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Universality and asymptotics

Generalities about lattice models

⊛ HL lattice Hamiltonian in 1D with L sites, periodic bc, on Hilbert space h = h1 ⊗ · · · ⊗ hL .
⊛ Spaces hℓ can be finite or infinite dimensional. Often isomophic hℓ ≃ h0.
⊛ Basis of operators O(α) on h0 ⇝ operators O(α)

ℓ
= id ⊗ . . . id︸     ︷︷     ︸

ℓ−1times

⊗ O(α) ⊗ id ⊗ · · · ⊗ id︸        ︷︷        ︸
N−ℓ−1

.

⊛ The XXZ spin-1/2 chain on hXXZ = ⊗L
n=1C

2, σα Pauli matrices

HXXZ =
L∑

n=1

{
σx

nσ
x
n+1 + σ

y
nσ

y
n+1 +∆σz

nσ
z
n+1 − hσz

n

}
, σn+L ≡ σn

What one would like to know?

i) Find the Eigenstates and Eigenvectors of HL |Ψβ ⟩L = Eβ |Ψβ ⟩L ;

ii) Characterize the correlation functions in infinite volume⟨
O
(α)
1 O

(β)
1+x

⟩
≡ lim

L→+∞

{
L ⟨G.S. |O(α)1 O

(β)
1+x |G.S. ⟩L

}
" Well defined for a wide class of models (’60’s Ruelle )

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Universality and asymptotics

Large-distance asymptotics

⊛ Massive model ≡ spectral gap when L → +∞: Eex − EG.S. ≥ c

⇝ Large-x asymptotics are exponential⟨
O
(α)
1 O

(β)
1+x

⟩
≃

⟨
O
(α)
1

⟩⟨
O
(β)
1

⟩
+ C(αβ)e−

x
ξ + · · ·

⊛ Massless model ≡ continuum of excited states above |G.S. ⟩L : limL→+∞
{
Eex;low − EG.S.

}
= 0

⇝ Large-x asymptotics are algebraic

⟨
O
(α)
1 O

(β)
1+x

⟩
≃

⟨
O
(α)
1

⟩⟨
O
(β)
1

⟩
+

A
(αβ)
1

xδ
(αβ)
1

+
A

(αβ)
2

xδ
(αβ)
2

cos
(
xϕ2

)
+ · · ·

⊛ Critical exponents δ(αβ)k expected to be universal
( ’66 Fisher ,’67 Kadanoff,Götze,Hamblen,Hecht,Lewis,Palciauskas,Rayl,Swift,Aspens,Kane ,’70 Griffiths )

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Universality and asymptotics

Correspondence with a CFT

♦ Prediction for the structure of asymptotic expansions in 1D massless models :
i) (’70 Polyakov ) Conformal invariance of correlation functions in long-distance regime.

ii) (’86 Cardy ,’86 Affleck ) Central charge ⇝ finite-size corrections to ground state energy.

EG.S. = Lε − c
πvF

6L
+ O

(
1

L2

)
and Eex − EG.S. =

2πvF

L

(
∆+

k +∆−k + nex

)
+ O

(
1

L2

)
• Operator O(β)1+x connects |G.S. ⟩L and |∆±k ; nex ⟩L for k ∈ I(α)

O
(β)
1+x ↪→

∑
k∈I(α)

C(β)
k ·Ψ∆±k

(z, z) z = e
2iπ
L x

⊛ n-point functions in original model at x → +∞ computed from CFT n-point functions.⟨
O
(α)
1 O

(β)
1+x

⟩
≃

⟨
O
(α)
1

⟩⟨
O
(β)
1

⟩
+

∑
k∈I(α)∩I(β)

A(αβ)
k

e2ixℓk pF

x2∆+
k +2∆−k

·
(
1 + o(1)

)
♦ Large-L behaviour of the amplitudes (’86 Cardy )

A(αβ)
k = lim

L→+∞

{
L2∆+

k +2∆−k ·L⟨G.S. |O(β)1 |∆
±
k ; 0 ⟩L ·L⟨∆±k ; 0 |O(α)1 |G.S. ⟩L

}

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Universality and asymptotics

Various tests

♦ Free fermion models: XX chain, impenetrable bosons,...
’60-’80 (Lieb, Mattis, Schultz, Jimbo, Miwa, Sato, McCoy, Perk, Shrock, Tracy,... )

♦ Test CFT structure of spectrum from Bethe Ansatz
’87-’95 (Batchelor, Destri, DeVega, Klumper, Pearce, Woynarowich, Wehner, Zittartz )

" OK for conformal structure of the spectrum at L → +∞.

♦ Universality of some critical exponents for perturbation of 2D Ising
(’00 Penson, Spencer , ’04 Mastropietro )

♦ Ab inicio derivation of the large-x asymptotics in XXZ
(’08, ’12 Kitanine, K., Maillet, Slavnov, Terras )

♦ CFT-consistent behaviour of form factors
(’90 Slavnov , ’09 Kitanine,K,Maillet,Slavnov,Terras , ’12 Shashi,Panfil,Caux,Imambekov )

♦ Proof of densification properties of Bethe roots in XXZ( ’15 K. ).

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Universality and asymptotics

The open problems

Questions

Can one provide an ab inicio construction of the operator correspondence ?

i) Which sector of the Hilbert space maps, at L → +∞, to the CFT side ?

ii) What makes the correspondence emerge only at large distances?

iii) In which sense the correspondence holds?

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Universality and asymptotics

Answer

Question

Can one provide an ab inicio construction of the operator correspondence ?

Answer : YES for c = 1

⟨
O
(α1)
x1+1 · · · O

(αr )
xr+1

⟩
L ;hphys

≃
⟨
O(α1)(ω1) · · ·O(αr )(ωr )

⟩
heff

in the limit L >> |xa − xb | >> 1

Theorem (’15 K.,Maillet )
For the XXZ, |ex > low-energy excited state, O(α1)

m ∈
{
σz

m , σ
±
m

}
spin operators,⟨

ex1
∣∣∣O(α1)

x1+1

∣∣∣ex2
⟩

L ;hphys
∼

L→+∞

⟨
ψ
(
ex1

)∣∣∣O(α1)(ω1)
∣∣∣ψ(ex2

)⟩
heff

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Universality and asymptotics

A counter example

Universality is encoded in Matrix elements and NOT in spectrum

⊛ HL with particle-hole spectrum and scaling dimensions ∆±

⊛ particle (resp. hole) rapidities densifty on ] kF ;+∞ [ (resp. ]−∞ ; kF [) when L → +∞

⊛ form factors Fx(µh , µp) =
⟨
{µp , µh }|O(x)

∣∣∣G.S.⟩
Fx(µh , µp) ∼

eix[p(µp)−p(µh )]

L2ρ(µp)ρ(µh)
(µp − kF )

∆+−1
2 (kF − µh)

∆−−1
2 Freg(µh , µp)

⊛ Form factor series⟨
O(x)O(0)

⟩
=

L→+∞

⟨
O(0)

⟩2
+

kF∫
−∞

dµh

+∞∫
kF

dµp eix[p(µp )−p(µh )](µp − kF )
∆+−1(kF − µh)

∆−−1
∣∣∣Freg(µh , µp)

∣∣∣2 + .....

⟨
O(x)O(0)

⟩
∼

⟨
O(0)

⟩2
+

C

x2∆−+2∆+
+ · · ·

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Realisability of the microscopic model
The microscopic model
The free boson Hilbert space

Comments on the realisability of the model

♦ Supporting facts

Works for NLSM, XXZ (particle-hole spectrum) and Calogero-Sutherland
(’09-’11 Kitanine,K.,Maillet,Slavnov,Terras , ’12 Shashi,Panfil,Caux,Imambekov )

Some features checked perturbatively for spinless fermions with pair interactions
(’11 Shashi,Glazman,Caux,Imambekov )

Rigorous check of universal relations for exponents for spin systems in perturbation
(’09 Benfatto, Mastropietro , ’13 Benfatto, Falco, Mastropietro )

Plethora of systems argued to be described by non-linear Luttinger liquid
( review ’11 Imambekov, Schmidt, Glazman )

Non-linear Luttinger Liquid ⊂ microscopic model

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Realisability of the microscopic model
The microscopic model
The free boson Hilbert space

The relative excitation momentum

⊛ Generalities
♦ HL 1D lattice Hamiltonian with conservation of bare-particle number (e.g. Sz )

♦ G.S. built of N bare particles, N/L → D , rapidities which densify on Fermi zone [−kF ; kF ]

♦ Excited states in sectors with N′ = N + s bare-particles, s finite

♦ Rapidities densify on [−kF ; kF ] with some holes {µ
h(s)a
}n1 and particles {µ

p(s)a
}n1

♦ Excitations on Fermi boundary parametrised by sets of integers J(s)
n;m =

{
{p(s)

a }n1 ; {h(s)
a }m1

}
J(s)

n(s)p;−;n
(s)
h;−
∪ J(s)

n(s)p;+;n(s)h;+

with

 n(s)
p;+ + n(s)

p;− = n(s)
h;+ + n(s)

h;−

ℓs = n(s)
p;+ − n(s)

h;+ = n(s)
h;− − n(s)

p;−

⊛ Relative excitation momentum

∆Pex ≡ Pex − PGS =
n∑

a=1

{
p(µ

p(s)a
) − p(µ

h(s)a
)
}
+ O

( 1
L

)
♦ Momentum of Fermi-boundary excitations

∆Pex = 2ℓspF +
2π
L

{n(s)p;+∑
a=1

(p(s)
a;+ − 1) +

n(s)h;+∑
a=1

h(s)
a;+ −

n(s)p;−∑
a=1

p(s)
a;− −

n(s)h;−∑
a=1

(h(s)
a;− − 1)

}
+ . . .

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Realisability of the microscopic model
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The free boson Hilbert space

The form factors I

⊛ Model endowed with basis of local operators O(α)1+x having pure s transitions

⟨ exout; sout |O(α)1+x | exin; sin ⟩ , 0 if sin − sout = oα

⊛ Form factors on Fermi boundary states in relative ℓ = ℓout − ℓin class

exout; s ⇝ Jmp;+;mh;+ ∪ Jmp;−;mh;− and exin; s + oα ⇝ Jnp;+;nh;+ ∪ Jnp;−;nh;−

⟨ exout; s |O(α)1+x | exin; s + oα ⟩ =
{
e2ipF x · ω

}ℓ · Cℓ(ν
+
α , ν

−
α

)
· Fℓ

(
O(α)

)
·
(

2π
L

)∆(α)
ℓ

×F
[
Jmp;+;mh;+ ;Jnp;+;nh;+ | ν

+
α , ω

]
·F

[
Jmp;−;mh;− ;Jnp;−;nh;− | −ν−α , ω−1

]
·
(
1 + O

( ln L
L

))
.

• ν±α = ±v(ℓK + oα/K) excited state and operator info ⇝ fix decay in volume

∆
(α)
ℓ

=
1
2

{
(ν+α + ℓ)2 + (ν−α + ℓ)2

}
and ω = e2iπ x

L

• Lowest energy ℓ class form factor

Fℓ
(
O(α)

)
= lim

L→+∞

{(
L
2π

)∆(α)
ℓ

⟨ exlow(ℓ);−oα |O(α)1 |G.S. ⟩
}

• Normalisation Cℓ(ν, µ
)
= G(1 + µ)G(1 − ν)/G(1 + µ+ ℓ)G(1 − ν − ℓ)

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Realisability of the microscopic model
The microscopic model
The free boson Hilbert space

The form factors II

Jnp ;nh =
{
{pa }

np
1 ; {ha }nh

1

}
and Jnk ;nt =

{
{ka }nk

1 ; {ta }nt
1

}
• Microscopic form factor

F
(
Jnp ;nh ;Jnk ;nt | ν, ω

)
= (−1)κ

(
sin[πν]
π

)np−nh
D

(
Jnp ;nh |ν, ω

)
·D

(
Jnk ;nt |−ν, 1

ω

)
·ϖ

(
Jnp ;nh ;Jnk ;nt | ν

)
⋆ In/out state building block (Z-measure if np = nh )

D
(
Jnp ;nh | ν;ω

)
=

(
sin[πν]
π

)nh

np∏
a>b

(pa−pb )·
nh∏

a>b
(ha−hb )

np∏
a=1

nh∏
b=1

(pa+hb−1)

np∏
a=1

{
ωpa−1 Γ(pa+ν)

Γ(pa )

} nh∏
a=1

{
ωha Γ(ha−ν)

Γ(ha )

}
⋆ In/out state interaction

ϖ
(
Jnp ;nh ;Jnk ;nt | ν

)
=

nh∏
a=1

{ nk∏
b=1

(
1−kb−ha+ν

)
nt∏

b=1

(
tb−ha+ν

) }
·

np∏
a=1

{ nt∏
b=1

(
pa+tb+ν−1

)
nk∏

b=1

(
pa−kb+ν

) }

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Realisability of the microscopic model
The microscopic model
The free boson Hilbert space

The Hilbert space

⊛ Vectors

Fermionic operators {ψn}n∈Z and ∗-associates {ψ∗n}n∈Z: {ψn , ψ
∗
m} = δn,m

Vacuum vector | 0 ⟩: ψn | 0 ⟩ = 0 for n < 0 and ψ∗n | 0 ⟩ = 0 for n ≥ 0

s-shifted vacua | s ⟩ =
{
ψs−1 · · ·ψ0 | 0 ⟩ s > 0
ψ∗s · · ·ψ∗−1 | 0 ⟩ s < 0

Bases labelled by sets of integers Jnp ;nh =
{
{pa }

np
1 ; {ha }nh

1

}
:

| Jnp ;nh ⟩ = ψ∗−h1
· · ·ψ∗−hnh

· ψpnp −1 · · ·ψp1−1 | 0 ⟩

| Jnp ;nh ; s ⟩ = ψ∗s−h1
· · ·ψ∗s−hnh

· ψpnp +s−1 · · ·ψp1+s−1 | s ⟩

⊛ Full Hilbert space

h = span
{
| Jnp ;nh ⟩ with np , nh ∈ N and

1 ≤ p1 < · · · < pnp

1 ≤ h1 < · · · < hnh
pa , ha ∈ N∗

}
.

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Realisability of the microscopic model
The microscopic model
The free boson Hilbert space

The vertex operators

⊛ Operators

Shift operator eP | Jn,n; s ⟩ = | Jn,n , s + 1 ⟩ ;

Current modes Jk =
∑

j∈Z ψjψ
∗
j+k , k , 0 , [Jk , Jℓ] = kδk ,−ℓ

Current operators J±(ν, ω) = ∓ν∑k≥1
1
k ω
∓k · J±k

r-shifted vertex operators V (ν, r | ω) = ω(ν+r)J0 eJ−(ν+r ,ω) · eJ+(ν+r ,ω) · e(r+ν)P

⊛ Matrix elements (’15 K, Maillet )

⟨Jnp ;nh |e
−µPV (ν, r | ω)e(µ−ν)P | Jnk ;nt ⟩ =

(−1)
r(r+1)

2 δnp−nh ,nk −nt+r

ω(ν+r)(nh−np−µ)+
r(r−1)

2 +r(nk −nt )
· G(1 − ν)

G(1 − ν − r)
·F

(
Jnp ;nh ;Jnk ;nt | ν, ω

)

Well known result for µ, r = 0 and np = nh = 0. (Giambelli rep. Schur functions)

r = 0 and np = nh = 0 correspond to a Z-measure on partitions.

General case interpreted as explicit representation for specific skew Schur functions

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Mapping of expectation values at large distances

The correspondence of matrix elements

• Two copies of h : heff = hL ⊗ hR

• Distance dependent phase ω = e2iπ x
L

• Associate to local operator O(α)x+1 on hphys the operator on heff :

O(α)(ω) =
∑
ℓ∈Z
Fℓ

(
O(α)

)
·
(2π

L

)∆(α)
ℓ · e2ipF ℓx · VL

(
− ν−α ,−ℓ | ω−1

)
· VR

(
ν+α , ℓ − oα | ω

)
.

• Let J(s)
mp;±;mh;± and J(s+oα)

np;±;nh;± parametrise low-lying excited states.

⟨ exout; s |O(α)1+x | exin; s + oα ⟩ =
{
⟨ s;Jmp;−;mh;− |e−µ−PL ⊗ ⟨ s;Jmp;+;mh;+ |e−µ+PR

}
O(α)(ω){

e(µ−−ν
−
α)PL | Jnp;−;nh;− ; s ⟩ ⊗ e(µ+−ν

+
α )PR | Jnp;+;nh;+ ; s + or ⟩

}
·
(
1 + O

( ln L
L

))

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Mapping of expectation values at large distances

Form factor expansion and correspondence

• Heuristic saddle-point like analysis of form factor series O(α
′)

1 =
(
O
(α)
1

)†
⟨G.S. |O(α)1+xO

(α′)
1 |G.S. ⟩ =

∑
ex

eix∆Pex ⟨G.S. |O(α)1 | ex; oα ⟩⟨ ex; oα |O(α
′)

1 |G.S. ⟩

Approximations for x → +∞ asymptotics

Stationary points ⇝ endpoints of Fermi zone ≡ discrete integer spectrum;

⟨G.S. |O(α)1+xO
(α′)
1 |G.S. ⟩ ∼

∑
J(oα)

np;± ;nh;±

⟨G.S. |O(α)1+x | J
(oα)
np;±;nh;± ⟩⟨J

(oα)
np;±;nh;± |O

(α′)
1 |G.S. ⟩

∼
∑

J(oα)np;± ;nh;±

⟨ 0 |O(α)(ω)eν
+
α PR−ν−αPR | J (oα)

np;− ;nh;− ⊗ J
(oα)
np;+;nh;+

⟩⟨J (oα)
np;− ;nh;− ⊗ J

(oα)
np;+;nh;+

|e−ν+α PR+ν−αPR O(α′)(1)| 0 ⟩

∼ ⟨ 0 |O(α)(ω)O(α′)(1)| 0 ⟩

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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Conclusion and perspectives

Review of the results

" Mapping of local operators to operators in free boson model;

" Can be extended to time dependent case to grasp non-linear Luttinger-liquid structure;

" Reduces universality to saddle-point calculation;

Further developments

⊛ Treat the case of c , 1.

⊛ Develop a saddle-point based classification of universality classes.

K. K. Kozlowski Microscopic origin of the c = 1 universality class
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