. weakly interacting) at high energies, below
150 MeV, the strong interactions between the quarks and the gluons become important.
The quarks and gluons then form bound three-quark systems, called baryons, and quark-
antiquark pairs, called mesons We should treat these as our new degrees of freedom9.

The lightest baryons are the proton and the neutron. The lightest mesons are the pions
⇡±, ⇡0. Baryons are fermions mesons are bosons. There are many di↵erent species of baryons
and mesons, but all except the pions are non relativistic below the temperature of the QCD
phase transition. Thus, the only particle species left in large number are the puions, electrons,
muons, neutrinos and the photons. The three pions (spin 0) corresponds to g = 3 internal
degrees of freedom. We therefore get g⇢ = 2 + 3 + 7

8
⇥ (4 + 4 + 6) = 17.25. Soon after the

QCD phase transition, the pions and muons annihilate and g⇢ = 17.25 � 3 � 7
8

⇥ 4 = 10.75.
Next electrons and positrons annihilate (see section 5.6).

A little history of g⇢(T ): summary

As a summary, we can give in the table 2.2.5 the di↵erent values of g⇢(T ) after the annihila-
tion is over assuming the next annihilation would not have begun yet. In reality they overlap
in many cases. The temperature on the left is the approximate mass of the particle in ques-
tion and indicates roughly when the annihilation begins. The temperature is much smaller
when the annihilation ends. Therefore top annihilation is placed after the electroweak tran-
sition. The top quark receives its mass in the electroweak transition, so annihilation only
begins after the transition.

The entropy

To compute the entropy of the Universe, one needs to remember the second law of thermo-
dynamics. The first law was used to compute the relation between pressure and volume in
the section (B.4.1) in the case of adiabatic transformations. The second principle of thermo-
dynamics establishes the link between entropy, pressure, temperature and internal energy.
It can be written

TdS = dU + PdV = �Q (2.42)

where dS is the variation of entropy at a temperature T under a pressure P , corresponding
to an exchange of heat �Q. If one define ⇢ as the energy density (U = ⇢V ) and s the density
of entropy (S = sV ) , one obtains

9The assumption of a weakly interacting gas of particles still holds for the baryons and the mesons, but
not for the individual quarks and gluons.
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Non-thermal production and freeze in
regimes where T ⌧ E, µA, fA(~p) ' gAe� E

T = fBoltzmann. In this case, a look at Eq.(B.30)
gave us
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K2(x) being the modified Bessel function of second order. In fact, we can show that this
expression is still valid at the order of 20 % to 25% for T � E. Indeed, comparing Eq.(2.28)
and Eq.(2.34), a 100 GeV majorana dark matter (gA = 2) at a temperature of 1 000 TeV has
a density of 2.4⇥1023 GeV3 whereas the Boltzmann approximation (2.34) gives 2.⇥1023 GeV3

Degrees of freedom : computation of g(T)

So far we have considered plasma of specific species. The primordial plasma is a mix be-
tween di↵erent kind of particles, some are relativistic, some no. However, since the energy
density of relativistic species is much greater than that of non relativistic species (Boltzmann
suppressed), it su�ces to include the relativistic species only8. The energy density can thus
can be written
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which gives with a pretty good approximation, approximating the Boltzmann factor as a
step function:
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The relative factor of 7/8 account for the di↵erence in Fermi and Bose statistics. The
individual temperatures Tb and Tf are equal to the photon temperature of the bath (T� = T )
as soon as they are relativistic in equilibrium in the bath. One can interpret g⇢ as being
the degree of freedom of a gas made only of relativistic bosons of degree 1. The degrees of
freedom of all the other relativistic species are integrated in geff . As an example we can
compute the total degree of freedom of a gas in the SU(3) ⇥ SU(2) ⇥ U(1) standard model.
The contents is : 6 dirac (4) quarks colored (3) [6 ⇥ 4 ⇥ 3] plus 3 dirac (4) leptons [3 ⇥ 4]
plus 3 majorana (2) neutrino [3 ⇥ 2] plus 3 massive (3) vecor fields Z0 W± [3 ⇥ 3] nine non
massive vector fields (2) (1 photon and 8 gluon) [9 ⇥ 2] and finally one rela scalar (1) Higgs
field [1] which gives

8This is true in the early universe, but not at a later times when eventually the rest masses of the particles
left over from annihilation begin to dominate and we enter a matter-dominated era, see section (2.3.7)
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K2(x) being the modified Bessel function of second order. In fact, we can show that this
expression is still valid at the order of 20 % to 25% for T � E. Indeed, comparing Eq.(2.28)
and Eq.(2.34), a 100 GeV majorana dark matter (gA = 2) at a temperature of 1 000 TeV has
a density of 2.4⇥1023 GeV3 whereas the Boltzmann approximation (2.34) gives 2.⇥1023 GeV3

Degrees of freedom : computation of g(T)

So far we have considered plasma of specific species. The primordial plasma is a mix be-
tween di↵erent kind of particles, some are relativistic, some no. However, since the energy
density of relativistic species is much greater than that of non relativistic species (Boltzmann
suppressed), it su�ces to include the relativistic species only8. The energy density can thus
can be written
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which gives with a pretty good approximation, approximating the Boltzmann factor as a
step function:
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The relative factor of 7/8 account for the di↵erence in Fermi and Bose statistics. The
individual temperatures Tb and Tf are equal to the photon temperature of the bath (T� = T )
as soon as they are relativistic in equilibrium in the bath. One can interpret g⇢ as being
the degree of freedom of a gas made only of relativistic bosons of degree 1. The degrees of
freedom of all the other relativistic species are integrated in geff . As an example we can
compute the total degree of freedom of a gas in the SU(3) ⇥ SU(2) ⇥ U(1) standard model.
The contents is : 6 dirac (4) quarks colored (3) [6 ⇥ 4 ⇥ 3] plus 3 dirac (4) leptons [3 ⇥ 4]
plus 3 majorana (2) neutrino [3 ⇥ 2] plus 3 massive (3) vecor fields Z0 W± [3 ⇥ 3] nine non
massive vector fields (2) (1 photon and 8 gluon) [9 ⇥ 2] and finally one rela scalar (1) Higgs
field [1] which gives

8This is true in the early universe, but not at a later times when eventually the rest masses of the particles
left over from annihilation begin to dominate and we enter a matter-dominated era, see section (2.3.7)
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Approximating the Boltzmann function as a 
step function:

and

ntoday
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T 3 = 394 cm�3 (2.41)

QCD (quark–hadrons) phase transition

Before the strange quark had time to annihilate, something else happens: matter undergoes
the QCD phase transition ()also called quark-hadron transition). This takes place at T ⇠ 150
MeV. While quarks are asymptotically free (i.e. weakly interacting) at high energies, below
150 MeV, the strong interactions between the quarks and the gluons become important.
The quarks and gluons then form bound three-quark systems, called baryons, and quark-
antiquark pairs, called mesons We should treat these as our new degrees of freedom9.

The lightest baryons are the proton and the neutron. The lightest mesons are the pions
⇡±, ⇡0. Baryons are fermions mesons are bosons. There are many di↵erent species of baryons
and mesons, but all except the pions are non relativistic below the temperature of the QCD
phase transition. Thus, the only particle species left in large number are the puions, electrons,
muons, neutrinos and the photons. The three pions (spin 0) corresponds to g = 3 internal
degrees of freedom. We therefore get g⇢ = 2 + 3 + 7

8
⇥ (4 + 4 + 6) = 17.25. Soon after the

QCD phase transition, the pions and muons annihilate and g⇢ = 17.25 � 3 � 7
8

⇥ 4 = 10.75.
Next electrons and positrons annihilate (see section 5.6).

A little history of g⇢(T ): summary

As a summary, we can give in the table 2.2.5 the di↵erent values of g⇢(T ) after the annihila-
tion is over assuming the next annihilation would not have begun yet. In reality they overlap
in many cases. The temperature on the left is the approximate mass of the particle in ques-
tion and indicates roughly when the annihilation begins. The temperature is much smaller
when the annihilation ends. Therefore top annihilation is placed after the electroweak tran-
sition. The top quark receives its mass in the electroweak transition, so annihilation only
begins after the transition.

The entropy

To compute the entropy of the Universe, one needs to remember the second law of thermo-
dynamics. The first law was used to compute the relation between pressure and volume in
the section (B.4.1) in the case of adiabatic transformations. The second principle of thermo-
dynamics establishes the link between entropy, pressure, temperature and internal energy.
It can be written

TdS = dU + PdV = �Q (2.42)

where dS is the variation of entropy at a temperature T under a pressure P , corresponding
to an exchange of heat �Q. If one define ⇢ as the energy density (U = ⇢V ) and s the density
of entropy (S = sV ) , one obtains

9The assumption of a weakly interacting gas of particles still holds for the baryons and the mesons, but
not for the individual quarks and gluons.
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Self interacting dark matter
regimes where T ⌧ E, µA, fA(~p) ' gAe� E

T = fBoltzmann. In this case, a look at Eq.(B.30)
gave us

nBoltzmann
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K2(x) being the modified Bessel function of second order. In fact, we can show that this
expression is still valid at the order of 20 % to 25% for T � E. Indeed, comparing Eq.(2.28)
and Eq.(2.34), a 100 GeV majorana dark matter (gA = 2) at a temperature of 1 000 TeV has
a density of 2.4⇥1023 GeV3 whereas the Boltzmann approximation (2.34) gives 2.⇥1023 GeV3

Degrees of freedom : computation of g(T)

So far we have considered plasma of specific species. The primordial plasma is a mix be-
tween di↵erent kind of particles, some are relativistic, some no. However, since the energy
density of relativistic species is much greater than that of non relativistic species (Boltzmann
suppressed), it su�ces to include the relativistic species only8. The energy density can thus
can be written
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which gives with a pretty good approximation, approximating the Boltzmann factor as a
step function:
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The relative factor of 7/8 account for the di↵erence in Fermi and Bose statistics. The
individual temperatures Tb and Tf are equal to the photon temperature of the bath (T� = T )
as soon as they are relativistic in equilibrium in the bath. One can interpret g⇢ as being
the degree of freedom of a gas made only of relativistic bosons of degree 1. The degrees of
freedom of all the other relativistic species are integrated in geff . As an example we can
compute the total degree of freedom of a gas in the SU(3) ⇥ SU(2) ⇥ U(1) standard model.
The contents is : 6 dirac (4) quarks colored (3) [6 ⇥ 4 ⇥ 3] plus 3 dirac (4) leptons [3 ⇥ 4]
plus 3 majorana (2) neutrino [3 ⇥ 2] plus 3 massive (3) vecor fields Z0 W± [3 ⇥ 3] nine non
massive vector fields (2) (1 photon and 8 gluon) [9 ⇥ 2] and finally one rela scalar (1) Higgs
field [1] which gives

8This is true in the early universe, but not at a later times when eventually the rest masses of the particles
left over from annihilation begin to dominate and we enter a matter-dominated era, see section (2.3.7)
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regimes where T ⌧ E, µA, fA(~p) ' gAe� E
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K2(x) being the modified Bessel function of second order. In fact, we can show that this
expression is still valid at the order of 20 % to 25% for T � E. Indeed, comparing Eq.(2.28)
and Eq.(2.34), a 100 GeV majorana dark matter (gA = 2) at a temperature of 1 000 TeV has
a density of 2.4⇥1023 GeV3 whereas the Boltzmann approximation (2.34) gives 2.⇥1023 GeV3

Degrees of freedom : computation of g(T)

So far we have considered plasma of specific species. The primordial plasma is a mix be-
tween di↵erent kind of particles, some are relativistic, some no. However, since the energy
density of relativistic species is much greater than that of non relativistic species (Boltzmann
suppressed), it su�ces to include the relativistic species only8. The energy density can thus
can be written
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which gives with a pretty good approximation, approximating the Boltzmann factor as a
step function:
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The relative factor of 7/8 account for the di↵erence in Fermi and Bose statistics. The
individual temperatures Tb and Tf are equal to the photon temperature of the bath (T� = T )
as soon as they are relativistic in equilibrium in the bath. One can interpret g⇢ as being
the degree of freedom of a gas made only of relativistic bosons of degree 1. The degrees of
freedom of all the other relativistic species are integrated in geff . As an example we can
compute the total degree of freedom of a gas in the SU(3) ⇥ SU(2) ⇥ U(1) standard model.
The contents is : 6 dirac (4) quarks colored (3) [6 ⇥ 4 ⇥ 3] plus 3 dirac (4) leptons [3 ⇥ 4]
plus 3 majorana (2) neutrino [3 ⇥ 2] plus 3 massive (3) vecor fields Z0 W± [3 ⇥ 3] nine non
massive vector fields (2) (1 photon and 8 gluon) [9 ⇥ 2] and finally one rela scalar (1) Higgs
field [1] which gives

8This is true in the early universe, but not at a later times when eventually the rest masses of the particles
left over from annihilation begin to dominate and we enter a matter-dominated era, see section (2.3.7)
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QCD (quark–hadrons) phase transition

Before the strange quark had time to annihilate, something else happens: matter undergoes
the QCD phase transition ()also called quark-hadron transition). This takes place at T ⇠ 150
MeV. While quarks are asymptotically free (i.e. weakly interacting) at high energies, below
150 MeV, the strong interactions between the quarks and the gluons become important.
The quarks and gluons then form bound three-quark systems, called baryons, and quark-
antiquark pairs, called mesons We should treat these as our new degrees of freedom9.

The lightest baryons are the proton and the neutron. The lightest mesons are the pions
⇡±, ⇡0. Baryons are fermions mesons are bosons. There are many di↵erent species of baryons
and mesons, but all except the pions are non relativistic below the temperature of the QCD
phase transition. Thus, the only particle species left in large number are the puions, electrons,
muons, neutrinos and the photons. The three pions (spin 0) corresponds to g = 3 internal
degrees of freedom. We therefore get g⇢ = 2 + 3 + 7

8
⇥ (4 + 4 + 6) = 17.25. Soon after the

QCD phase transition, the pions and muons annihilate and g⇢ = 17.25 � 3 � 7
8

⇥ 4 = 10.75.
Next electrons and positrons annihilate (see section 5.6).

A little history of g⇢(T ): summary

As a summary, we can give in the table 2.2.5 the di↵erent values of g⇢(T ) after the annihila-
tion is over assuming the next annihilation would not have begun yet. In reality they overlap
in many cases. The temperature on the left is the approximate mass of the particle in ques-
tion and indicates roughly when the annihilation begins. The temperature is much smaller
when the annihilation ends. Therefore top annihilation is placed after the electroweak tran-
sition. The top quark receives its mass in the electroweak transition, so annihilation only
begins after the transition.

The entropy

To compute the entropy of the Universe, one needs to remember the second law of thermo-
dynamics. The first law was used to compute the relation between pressure and volume in
the section (B.4.1) in the case of adiabatic transformations. The second principle of thermo-
dynamics establishes the link between entropy, pressure, temperature and internal energy.
It can be written

TdS = dU + PdV = �Q (2.42)

where dS is the variation of entropy at a temperature T under a pressure P , corresponding
to an exchange of heat �Q. If one define ⇢ as the energy density (U = ⇢V ) and s the density
of entropy (S = sV ) , one obtains

9The assumption of a weakly interacting gas of particles still holds for the baryons and the mesons, but
not for the individual quarks and gluons.
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The dark radiation
regimes where T ⌧ E, µA, fA(~p) ' gAe� E

T = fBoltzmann. In this case, a look at Eq.(B.30)
gave us
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K2(x) being the modified Bessel function of second order. In fact, we can show that this
expression is still valid at the order of 20 % to 25% for T � E. Indeed, comparing Eq.(2.28)
and Eq.(2.34), a 100 GeV majorana dark matter (gA = 2) at a temperature of 1 000 TeV has
a density of 2.4⇥1023 GeV3 whereas the Boltzmann approximation (2.34) gives 2.⇥1023 GeV3

Degrees of freedom : computation of g(T)

So far we have considered plasma of specific species. The primordial plasma is a mix be-
tween di↵erent kind of particles, some are relativistic, some no. However, since the energy
density of relativistic species is much greater than that of non relativistic species (Boltzmann
suppressed), it su�ces to include the relativistic species only8. The energy density can thus
can be written
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which gives with a pretty good approximation, approximating the Boltzmann factor as a
step function:
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The relative factor of 7/8 account for the di↵erence in Fermi and Bose statistics. The
individual temperatures Tb and Tf are equal to the photon temperature of the bath (T� = T )
as soon as they are relativistic in equilibrium in the bath. One can interpret g⇢ as being
the degree of freedom of a gas made only of relativistic bosons of degree 1. The degrees of
freedom of all the other relativistic species are integrated in geff . As an example we can
compute the total degree of freedom of a gas in the SU(3) ⇥ SU(2) ⇥ U(1) standard model.
The contents is : 6 dirac (4) quarks colored (3) [6 ⇥ 4 ⇥ 3] plus 3 dirac (4) leptons [3 ⇥ 4]
plus 3 majorana (2) neutrino [3 ⇥ 2] plus 3 massive (3) vecor fields Z0 W± [3 ⇥ 3] nine non
massive vector fields (2) (1 photon and 8 gluon) [9 ⇥ 2] and finally one rela scalar (1) Higgs
field [1] which gives

8This is true in the early universe, but not at a later times when eventually the rest masses of the particles
left over from annihilation begin to dominate and we enter a matter-dominated era, see section (2.3.7)
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K2(x) being the modified Bessel function of second order. In fact, we can show that this
expression is still valid at the order of 20 % to 25% for T � E. Indeed, comparing Eq.(2.28)
and Eq.(2.34), a 100 GeV majorana dark matter (gA = 2) at a temperature of 1 000 TeV has
a density of 2.4⇥1023 GeV3 whereas the Boltzmann approximation (2.34) gives 2.⇥1023 GeV3

Degrees of freedom : computation of g(T)

So far we have considered plasma of specific species. The primordial plasma is a mix be-
tween di↵erent kind of particles, some are relativistic, some no. However, since the energy
density of relativistic species is much greater than that of non relativistic species (Boltzmann
suppressed), it su�ces to include the relativistic species only8. The energy density can thus
can be written
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which gives with a pretty good approximation, approximating the Boltzmann factor as a
step function:
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The relative factor of 7/8 account for the di↵erence in Fermi and Bose statistics. The
individual temperatures Tb and Tf are equal to the photon temperature of the bath (T� = T )
as soon as they are relativistic in equilibrium in the bath. One can interpret g⇢ as being
the degree of freedom of a gas made only of relativistic bosons of degree 1. The degrees of
freedom of all the other relativistic species are integrated in geff . As an example we can
compute the total degree of freedom of a gas in the SU(3) ⇥ SU(2) ⇥ U(1) standard model.
The contents is : 6 dirac (4) quarks colored (3) [6 ⇥ 4 ⇥ 3] plus 3 dirac (4) leptons [3 ⇥ 4]
plus 3 majorana (2) neutrino [3 ⇥ 2] plus 3 massive (3) vecor fields Z0 W± [3 ⇥ 3] nine non
massive vector fields (2) (1 photon and 8 gluon) [9 ⇥ 2] and finally one rela scalar (1) Higgs
field [1] which gives

8This is true in the early universe, but not at a later times when eventually the rest masses of the particles
left over from annihilation begin to dominate and we enter a matter-dominated era, see section (2.3.7)
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Approximating the Boltzmann function as a 
step function:

and

ntoday
� =

2⇣(3)

⇡2
T 3 = 394 cm�3 (2.41)

QCD (quark–hadrons) phase transition

Before the strange quark had time to annihilate, something else happens: matter undergoes
the QCD phase transition ()also called quark-hadron transition). This takes place at T ⇠ 150
MeV. While quarks are asymptotically free (i.e. weakly interacting) at high energies, below
150 MeV, the strong interactions between the quarks and the gluons become important.
The quarks and gluons then form bound three-quark systems, called baryons, and quark-
antiquark pairs, called mesons We should treat these as our new degrees of freedom9.

The lightest baryons are the proton and the neutron. The lightest mesons are the pions
⇡±, ⇡0. Baryons are fermions mesons are bosons. There are many di↵erent species of baryons
and mesons, but all except the pions are non relativistic below the temperature of the QCD
phase transition. Thus, the only particle species left in large number are the puions, electrons,
muons, neutrinos and the photons. The three pions (spin 0) corresponds to g = 3 internal
degrees of freedom. We therefore get g⇢ = 2 + 3 + 7

8
⇥ (4 + 4 + 6) = 17.25. Soon after the

QCD phase transition, the pions and muons annihilate and g⇢ = 17.25 � 3 � 7
8

⇥ 4 = 10.75.
Next electrons and positrons annihilate (see section 5.6).

A little history of g⇢(T ): summary

As a summary, we can give in the table 2.2.5 the di↵erent values of g⇢(T ) after the annihila-
tion is over assuming the next annihilation would not have begun yet. In reality they overlap
in many cases. The temperature on the left is the approximate mass of the particle in ques-
tion and indicates roughly when the annihilation begins. The temperature is much smaller
when the annihilation ends. Therefore top annihilation is placed after the electroweak tran-
sition. The top quark receives its mass in the electroweak transition, so annihilation only
begins after the transition.

The entropy

To compute the entropy of the Universe, one needs to remember the second law of thermo-
dynamics. The first law was used to compute the relation between pressure and volume in
the section (B.4.1) in the case of adiabatic transformations. The second principle of thermo-
dynamics establishes the link between entropy, pressure, temperature and internal energy.
It can be written

TdS = dU + PdV = �Q (2.42)

where dS is the variation of entropy at a temperature T under a pressure P , corresponding
to an exchange of heat �Q. If one define ⇢ as the energy density (U = ⇢V ) and s the density
of entropy (S = sV ) , one obtains

9The assumption of a weakly interacting gas of particles still holds for the baryons and the mesons, but
not for the individual quarks and gluons.
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Formulae Latexit

\frac{dN_i}{dt} = -N_i  n_i ~\langle \sigma v 
\rangle_{i \rightarrow j}
+ N_j  n_j \langle \sigma v\rangle_{j \rightarrow 
i}
\\
\mathrm{and ~ from ~} N_i = n_i\times a^3 ~ 
\mathrm{one ~ obtains} 
\\
\frac{dn_i}{dt} = -3 \frac{\dot a}{a}n_i - n_i n_i 
\langle \sigma v \rangle_{i \rightarrow j} + n_j 
n_j \langle \sigma v \rangle_{j \rightarrow i}
\\
\frac{dn_i}{dt} = -3 H n_i - \langle \sigma v 
\rangle_{i\rightarrow j} \left[ n_i^2 - 
(n_i^{EQ})^2\right]



Summary
The Universe reheats (waking up)   

[WIMPZILLA]

Some dark matter particles leave the table early (breakfast) 
[FIMP/E-WIMP]

Some are more talkative and stay until the (lunchtime) 
[WIMP] 

Some stay for the teatime snack  
[Warm dark matter]

In any case, they should be present for the dinner 
[Galactic detection] 



The meaning of decoupling
The decoupling happens when the expansion rate dominates over the interaction rate:

In one second, the Universe has doubled is sized, but the thermal bath has produced 
less than 2 particles χ : the χ are diluted. Td is called the decoupling temperature

�SM SM!��(Td) = n(Td)⇥ h�viTd = H(Td)

Decoupling of the inflaton : Td=TRH (reheating) 
Decoupling of the dark matter: Td=TFO (freeze-out) 

Decoupling of the atoms: Td = Trec (recombination/CMB)

T 3
d ⇥ |MSM!�(Td)|2

s
' T 3

d ⇥ |MSM!�(Td)|2

T 2
d

= H(Td) =
T 2
d

MPl



Two ways of decoupling

The massless case (neutrino)

means n is small OR σv is  small.n⇥ h�vi < H

GF = 10-5  GeV-2

e+

ν

GF 
ν

e+

The decoupling condition

n⇥ h�vi ' T 3
⌫ ⇥G2

FT
2
⌫ = H(T⌫) =

T 2
⌫

MPl
) T⌫ '

�
G2

FMPl

��1/3 ' 3 MeV

At 3 MeV, the neutrinos decouple from the thermal bath, but being still relativistic 
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The massive case (dark matter)
The decoupling condition

n⇥ h�vi ' (T�m�)
3/2

e�m�/T� ⇥ 1

T 2
�

= H(T�) =
T 2
�

MPl
) m�

T�
' 25

T
χ
 corresponds physically to the temperature under which the thermal bath does not have sufficient energy  

to produce a dark matter particle.



The Boltzman equation
The exact way to solve precisely the problem  

(even if the proceedings approximations give in 90% of the case relatively good results)

dn

dt
= �3Hn� h�vi

�
n2 � n2

eq

�
) dn

dT
= 3

n

T
� h�vi

HT

�
n2
eq � n2

�

✓
d

dt
=

dT

dt

d

dT
= �T

da/dt

a

d

dT
= �HT

d

dT
! t / MPl

T 2

◆
defining the yield Y =

n

S
, with the entropy S =

2⇡2

45

gsT
3

This is the so-called Boltzmann equation
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Z T
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<σv> ~ GF
2 : « WIMP miracle »
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A (too?) simple application

Bound no valid in a microscopic approach:

The Lee-Weinberg bound (1977)

GF = 10-5  GeV-2
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« 5th forth (P. Fayet, 1978)» 
Lee-Weinberg bound not valid anymore (possibility for light dark matter)


