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from Jim Berger, Duke University

“Bayesian Multiplicity Control: i.e., Bayesian methods of controlling for the ‘look elsewhere effect

Bayes Forum MPA-Garching, April 4, 2016

/ The need for multiplicity control: \

In a recent talk about the drug discovery process, the following numbers

were given in illustration.
e 10,000 relevant compounds were screened for biological activity.
e 500 passed the initial screen and were studied in vitro.
e 25 passed this screening and were studied in Phase I animal trials.

e 1 passed this screening and was studied in a Phase II human trial.
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“Bayesian Multiplicity Control: i.e., Bayesian methods of controlling for the ‘look elsewhere effect”’

Bayes Forum MPA-Garching, April 4, 2016

/ The need for multiplicity control: \

In a recent talk about the drug discovery process, the following numbers

were given in illustration.
e 10,000 relevant compounds were screened for biological activity.
e 500 passed the initial screen and were studied in vitro.
e 25 passed this screening and were studied in Phase I animal trials.
e 1 passed this screening and was studied in a Phase II human trial.

This could be nothing but noise, if screening was done based on ‘significance
at the 0.05 level.”

If no compound had any effect,
e about 10,000 x 0.05 = 500 would initially be significant at the 0.05 level;
e about 500 x 0.05 = 25 of those would next be significant at the 0.05 level;
e about 25 x 0.05 = 1.25 of those would next be significant at the 0.05 level
Ko the 1 that went to Phase IT would fail with probability 0.95. J
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Scientific knowledge

Scientific knowledge = justified belief.

» The standard definition from philosophy adds the adjective “true.” But as
scientists we understand truth is unproveable without ruling out all other
possible models—something that is feasibly impossible.

> “Belief” is self-explanatory;
» so what is “justification”?
It is embodied in a model that
> is logically consistent and explains known facts,

> and makes testable predictions.

Given several models that fulfil the above, we often apply “Occam’s
razor,” selecting the simplest model as the best. But in the absence of
mathematical differences in their predictive powers, this is only an
aesthetic preference.



Learning

Model M "
= Experiment
Parameters A

l Theory

jw)

1]

o

§ Distributions of

o | | physical quantities ] Data processing
9(F 1A, M)

Modeling of experiment

Y Y

Prediction of Measured quantities
measured quantities ¥ ! ..q Hant
[E1R,,0) b

Knowledge update




Learning

We factorize the model into two categories:
> The scientific model ( “theory” in the diagram)
> predict distributions of physical quantities from parameters
> The statistical model ( “modeling of experiment” in the diagram)

> predict measured quantities from physical quantities

These correspond to knowledge:
> Our scientific knowledge consists in knowing
> how to calculate physical quantities from parameters
> the likely values of the parameters (or constraints on them).
» Our stastical knowledge consists in knowing
> how to propagate information (probability distributions) from one step to
the next

By comparing predicted quantities with actual measured quantities in the
appropriate way, we learn about the model and parameters.



Probability

We will focus on the statistical models, which requires we define
probability.
We define probability according to the axioms of Kolmogorov:
1. Define:
> S, the set of all possible states.
> S, the space of subsets of S
2. Probability is a mapping fulfilling
2.1 P:S — Ryq, That is:
P(A)>0, VACS.
2.2 The probability of S is unity:
P(S) =1.
2.3 The join probability of disjoint sets is the sum of their individual
probabilities:
P(AUB) = P(A)+ P(B), VAB|ANB=0



Probability

It is important to understand subtle differences in probabilities.
We illustrate with an easy problem:
Flip a (fair) coin 10 times, resulting in:

A: THTHHTTHTH

Repeat, resulting in:
B: TTTTTTTTTT

Which one is more likely? What do | mean by that?



Probability

A: THTHHTTHTH
B: TTTTTTTTTT
1. The probability of the sequence:
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Probability

A: THTHHTTHTH
B: TTTTTTTTTT
1. The probability of the sequence:

2. The probability of the set (regardless of sequence):
10\ /1)’ /1)°
P(A) = <5> (§> (§> = 252/1024
10\ /1) /1)°
P(B) = - - =1/1024
©=(1a) (3) () =20



Bayes' Theorem

1. We can relate the joint probability to the conditional probability two
ways

1.1 Kolmogorov definition of conditional probability:
P(AN B)

P(A|B) = 75

1.2 Axiom of conditional probability:
P(ANn B) = P(A|B)P(B)

2. Note that joint probability is commutative:

P(AN B) = P(BN A)

3. From which Bayes' theorem practically falls out:
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Bayes' Theorem

1. We can relate the joint probability to the conditional probability two
ways

1.1 Kolmogorov definition of conditional probability:
P(AN B)

P(A|B) = 75

1.2 Axiom of conditional probability:
P(ANn B) = P(A|B)P(B)

2. Note that joint probability is commutative:

P(AN B) = P(BN A)

3. From which Bayes' theorem practically falls out:

P(AIB)P(B) = P(B|A)P(A)
P(B|A)P(A)

P(AIB) = =g



Bayes' Theorem

We can expand the theorem using the law of total probability, which
states

P(X) = 3 P(X|Y)P(Y).

S P(Y)=1land YiNY; =2, Vij

That first requirement is the same as requiring U; Y; spans all possible
states.

So:
_ _P(BIAP(B)
PAIB) = = p(BTA)P(A)

In the context of data (D) and a model (M) we write this:

prior
P(D|M) Po(M)

P(M|D) = ——1"/ 70UV
L,'—)/ > " P(D|m)Po(m)

posterior

evidence (Z)



Simple example of Bayes' Theorem

Let us explore the theorem in a simple example:
» We have a sensor that detects only samples of type A or type B.

It is efficient at detecting A’s and inefficient at detecting B's

P(signal|A) = 95% P(signal|B) = 2% P(signal|A or B) =0

> We use the sensor on an unknown sample and it produces a signal (S).
What do we know?
What is P(A|S)?
What is P(B|S)?



Simple example of Bayes' Theorem

P(signal|A) = 95% P(signal|B) = 2% P(signal|A or B) =0

Apply Bayes’ theorem:

P(X\S): P(S|X)P0(X)
P(S|A)Po(A) + P(S|B)Po(B) + P(S|A or B) Po(A or B)
X=AorB

Obviously we need to know the priors!



Simple example of Bayes' theorem

P(signal|A) = 95% P(signal|B) = 2%

P(S|X)Po(X)

PIXIS) = B(sTAYPy(A) + P(SIB)Po(B)

Let us try a couple of scenarios:

1. Given no information, we reasonably choose

Po(A) = Po(B)



Simple example of Bayes' theorem

P(signal|A) = 95% P(signal|B) = 2%

P(5|X)Po(X)
P(S[A)Po(A) + P(S|B)Po(B)

P(X|S) =

Let us try a couple of scenarios:
1. Given no information, we reasonably choose
Po(A) = Po(B)
So the priors cancel and:

0
P(AlS) = % —97.0%  P(B|S) = 2.1%
(] 0
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Simple example of Bayes' theorem

P(signal|A) = 95% P(signal|B) = 2%

P(S|X)Po(X)

PIXIS) = B(sTAYPy(A) + P(SIB)Po(B)

Let us try a couple of scenarios:

1. Given no information, we reasonably choose

Po(A) = Po(B)

2. We know that B's are far more likely than A's:
Po(B)/Po(A) = 1000
So:

95%

P(AIS) = g5 + 2% - 100

=45%,  P(B|S)=0955%



Efficiencies

Efficiency calculations illustate where the naive calculation breaks down:
Suppose we have N trials of which H are successes.

Naively:

+

i
=T
=3

Suppose out of 100 trials, 98 are successes:

€=98% +9.9%

What does it mean for an efficiency to be above 100%7?



Efficiencies

Efficiency calculations illustate where the naive calculation breaks down:
Suppose we have N trials of which H are successes.

Naively:

+

i
=T
=3

Suppose out of 100 trials, 98 are successes:

€=98% +9.9%

What does it mean for an efficiency to be above 100%7?
The Bayesian formulation is a little more complicated.

We expand our formulation of the theorem for parameters in an assumed

model: o
P(D[M, X)Po())

[ P(D|M, X)Py(X)dN

P(X|M, D)

And let us first discuss the binomial distribution



Binomial distribution

P(n|N, r) = (I,Y) p'(1—p)""

The binomial distribution is used when there are
> two possible outcomes, with fixed probabilities: p and (1 — p);
> and a fixed number of trials (V)
(perfect to describe efficiencies)
There are obvious constraints:
1.0<p<1
2.0<N< oo

3. 0 < n < N, nthe number of outcomes occuring with prob. p



Binomial distribution

P(n|N,r) = (’:) p(1—p)" "

N=15
— (N+1)p=1 —— (N+1)p=5
0.3 — (N+1)p=8 (N+1)p =12

P(IN.Y)

0.25

0.2

0.15

0.1

0.05




Binomial distribution
Certain properties useful to know:

1. The binomial distribution is normalized:

ZP(n|N,p) =1

n=0

2. The expectation value for n is

El[n] = Z nP(n|N,p) = Np

n=0
3. The variance of n is

N
V[n] = n’P(n|N,p) — E[n]* = Np(1 - p)
n=0
4. The mode of n, n*, depends on N and p:
4.1 n* =0 for p=0;
42 n* =N for p=1;
43 n*=|(N+1)p|;for0<p<1land (N+1)p ¢ Z;
44 n*=|(N+1)p)and [N+ 1)p] —1;for0<p<1land (N+1)p€Z;



Bayesian Efficiency

P, H) = (L= Po(e)

fo (Z)E/H(]. — e )N=H . Py(e")de’
Again, we require information about the prior.

Let's try a flat flat prior

Po(e) =1

So

(1 —e)NH

1
/ 6/H(]_ _ 6/)N7Hd€,
0

P(e|N, H) =




Bayesian Efficiency

P, H) = (L= Po(e)

fo (Z)E/H(]. — e )N=H . Py(e")de’
Again, we require information about the prior.
Let's try a flat flat prior
Po(e) =1
So
(1 —e)NH
1

/ 6/H(]_ _ 6/)N7Hd€,

0

HI(N—H)!
(NFI)!

P(e|N, H) =

B(H+1,N—H+1)=




Bayesian Efficiency

P(E|N7 H) = 1

(M) (1 — )" Po(e)

Again, we require information about the prior.

Let's try a flat flat prior

Po(e) =1

So

(1 — V=" (N+D)!

P(e|N, H) = — =
HI(N — H)!
/ 6/H(]_ _ 6/)N7Hd€, ( )

0

HI(N—H)!
(NFI)!

B(H+1,N—H+1)=

fo (Z)E/H(]. — e )N=H . Py(e")de’

(1—e)V "



Bayesian Efficiency

P(E|N7 H) = 1

(M) (1 — )" Po(e)

Again, we require information about the prior.

Let's try a flat flat prior

Po(e) =1

So

(1 — V=" (N+D)!

P(e|N, H) = — =
HI(N — H)!
/ 6/H(]_ _ 6/)N7Hd€, ( )

0

HI(N—H)!
(NFI)!

B(H+1,N—H+1)=

fo (Z)E/H(]. — e )N=H . Py(e")de’

(16"~ = (N+1)-P(HIN, )



Bayesian Efficiency

P(eIN,H) = (N +1) - P(HIN, )

P(O IN,H)




Bayesian Efficiency

P(elN,H) = (N +1)- P(H|N,¢)

The mode of this distribution is

o=t

N
The mean is Ha1
Fld =513

The variance is
_ E[d@ - Eld)

Vel N+3



Bayesian Efficiency

P(e]N,H) = (N +1)- P(H|N,¢)

N H

=l

+ v E[d + (V[d)?

15 1 6.7% £ 6.7% 11.8% £ 7.6%
15 5 33.3% + 14.9% 35.3% + 11.3%
15 8 53.3% =+ 18.9% 52.9% + 11.8%
15 12 80.0% + 23.1% 76.5% + 10.0%
15 14 93.3% + 24.9% 88.2% + 7.6%

Notice that the uncertainty grows with H in the naive calculation!

But it's symmetric for the Bayesian calculation.



Bayesian Efficiency

P(e|N,H) = (N+1)- P(H|N,¢)

N H Hy VA E[d] + (V[d])2
15 14  93.3% +249%  882% + 7.6%
30 28 93.3% 4 17.6%  90.6% + 5.1%
45 42 93.3% =+ 14.4% 91.5% + 4.0%
60 56  93.3% 4 12.5%  91.9% + 3.4%
75 70 93.3% & 11.2%  92.2% +  3.0%

Keeping the mode, ¢* = H/N, fixed



Poisson distribution

The Poisson distribution can be obtained from the binomial distribution
via

while maintaining



Poisson distribution
The Poisson distribution can be obtained from the binomial distribution

via
N — oo p—0
while maintaining
Np = finite
We introduce
v=Np

% N! VA" y\N-n
PN, = oo () (1= %)



Poisson distribution

The Poisson distribution can be obtained from the binomial distribution

via
N — oo p—0
while maintaining
Np = finite
We introduce
v=Np

SO:

P(nlN,v) = ﬁ (&) -

We have (if n remains finite)

. N! n
and N
lim (1 - %) e

N— o0



Poisson distribution

The Poisson distribution can be obtained from the binomial distribution

via
N — oo p—0
while maintaining
Np = finite
We introduce
v=Np

SO:

P(nlN,v) = ﬁ (&) -

We have (if n remains finite)

. N! n
NILmOO m —+ N
and - L\ Nen »
NILmOO (1 - N) — e
So o
P(nly) = ==

n!



Poisson distribution

VeV

P(nlv) =

s IIGRZ(h n € Ny




Poisson distribution

VeV

P(nlv) = ) v € Ry, n € Ny

n!

The expectation value of n is

= VeV
E[m=>n nl
n=0 :




Poisson distribution

VeV

P(nlv) = ) v € Ry, n € Ny

n!

The expectation value of n is

e Ve v . el anl
E[n]:zon = ve Zl C=n]l
- =

n=0 negl.




Poisson distribution

VeV

P(H‘IJ) = s v E Rzo,

n!

The expectation value of n is

n—

e n_ —v e 1
Ve _ v B
E[n] = E n— - =ve E m =
n=0 n=1
~—~

n=0 negl.

n € Ny



Poisson distribution

VeV

P(H‘IJ) = s v E Rzo,

n!

The expectation value of n is

n—

e n_ —v e 1
Ve _ v B
E[n] = E n— - =ve E m =
n=0 n=1
~—~

n=0 negl.

n € Ny



Poisson distribution

VeV

P(H‘IJ) = s v E Rzo,

n!
The expectation value of n is

= VeV
Eln)=> n nl
n=0 :

. e an
=ve” ) (n—1)!
n=1
~—~

n=0 negl.

other useful properties:

1. Normalization:

n_ —v n

oo

ve oV
E = | = € —l =
pr n! nt

2. V[n] = v (also check as an exercise)

3.n" =] ifvéZ
nf=vandv—-1ifreZz

n € Ny



Poisson distribution in Bayesian context

P(n|v) is distribution of n. What about v?
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Again, we need info about the prior.



Poisson distribution in Bayesian context

P(n|v) is distribution of n. What about v? Bayes theorem!

P(nlv)Po(v)

fooo P(n|v")Po(v")dv’

P(v|n) =

Again, we need info about the prior.

Let us take a flat prior:

1
Po(v) = —, for 0 <v <o
Voo
0 otherwise.
Voo > n finite but large: finite voo — nonzero prior!

—v

Ve

Voo , ’
/ Ve TV dv

0
—_—

P(v|n) =



Poisson distribution in Bayesian context

P(n|v) is distribution of n. What about v? Bayes theorem!

P(nlv)Po(v)

fooo P(n|v")Po(v")dv’

P(v|n) =

Again, we need info about the prior.

Let us take a flat prior:

Po(u):yi, for 0 < v < v

0 otherwise.
Voo > n finite but large: finite voo — nonzero prior!

—v

Ve

Voo , ’
/ Ve TV dv

0
—_—

~n!

P(v|n) =



Poisson distribution in Bayesian context

P(n|v) is distribution of n. What about v? Bayes theorem!

P(nlv)Po(v)

fooo P(n|v")Po(v")dv’

P(v|n) =

Again, we need info about the prior.

Let us take a flat prior:

Po(u):yi, for 0 < v < v

0 otherwise.
Voo > n finite but large: finite voo — nonzero prior!

—v

Ve Ve~

VOC B f— '
_ n!
/ Ve Y dv
0
—_—

~n!

v

P(v|n) =




Poisson distribution in Bayesian context

P(n|v) is distribution of n. What about v? Bayes theorem!

P(nlv)Po(v)

fooo P(n|v")Po(v")dv’

P(v|n) =

Again, we need info about the prior.

Let us take a flat prior:

Po(u):yi, for 0 < v < v

0 otherwise.
Voo > n finite but large: finite voo — nonzero prior!

—v

Ve Ve~

VOC B f— '
_ n!
/ Ve Y dv
0
—_—

~n!

v

P(v|n) =

= P(nlv)



Poisson distribution in Bayesian context

0.5

0.4

0.3

0.2

0.1

Po(v) = flat — P(v|n) = P(n|v)




Poisson distribution in Bayesian context

Po(v) = flat — P(v|n) = P(n|v)

Properties:

» Normalized:

» Vv =n

oo n_—v
Ve
/ | dv=1
0 n!
v

> El] = [y v dy = =0t 1

> V[v] = E[?] - E[V]

= /wa VP(v|n)dv — (n+ 1)?

:L:!z)!*(wl)z:nﬂ



Poisson distribution in Bayesian context

What if we measure n = 0?

v =7

, Ev]="7
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Poisson distribution in Bayesian context

What if we measure n = 0?

v =0, Ev]=1
Remember n = 0 is a measurement!

P)|0)=¢e""



Poisson distribution in Bayesian context

What if we measure n = 0?

v =0, Ev]=1
Remember n = 0 is a measurement!

P)|0)=¢e""

And remember this is still a big change from the prior:

Eolv] = /Ouw VPo(v)dv = { v ]VOC _

V60 o

So: y
Elv] — E[v] = % =1



Poisson distribution in Bayesian context

No let's look at the cumulative distribution:

v V/n67D, V/n67D, v v V/nfleful
Filn = [ 5 dz/—{—nl } -/ e =
0 ! ! 0 0 !

repeat until denominator in integral = —11, since (—1!)"' =0
=T
F(vin)=1—¢e ZW
m=0

So if we measure n = 0, what is the 95%-credibility upper limit?

F(res|0) =1—e " =095 — 195 =—1n0.05~3



Cautionary interlude!

If you want to use the so-called “poisson uncertainty”, remember this only
applies at large n!

The 68% probability region is [n — v/n, n+ \/n] (for large n)



Poisson distribution in Bayesian context

What about a nonflat prior?

In general we cannot analytically solve the problem.

(Generally solve numerically—as we'll see in the exercises with BAT.)
But let us take one example:

Po(v) = Vioeﬂ'/”0

oo
/ —eV/dy =1
o 0

Eo [I/] =1l

This is normalized:

And has expectation value:



Poisson distribution in Bayesian context

(v
o
=

0.09

0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01

P (v)=exp(-viv ) /v
0 0 0

OETTTTTITTI T[T I TIT T[T T T TTT T[T T TTITT 77T T
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2 4 6 8 10 12 14 16 18

20
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Poisson distribution in Bayesian context

Po(v) = —e /v
1Z0]
SO: +1 +1
1) 1)
— +1 —_por
Ve Vv vo+1\" Ve VT
P(vin) = = (e .
fw Vne Vo O H
0
And

E[v] = (n+1) (VOVJOFJ

Again, let's look at n = 0:

1\ _, ot
P(v|0) = (ﬁ) e ¥ %
7
and
_ ot
F(vl0)=1—¢e "
” vos A0 3. 0 < yflat
R Y | 95

Why is it less than the upper limit with the flat prior?



Superposition of Poisson distributions

We often have several Poisson processes contributing signals.
Basic scenario: signal (S) and background (B)
Then

n‘Vs,VB) Z P(ns|1/s n—ns\uB)

ng=0
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Superposition of Poisson distributions

We often have several Poisson processes contributing signals.
Basic scenario: signal (S) and background (B)
Then

P(n\us,uB) = Z P(ns|lls)P(n — ns‘VB)
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n ng . ng
— o (vs+vm) E : Vs VB
ng!(n — ng)!

ng=0 :
(vs +vB)"
n!

_ o (stum) (s +vB)" i n! vs \"™® vg \" ™
n! ns!(n—ns)! Vs + v Vs + VB

ng=0

pull out a factor of

Shgo (m)P"S (1—p)" "5 =1

~(ws+vp) (v8 +vB)"

=e
n!



Superposition of Poisson distributions

We often have several Poisson processes contributing signals.
Basic scenario: signal (S) and background (B)
Then

P(n\us,uB) = Z P(ns|lls)P(n — ns‘VB)

ng=0
n ng . ng
— o—(vstvB) VsV
—e s D
rgz:o ng!(n — ng)!
pull out a factor of M
n!
_ e—(us-H/B) (VS + VB)” i n! Vs s VB n=ns
n! e ns!(n—ns)! vs + vB vs + vB
Trgco (ny)p™s (1=p) s =1
n
— e*(us+uB)M — P(n‘l/s + VB)

n!



Superposition of Poisson distributions in Bayesian context

Let's take the prior on the signal flat:

P(vs) = constant

And look at when the background is perfectly known:

prior for background is a delta function:

Po(v) = (v — v5)

and so the posterior for vs is

e US4 vh) e S (vs + )"

P(vs|n,vp) = — . =
( | B) fo ef(VSJrVB)(l/éﬁ*l/]g)"dl/é nl



Superposition of Poisson distributions in Bayesian context

P(VS) = COnStant, Po(y) = 6(]/B — y];)

051 n=3

P(vgIn, vg)
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Superposition of Poisson distributions in Bayesian context

P(vs) = constant, Po(v) = 6(vs — v3)

e "S(vs +vg)" i Vg

P(vs|n,vg) =

So the cumulative is:

F(l/s\n,l/é):l—eﬂ’sz(VS';IVB) /ZZ,BI
. 2 m|

m=0



Superposition of Poisson distributions in Bayesian context

P(vs) = constant, Po(v) = §(ve — vB)
n

Flusln,vp) =1 — e v SO T 10)T (vs + z/B) /

m=0

F(vgIn, vg)
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Superposition of Poisson distributions in Bayesian context

Now let's look at when we we have imprecise knowledge of the

background:
Po(vs) = N (ve|vi, 08) - Po(vis, o)

with delta priors for the parameters v and o3; and again a flat prior for the

signal:
Po(vs) = constant

our posterior is

P(vs, va|m vy, o8) o P(nlvs, vs) - N(ve v, o)



Superposition of Poisson distributions in Bayesian context

P(vs,vs|n; v, 08) « P(nlvs,vs) - N(vs|vi, 08)

n=2,v*=85,0,=20 n=10,v,*=85,0,=20




Superposition of Poisson distributions in Bayesian context

P(vs,vs|n; v, 08) « P(nlvs,vs) - N(vs|vi, 08)

— posterior (n = 2) — posterior (n = 10) ---- prior — posterior (n = 2) — posterior (n = 10) ---- prior
20 z
= 20.
& g
sl
F °
0. 5: 0. s
£ o
04—
E o.
03
E 0.
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Superposition of Poisson distributions in Bayesian context

Now let us suppose we have two independent pieces of data:
1. b : data containing background only

2. n: data containing background and signal.
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Superposition of Poisson distributions in Bayesian context

Now let us suppose we have two independent pieces of data:
1. b : data containing background only
2. n: data containing background and signal.

And correspondingly, two independent probabilities:
1. P(blv) = uf_%,e_”B/b!

2. P(nlvs,vB) = P(nlvs +vB) = (vs + VB)ne—(us+uB)/n!



Superposition of Poisson distributions in Bayesian context

Now let us suppose we have two independent pieces of data:
1. b : data containing background only
2. n: data containing background and signal.

And correspondingly, two independent probabilities:

1. P(blv) = vhe ™ / bl
2. P(nlvs,vg) = P(n|lvs +vB) = (vs + VB)"e*(VS+VB)/n!

So:
:D(b7 n|Vs7 VB) = P(bll/B)P(nlys + I/B)



Superposition of Poisson distributions in Bayesian context

So:
P(b, nlvs,ve) = P(blvs)P(n|vs + vB)

So our posterior is:

P(b‘VB)P(I‘I‘Vsl/B)Po(l/s)Po(VB)

P(V87 I/Blb, n) - o e / / / / ! / /
[ Pivb)Plalverh) o) o)
0 0

numerically solveable



Superposition of Poisson distributions in Bayesian context

So:
P(b, nlvs,ve) = P(blvs)P(n|vs + vB)
So our posterior is:

P(vs,vB|b, n) = P(blve)P(n|vsvs)Po(vs)Po(ve)

[ Pivb)Plalverh) o) o)
0 0

numerically solveable

But we can rely on the proportionality (with flat priors here)

P(vs,vs|b, n) < vg(vs + I/B)"ef(VSJrZVB)/ b!n!



Superposition of Poisson distributions in Bayesian context

P(vs,vB|b, n) < P(blvs)P(n|vs + vB)
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Superposition of Poisson distributions in Bayesian context

P(vs, vB|b, n) < P(b|vg)P(n|vs + vB)

we can marginalize the 2D dist. to get information about the 1D dists:

:"-"(Vs|b7 n):/ P(Vs,VB‘n, b)dl/B,
0

P(VBlb, n) = / P(Vs,l/B|n, b)dl/s
0

S0.09F
50.09
R v b=10,n=5
00.08f ---- Vgib=10,n=5
0.07E Vg b=5n=10
E -==- Vg b=5n=10
0.06 vgb=10,n=10
C --== Vg b=10,n=10
0.05F
0.04—
0.03— N
0.02— d
0.01F T
B LBt 1 1T Brai e el
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Superposition of Poisson distributions in Bayesian context

P(vs,vs|b, n) < P(blvg)P(n|vs + vB)

And can then calculate the cumulatives:

=
z F
> 1
w -
0.8{—
06— W~
- —vgb=10,n=5
| -vB;b= 0,n=5
0.4{—
- —vs;b=5,n=10
- “vg;b=5n=10
0.2 o | —vgb=10,n=10
! aweev;b=10,n=10
P A PR PN I RO S TS SO AN BTN A
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v
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Bayes factor

In the last example we had two measurements: b and n
And we presumed:
1. b was measured with only background contributing
2. n was measured with background and signal constributing

This is a model!



Bayes factor

In the last example we had two measurements: b and n
And we presumed:
1. b was measured with only background contributing
2. n was measured with background and signal constributing
This is a model!
Another valid model is:
1. b was measured with only background contributing
2. n was also measured with only background contributing

How can we compare them?
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Bayes Factor

Again, turn to Bayes' theorem:

Let's say we have two models: M; and M,
each with parameters A1 and X2

Recall the evidence (now for each model separately):

Z = P(D|M) = / P(D|R; M) Po (X | My )d s

Z, = P(D|M,) = /P(D|X2; Ma) Po(Xa| Ma)dXs

And (total) marginalization:

P(M:|D) = /P(Xl; My |D)d X

P(M,|D) = /P(Xz; M| D)dX,
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Bayes Factor

Let's say we have two models: M; and Mo,
each with parameters A\; and \;

The posteriors are:

[ P(D|X1; My)Po(X1|M1)Po(Ms) .+
P(M”D)*/ ZiPo(Mh) + ZoPo(Mo)
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Bayes Factor

Let's say we have two models: M; and Mo,
each with parameters A\; and \;

The posteriors are:
P(D|X1; M) Po(X1|My) Po(Mh) o

P(M”D):/ 71 Po(My) + Z,Po(My) dAs
A

Po(M) / P(D|%s: My)Po(3 | My )d s

Z1 Py(Mr) + Z>Po( M)
and similarly

Z

P()(MQ)/P(D‘XQ;MQ)PO(X2|M2)dX2

P(M:|D) = Z1Po(Mr) + Z,Po(M-)
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Let's say we have two models: M; and M,
each with parameters A\; and \;

To compare the models, we compare their posteriors:
P(Mi|D) _ Z1 Po(Mh)
P(M2|D)  Z> Po(Mo)

the denominators, Z = Z1 Po(Mh) + Z>Po(M-), cancel.

To quarantine the “subjective” assignment of prior beliefs in the models, we
factorize this into two terms

1. The ratio of prior beliefs in the two models: Po(M1)/Po(M-)
You must decide this!
2. The ratio of evidence: Z1/2,
This is the Bayes factor
So the Bayes factor is

V4]

K = —
12 Z



Bayes Factor

Let's say we have two models: M; and M,
each with parameters A\; and \;

To compare the models, we compare their posteriors:
P(Mi|D) _ Z1 Po(Mh)
P(M2|D)  Z> Po(Mo)

the denominators, Z = Z1 Po(Mh) + Z>Po(M-), cancel.

To quarantine the “subjective” assignment of prior beliefs in the models, we
factorize this into two terms

1. The ratio of prior beliefs in the two models: Po(M1)/Po(M-)
You must decide this!

2. The ratio of evidence: Z1/2,
This is the Bayes factor

So the Bayes factor is

V4 P(D|M:
K, _ 4 _ P(DIM)

Z, P(D|M)



Bayes Factor

Let's say we have two models: M; and M,
each with parameters A\; and \;

To compare the models, we compare their posteriors:
P(Mi|D) _ Z1 Po(Mh)
P(M2|D)  Z> Po(Mo)

the denominators, Z = Z1 Po(Mh) + Z>Po(M-), cancel.

To quarantine the “subjective” assignment of prior beliefs in the models, we
factorize this into two terms

1. The ratio of prior beliefs in the two models: Po(M1)/Po(M-)
You must decide this!
2. The ratio of evidence: Z1/2,
This is the Bayes factor
So the Bayes factor is

Z P(D|My) [ P(D|X1; Mi)Po(Xs| Mo)d Xy
2> 'D(D|M2) fP(D|X2;M2)Po(X2‘M2)d/_\'2

K12 =
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Bayes Factor Interlude

Everyon's favorite example: Superluminal Neutrinos!

Let us presume that a Bayesian analysis produces a Bayes factor equivalent to

the original 60 result:

Neutrinos move faster than the speed of light

" neutrinos don’t move faster than the speed of light

= equivalent of 60

OK ...What is the equivalent of 60 in a Bayes factor?

Let us take the “Jeffreys scale”:

K

Comparative strength

<1
1to 102
102 to 10!
10! to 102
103 to 102
> 100

negative

not substantial
substantial
strong

very strong
decisive
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Bayes Factor Interlude

Everyon's favorite example: Superluminal Neutrinos!

Let us presume that a Bayesian analysis produces a Bayes factor equivalent to
the original 60 result:

_ Neutrinos move faster than the speed of light
 neutrinos don’t move faster than the speed of light

= equivalent of 60
Let us say 60 is at the threshold of “decisive”:
K =10

What do we require now to say we believe neutrinos move faster than the
speed of light?

P(super|D) ks Po(super) 1
P(sub|D) Po(sub)
So:
Po(super) S KL= 19

Po(Sub)



Bayes Factor

Let us return to our example of two models for the two measurements:
1. “SB" : b contains background only, n contains background and signal
2. “B” : both b and n contain background only

and calculate the evidences

Voo ,,b ,—vB n _—vp
vpe VRe€ 1
Zs = / L L B
0

b! n! Voo
Voo Voo ,,b ,—vB —(vs+vB) 1 1
ZSB:/ / z/BeI .(VS+Z/B)Ie L ndus
0 0 b! n: Voo Voo
and the Bayes factor:

Zsg
K==—=
Zg

We have to do this numercally.



Bayes factor

K=P(D|S+B) / P(D|B)

log, K



Think carefully about your prior

As we saw in the previous examples, the prior has an impact on the
posterior.

Let us look at an example of how to carefully choose the prior.

We measure an energy with a calorimeter, which has a Gaussian
resolution:

Emeas - E rue 2
P(Emealetrue) == ( k ) )

! ex
\V2mo P 202
We make several measurements from which we want to construct a
spectrum.
We need to know Eirue:
P(Etrue‘Emeas) X P(Emealetrue) : PO(Etrue)

We commonly make the implicit assumption of a flat prior:

P( Etruc | Emcas) - P( Emcas ‘ Etruc)



Think carefully about your prior

But in many applications, the underlying spectrum is very much not flat. For
example,
f(Etrue) XX Et:l?e

leading to:
P(Etrue|Emeas) [e¢ P(Emealetrue) : Et;?e

This affects the posterior.



Think carefully about your prior

’\é).OS _
¢
1S3 — o
Ebgo45 = Po(E,.) DEpe
E, 0.04 E_ P(E,,,) ~ (100.0 + 10.0) GeV
0.035—
- 6
0.03F- Po(E,e) U Eie
= P(E,) ~ (93.6 £ 10.4) GeV
0.025(—
0.02— s
E PO(EWE) OEne
0.015— PE,,) -~ (1057 £9.7) GeV
0.01
0.005 E_ Eqneas = 100 GeV
= MR B
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Building a larger model

Now let us extend the previous example to build a larger model:

What we'd probably like to learn about is not Ei,ue, but the power of the

underlying spectrum:
f(Etrue) < E*

And our data is a series of independent measurements:
= 1 2
Emeas = {Er(ngas7 Er(ngas7 R }
each of which is related to a true value:

P(Eftas| Eithe) = N (Effuas| ESher 0%)
So now we apply Bayes’ theorem:
PO ) (TTPERLIY ) 20

But what is P(Emeas|\)?



Building a larger model

P(A|Emeas) (H P(Eggasu)) Po(\)

But what is P(Emeas|\)?
We can apply the law of total probability to get it:

P(Er(rll)easp‘) - /P(Er(r';)ea.g.'Etrue)P(Etrue|)\)dEtrue

And our full posterior is
P(A|Emea5) X (H/N(Erg)cas|Etrue70-2)Et>1\ruchtrue> PO()\)

Simplest approach: numerically integrate the term in the product during
parameter scan.

(This can be expensive if the data set is very large.)



Models

Your model need not just calculate numbers of events and apply such matching
of model to data.

Let us look at a different problem:

Here is a data set where we have a particle pass through segmented layers of
scintilating material slowing down, producing scintilation light:

®
-

model

25

V' model (only quenching)

B model (no osses)

20

Signal (calibrated)
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Models

Signal (calibrated)
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We have a multi-step model:

1. The particle slows down, according to the stopping power, producing a
charecteristic “Bragg peak” (blue squares)

This is dependent on the particle species, and its incoming energy
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Signal (calibrated)
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We have a multi-step model:

1. The particle slows down, according to the stopping power, producing a
charecteristic “Bragg peak” (blue squares)

This is dependent on the particle species, and its incoming energy

2. The scintilator produces photons, with non-linear dependence on the
energy (red triangles)

This is dependent on “Birks’ coefficient”—a property of the scintilator



Models

I S R N R - S )

Depth [Fiver]

We have a multi-step model:

1. The particle slows down, according to the stopping power, producing a
charecteristic “Bragg peak” (blue squares)

This is dependent on the particle species, and its incoming energy

2. The scintilator produces photons, with non-linear dependence on the
energy (red triangles)

This is dependent on “Birks’ coefficient”—a property of the scintilator

3. Finally the light sensor detects the photons with non-linear dependence on
the number of photons (green triangles)

This is dependent on a “photo-detection efficiency” —a property of the
detector.



Models

L L Ay s

° [ ® ws
= L
5 25— model
§ C V' model (only quenching)
r_v’ r B model (no losses)
o L
2 20— —
w | n .
15— —
L . |
L v i
L L |
10— v o4 ]
L v i
g ® ] Y i )] ]
HE O SR ¢ ]
51— - ]
T I AR H I BRI BRI ]
0 4

Depth [Fiber]

We match the predictions (p;) against the measurements (m;), using the

measurement uncertalntles ,2

|D)O<<HN pi(A |m,,a,2) Po(X)



Models

We sample from the posterior using BAT, and marginalize to measure Birk's
coefficient:

[ smallest 67.5% interval(s) ——e— mean and standard deviation
smallest 95.3% interval(s)
I smallest 99.7% interval(s)
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Credibility Intervals

Let us take a look at the possible intervals we could quote to summarize a

posterior:
Mode Meon
~03
X v
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f“ Smollest Intervol
|
0.1
| Central Intervol

BUT: The actual distribution is still more important than the summarizing

interval!

[ .
+= 1 Stondord Deviation




Markov Chain Monte Carlo

We have seen that only the simplest of Bayesian analyses can be solved
analytically.

Nearly all problems we encounter in physics require a numerical
solution.

We need to

1. Sample parameter points from our posterior distribution to understand
what it looks like

2. Marginalize over (integrate out) some parameters to project onto
subspaces . ..

... typically 1D and 2D subspaces.

Markov Chain Monte Carlo algorithms are well suited to both these
tasks.



Markov Chain Monte Carlo

Monte Carlo = stochastic process

Markov Chain = a sequence of points in which the conditional probability for
a point given all those before it, depends only on the point directly preceding
it:

P(Xpi1|%1, ..oy Xn) = P(Xn41]Xn)
As well, P(X,41]X,) need not depend on X,

This is typical of the most naive algorithms. For example: Hit or Miss.

We will focus on the Metropolis-Hastings algorithm



Metropolis-Hastings algorithm

We want to sample according to a function: f(X): X — Rx
(for simplicity assume X C R")

1. from a current point X; propose a new point y

Denote the probability of selecting ¥ given Xi by T(y|x)
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Denote the probability of selecting ¥ given Xi by T(y|x)

2. calculate the Hastings ratio:

_ f)-T(xly)

r(x,y = =5
(%, 7) = ylx,) T(x,|y TR TOIR)

3. accept/reject y with probability min(1, r)
31ifr>1, X1 =y



Metropolis-Hastings algorithm

We want to sample according to a function: f(X): X — Rx
(for simplicity assume X C R")

1. from a current point X; propose a new point y
Denote the probability of selecting ¥ given Xi by T(y|x)
2. calculate the Hastings ratio:

_ ) T(xly)
ylx,) T(XIIy -~ (%) T(YI%)

r(x,y) =

3. accept/reject y with probability min(1, r)
31ifr>1, %=y
3.2 else throw uniform random number in unit interval:

u(o,1)
ifa<r, Xip1 =Y,

else X1 =X



Metropolis-Hastings algorithm

In this way we scan our parameter space, spending our time wisely:
> concetrating on areas of interest
> but not completely avoiding areas of less interest

by storing the parameters in histograms of the sub-spaces we

marginalize
N

0>




Metropolis-Hastings algorithm

Some things to note:
1. in the accept/reject state we always produce a new point!
if we reject ¥, we accept X; as Xjt1
This of course introduces auto-correlations.
This does not impact marginalizations with large numbers of samples.

But if you need to avoid auto-correlation (say for MC), you cannot simply
change the accept/reject step

It is vital for the functioning of the algorithm.

Instead you apply a lag: take every n'th sample



Metropolis-Hastings algorithm

Some things to note:
2. the algorithm can propose a y for which (%) =0

but it will never go to it, since:
r(%i, ¥o) o< f(%0) = 0

So from a point for which f(-) # 0 you can never reach a point f(-) =0,
regardless of the proposal function



Metropolis-Hastings algorithm

Some things to note:

3. r is undefined if
T(X]y) = 0, for some X;, y|T(y|X) # 0
since: -
T(y]%)
T(%1y)
SO: the proposal function must be reversible!

If the transition X; — ¥ can occur,
then the transition y — X; must be able to occur

r(xi,y) o

In fact, the proposal function is usually chosen symmetric:
BA%),  %+N(0,E),  hypercube(x)

This is the original Metropolis algorithm



Metropolis-Hastings algorithm

Some things to note:
4. finally, r(X;, y) is undefined if f(x;) =0

but since we can never accept a new point for which f(-) = 0, we need
only insure:

f(x) #0



MCMC in practice

1. we will need to tune the proposal function so that the algorithm is efficient.
most common:
» Gaussian,
> Cauchy,
> Student’s t
All require radius:

> If radius is too large: too often select unlikely points — chain becomes
ineffecient

> |If radius is too small: though efficient, we take small steps, move too slowly,
see only part of parameter space

So we monitor efficiency:
> if efficiency is too low, decrease radius

> if efficiency is too large, increase radius



MCMC in practice

2. It takes some initial number of iterations before the Markov Chain
converges to its equilbrium distribution
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There are many methods for judging whether a chain has converged.

Many judge graphically.

convergence reached




MCMC in practice

2. It takes some initial number of iterations before the Markov Chain
converges to its equilbrium distribution

There are many methods for judging whether a chain has converged.
Many judge graphically.
In BAT we judge by modified R values (Brooks Gelman, 1998)

1. run several chains for many iterations

2. for each parameter, calculate

R'(\) o R(\) = variance over all samples in all chains for A

mean of chains’ individual variances for A
3. chains have converged when R’ is below threshold for all parameters
What is the threshold? Wait—what even is R’?

R’ is a quasi-measurement of the changing of our variance with respect to
the true variance:

R’ — 1 = the shrinking of our variance towards the true variance if we run
for more iterations

in BAT, we default to requiring R’ < 1.1



MH MCMC demonstration

Let us look at how well the algorithm attacks equations with multiple peaking
structures and dead spaces:

f(x) = x*sin®(x)

1000 iterations
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MH MCMC demonstration

Let us look at how well the algorithm attacks equations with multiple peaking
structures and dead spaces:

f(x) = x*sin®(x)

10,000 iterations
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MH MCMC demonstration

Let us look at how well the algorithm attacks equations with multiple peaking
structures and dead spaces:

f(x) = x*sin®(x)

400,000 iterations
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MH MCMC demonstration

Let us look at how well the algorithm attacks equations with multiple peaking
structures and dead spaces:

f(x,y) = x*sin®(x)y® cos’(y)

x4sin2(x)y6cosz(y), 1000 iterations
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MH MCMC demonstration

Let us look at how well the algorithm attacks equations with multiple peaking
structures and dead spaces:

f(x,y) = x*sin*(x)y* cos’(y)
x4sin2(x)yecosz(y), 10,000 iterations
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MH MCMC demonstration

Let us look at how well the algorithm attacks equations with multiple peaking
structures and dead spaces:

f(x,y) = x*sin®(x)y® cos’(y)

x4sin2(x)y6cosz(y), 8M iter.
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More practical experience

And in the tutorial, we'll explore using the
Bayesian Analysis Toolkit (BAT)

to run MCMC to sample from posteriors.



