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Causality, Hyperbolicity & Shock formation

in Lovelock Theories

* Lovelock Theories
= GR + (higher-curvature corrections)

» EoM up to 2" derivatives = Avoids ghost instability
» From string theory?

e GR:
e Love
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Gravity propagate at ¢
ock: Faster/slower propagation than ¢

" Causality in Lovelock theories?

~ Does EoM remain hyperbolic?
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Causality, Hyperbolicity & Shock formation
in Lovelock Theories

* Causality in Lovelock theories?
— Can we define causality in this theory?
— Can graviton escape from black hole interior?

* Does EoM remain hyperbolic?
— Hyperbolic EoM = Wave equation
— Determined by principal part of EoM

»GR: Guaranteed to be hyperbolic
» Lovelock: ?

* Shock formation due to variable sound speed?
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Introduction: Lovelock theories

* Lovelock theories in d dimensions (p <(d—1)/2)
L = R — ZQkPééi:::ZizRﬂlﬂgdldg R dap_1d2p

e ‘C2p—1C2p
P

= R —8ky (R* — 4Ry R™ + Rapca R + - --
(S5 = o3y, .05
* EoM = Einstein eq. + correction
&b = ab + B% =0

where
a E : acy...c2p dyda dop_1da
B b — kp5bd1...d2pRCIC2 RPN Rczp—lcﬂp r P
p>2 °



Introduction: Characteristics

* Asignal propagates on characteristic surface

FoMofy: 0 = V%) = ¢"o + -

—

e ¢"" £0 : 071 uniquely determined
—> usual time evolution

« ¢"" =0 : 02y non-unique

—> t = const. surface is characteristic



Introduction: Characteristics

. ¢ =0 : 02y non-unique
—> t = const. surface is characteristic

v'Characteristic surface is a possible wave front

' =0
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Introduction: Characteristics

* Characteristics in Lovelock theories 57 "

0= Gab +Bab — Pa,deat2gcd + .-

Pa,bcd N gttgr:(agb)d + Rabcd

Characteristic < detP=0

t!A

' =0
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Questions

1. Can graviton escape from black hole interior?

™ No: Killing horizon is characteristic surface

2. Propagation on plane wave solutions

3. Propagation around black holes

e Does it obey causality?
* |s hyperbolicity maintained?
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2. Propagation on plane wave solutions

More generally, we consider
Ricci-flat type N spacetimes

/ as backgrounds.

Only null(#)-angular components of Riemann tensor are nonzero:

Ryipi =€y

v’ Example: Plane wave solution [soulware-Deser 85]

ds* = a;;x'a? du® + 2dudv + 5;;dz'da?

= Kyy;0ca; /




2. Propagation on Ricci-flat type N spacetimes

Proposition:

Characteristic surfaces are null w.r.t. “effective metrics”:

I:',...,%d(d—ig)

G?b _ ga,b +w;€&€b

Sp

v det P=]] G768 =0
I

v {:null wrt. G,
—> Characteristic cones tangent to /

v’ Nested characteristic cones

v’ Causality w.r.t. the largest cone
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3. Propagation around black holes

e Static, maximally symmetric black holes
ds® = —f(r)dt® + f(r)”"'dr® 4+ r*d¥?

* Proposition:
Characteristic surfaces are null w.r.t. “effective metrics”:

?,.2

d>?
ca(r)

Giydatdz” = —f(r)dt* + f(r)”dr® +

{ A : Tensor, Vector, Scalar modes }
. . 2 . . .
T c,(r): (Propagation speed)” in 2 directions
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3. Propagation around black holes

r‘\.,.2

dx?

Giydatde” = — f(r)dt* + f(r)~tdr? +

ca(r)

@ r=4r,

R SRy

: Photon cone
------------------ : Tensor
—mrms : Vector




* Small BH = ¢, <0 near horizon
= Violation of hyperbolicity

82 82 f(?q)CA (?") 82 B o
( TEAA A 822) V= f(r)Gy 0,0,

e
0¥z

* Initial value problem is not well-posed

v 0’=—a? > = growing mode oc exp( alt)
v’ Perturb initial data with this mode as

59;;,1;(@?“,3:) ~ E",_\/EBQH — el = 0: 59,}6“59 — 0
ol > 0: 59—} O

—

with | —

.. Solution is not continuous w.r.t. initial data

No solution exists except for special initial conditions



Answers

1. Can graviton escape from black hole interior?

N No: Killing horizon is characteristic surface

2. Propagation on plane wave solutions

v’ Characteristics = Null w.r.t. effective metrics
v’ Causality w.r.t. the largest cone

3. Propagation around black holes

v’ Characteristics = Null w.r.t. effective metrics
v'Hyperbolicity violation near small BH horizons
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Contents

2. Questions

— Shock formation?



Shock formation

* Sound speed # const.
 Waveform distortion = Shock formation?

ex.) Burgers’ equation O:u + u Oyu = 0

u(t,x)

5

X
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Shock formation
* Propagation of discontinuity in 5286119

> GR: Amplitude obeys linear eq.

» Lovelock: Amplitude obeys nonlinear eq.
- Amplitude blow up?

th t
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e EoM in Lovelock
Eab = Gab + Ba,b =0

* Take discontinuous part
[Eab: — a.de [aﬁzgcd] =0

= [07gca) = T(2") req (P-r=0)

(discontinuous part)

* Transport equation of amplitude TI(x%)

(0 Fw] =0 = HH+MII+NII?Z=0

—

N — 4 Zp(p . l)k;p 5UikmpT5...P2p P?‘?’gjjfrlkr??l?g RSE' S6 o R52p_182p

ljlngss...s2p T5T6 T2p—1T2p
p2>2




I+ MII+ NII? =0

/[(I)(‘s) = / ﬂf{s"’}dsﬂ
J0

~(s)

— H(S
1+ I1(0 / N(s (s") 16’

* GR: N=0 = T(s) finite unless e ® diverges

* Lovelock: N#0 = Il(s)diverges at finite s for large [I1(0)
_ Shock formation
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Shock formation

* Ricci-flat type N spacetimes

— Along g+ : N=0 -> Noshock
— Along other directions: N#0 -2 Shock formation
1
II(u) ~
U — Up

/
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Shock formation

v’ Does a shock formation imply pathology?

* Violation of weak cosmic censorship?
Shock = Naked singularity

 Stability of Minkowski in Lovelock theories?
Flat background - N =0, stable?

e Shock = Weak solution in Lovelock theory
Shock formation from smooth initial data?
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Summary

€ Characteristics in Lovelock theories
e Can graviton escape from black hole interior? €< No

 Propagation on plane wave & BH backgrounds
v’ Characteristics = Null w.r.t. effective metrics
v’ Causality w.r.t. the largest cone
v’ Hyperbolicity violation near small BH horizons

€ Shock formation in Lovelock theories
v I nonlinear term, shock forms for large initial data

. Does hyperbeoticity occur in time evolution?
: Shock formation & evolution from smooth data?

. Stability of Minkowski?
: Shock formation in scalar-tensor theories?

NV 'V 'V 'V
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