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Unitarity and renormalizability

Conjecture by Llewellyn Smith (1974)

If no physical ghost propagation predictability
Unitarity = renormalizabiliy

Y-M theory O O
Weinberg-Salam model O O
Massive vector X X
4-Fermi X X

No counterexample!



Why Lifshitz scaling theory?

Check if this is purely guantum origin or not.

Less symmetric theory is better.
Otherwise symmetry may do something.

Why not break the Lorentz sym.?
Horava Lifshitz gravity

Check unitarity may be easier.
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Contents

Renormalizability

The conventional Power Counting Renormalization (PCR) is not enough.
For renormalization (finite number of counter terms),
we need extended version of PCR.

Unitarity

Only with unitarity, optical theorem can be derived.
Optical theorem gives an inequality for scattering amplitude called “Unitary bound”.
Derive the condition where Unitary bound of tree diagram holds in UV limit.
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Renormalizability

Conventional Power-counting
And
Extended Power-counting



Conventional PCR

Second order action

Sy = [dtd’z o(— & — (- A))¢

pl =1, [E] =2 [¢]=(d—2)/2
| *

dt] + d|dx] 4+ 2|0y + 2[¢] =0

Interaction action
Sint = X [dtd z O’
Al = — [dt] — d[dx] — a|0,] — b]
=z4+d—a—0b(d—2)/2

¢]
>0
t*

Conventional Power-Counting Renormalizaion (PCR) condition



Renormalization

Relevant terms in RG flow

Describe the IR behavior of theory.
Perhaps the conventional power-counting works

Finite number of counter terms

UV completion
Prediction
The conventional PCR is not enough

Unitarity in UV is expected to be related to the latter one!



Nonrenormalizable term with PCR
Example with d=3, z=5
= [dtdPz ¢(— &) — (= A))¢ 0] = -1

interaction term with [A]=0 (satisfies the conventional PCR)
Simt = A [dtd’z ¢*(A° @)

[A] = — |dt] = 3|dz| —12[0,] — 4[4] =0
—5 —1 1 o —1

1-loop 2n-point function &

[dwd* k()" (p'2)" ~ A3+

0

For any n, this diverges.
Infinite number of counter terms are requwed'



Extended PCR

We are looking the divergence of loop diagram.
Only internal lines are important.

Sint = A [dtd’z ¢* (A39)* o
Related to loop

0
(L

0
With d=3,z=5, if operator has dimension 8, it is marginal.
However, (A3q§)2 ,which is the part actually related to loop calculation,

is dimension 10.

merefore, NOt renormalizable

Any portion must have less than 8 dimension.
t

Inverse of [dtd"z]



Extended PCR (marginal case)

Extended PCR
Any portion of interaction operator < ( or §) d+ z

Cwhich?d

A diverging loop diagram

Vi

Add vertex V1. Swt =A[did’z(079)...(9,9)(0,0)
. . Y.
A portion of V1 operator is marginal.

Change the structure of external line. Need extra counter terms!



Extended PCR (marginal case)

Extended PCR
Whole of interaction operator < ( or <)d+ z

Cwhich?d

A diverging loop diagram

Vo

%.vo

Add quartic vertex Vo. St =*J dtdg (9,'¢)
Whole part of Vo operator is marglnal

The structure of external line is the same. Don’t need extra counter terms!




Extended PCR (marginal case)

Extended PCR
Any portion of interaction operator < ( or §) d—+ z

For whole operator, < . A .
For a portion of operator, < Sint =X [dtd*z (8;9)...(8,9). . .(F,¢)
Cubic interaction term A portion
Sy = [dtd'z (0,'¢)(0,'9)(9,'9) a; < az < as

&1—|—CL2—|—CL3 S (5Z—d)/2
ay +as < 2z * as+as <2z—1

ay, as, as, z, d areintegers




Extended PCR (marginal case)

Extended PCR
Any portion of interaction operator < ( or §) d—+ z

For whole operator, < . A .
For a portion of operator, < Sint =A Jdtd*z (8,9). . .(9,9). . .(8¢)
Quartic interaction term A portion

Si = [dtd'z (9'9)(976)(06) (9"6) a1 < ar < a3 < ay

a1+ as+as+as < 3z—d

ay+az+ay < (5z2—d)/2 mmmhp ax+az+ay < (5z2—d—1)/2
az +as < 2z * az+as <2z—1

ai, as, as, a4, 2, d areintegers




Unitarity

-Untarity bound-



Unita rity Bound (general discussion)

Unitarity
S5t =1 —1+ZT> —i(T—T") =TT

Scattering amplitude M7 — f)
(fITVi) = 6(E; — Ef)o*(pi = p)M(i — f)

Orthonomal basis |X) >, |X)(X| =1

A

—i[M@ — f) = M(f — )]

= 3 (B — Ex)(p — py)M(i — X)M(f — X"
i=f
2 Im M(i — i) =3 6(E — Ex)0p — py)IM(i — X)|?




Unitarity bound (p

erturbative)

Normalized n-particle state P

JTT s py. P Py Pl =1

J= i

Pn)

Normalized state with discrete parameter |/
Orthonormal func. on constant E and P hg(pj)

‘E7P7l> — de hl(pj)

d'p;
dtl, =T 320(F + .. -

4B, —BE¥p +...+p,

Scattering amplitude on constant E and P sub-space

M(E,P;l —

l")

(E,P,IT\E,P",lI') =6(E— E)oY (P —-—PYM(E,P;l = I




Unitarity bound ([-basis)
Im M(i — i) =Y 0(E— Ex)d"(p — py)IM(i — X)[?
@ (BE,P,I||TIE,P.,l) =6(E— E)éP—-P)\M(E,P;l — 1)
| Im M(E, Pl — 1) =, IM(E,P; 1 = 1)
IA V||

M(E,P; 1l — 1) M(E,P; 1 — )]

' =1
M(E,P;l — 1) > |M(E,P;1 — )|’

|:> IM(E,P;l —1)| < const.



Unitarity bound ([-basis)

Im M(i — i) = 34 6(E — Ex)6%(p — px)|M(i — X)|?

‘ (BE,P,I||TIE,P.,l) =6(E— E)éP—-P)\M(E,P;l — 1)
| Im M(E,P;l — )| =3, |M(E,P;1 — I)]?

IA V||
IM(E,P;l — 1) IM(E,P;1 — 1)|?
IA

const.

=1
IM(E,P;l — 1) > [M(E,P;| —

» IM(E,P;l —1)| < const.



Unitarity bound ([-basis)

Im M(i — i) = Y 6(E — Ex)d(p — px)|M(@ — X)|?

@ (BE,P,I||TIE,P.,l) =6(E— E)éP—-P)\M(E,P;l — 1)
| Im M(E,P;l = 1) =, |IM(E,P;1 —1')|?

IA V||
IM(E,P;1 — 1) IM(E,P;1 —1')]?
IA
const.

M(E,P;1 —1')| < const.
Unitarity Bound



Two-particle Scattering

High energy limit

Relativistic theory
we can take CoM frame.

High energy limit => (E -> oo, P=0)

Lifshitz scaling theory

No Lorentz sym.
High energy limit with non-zero P (which can diverge)
gives different constraint.

CoM- I|ke One particle is at rest

o i o3 o

) 53)



CoM-like state | {o%%%oj

Orthonormal func. on constant E and P hz(pj)

@) = [dII ha(p,)|p1. py)
A= 35( + By — E)'(p, +p, — P)

1 (Ip] — ol < P/2)
ho(p;) = ———— X- 1 2
(P;) v/ No( P) ] 0 (Ipy| — Ipy| > P/2)

dpy d’p
Noz — f]a2E112E226(E1 _|_E2 o E)5d(p1 TPy — P)



CoM-like state | {o%%%oj

Orthonormal func. on constant E and P hz(Pj)

) = [dIl ha(p;)|P1; P2)
AL =525 2(Es + By — E)3'(p, +p, —P)

1 (Ip] — ol < P/2)
ho(p;) = ———— X- 1 2
(P;) v/ No( P) ] 0 (Ipy| — Ipy| > P/2)

dp1d
No = |, 5555 0(B1 + By — E))(p; +p, — P)

P> P OCPd—Sz



One particle is at rest Iﬁ{O%: O}

A 11 (lpi| =€) p1 = O(1
hﬁ(p]) \/Nﬁ(P) X ‘ 0 (|p1‘ > 6) Dy = O(P
PO Pd P—d
f] >F, o5, O\ + L2 )0(Py + Py )
Pz

Ey~E~F w FE +FE,—FE=0F"

Nﬁ X P—2z+1



M(a — a)

Unitarity bound L
const. > |M(E,P;a — a)| \/NO‘
= | [dI1(p)dIL(k)ho(p)ha(k)M(py, Py — ki, ko)
d%1 d
dlI(p) := QdEplleEpj5(E1 + B, — E)d(p, +p, —P)
~ N, oc pPi=32

~ NaPa X Pd—BZ—I—a

Suppose M(p,,p, — ki, k)| = P
a < 3z—d



UB for scattering amplitude
M(p,p; — ki, ko)| = P

./\/l(ozﬁoz) CLSSZ—d
M(ﬁ%ﬂ) a < 2z—1
M(Oz%ﬁ) a < (bz—d—1)/2

CoM-like One particle is at rest

i AN -l




Quartic Interaction

= [dtd®z (87'9)(07)(07°¢)(01'¢) a1 < ay < az < ay

| _ a1 anai’)kCM

P1>P2_>k1,k2) P, Dy KR, [perm.]

(v — @) — .y putaztaztas gy 4+ a9 +ag+ag < 3z2—d
(B — B) ., pastay as+as < 22—1
(o — B) — Prtostas as+az+ays < (bz—d—1)/2

CoM like One particle is at rest
{ / } 0%_ o

3)




Extended PCR (marginal case)

Extended PCR
Any portion of interaction operator < ( or §) d—+ z

For whole operator, < . A .
For a portion of operator, < Sint =A Jdtd*z (8,9). . .(9,9). . .(8¢)
Quartic interaction term A portion

Si = [dtd'z (9'9)(976)(06) (9"6) a1 < ar < a3 < ay

a1+ as+as+as < 3z—d

ay+az+ay < (5z2—d)/2 mmmhp ax+az+ay < (5z2—d—1)/2
az +as < 2z * az+as <2z—1

ai, as, as, a4, 2, d areintegers




Extended PCR (marginal case)

Extended PCR

~\

Unltarlty bound
(CV — Od) SN Pa1—|—a2—|—a3—|—a4 a1 -+ as + A3 —+ a4 S 3z — d

(5%5)_>pa3+a4 as+ays < 22—1
(o — B) — Pratastas as+as+ay < (bz—d—1)/2

a1+ as+as+as < 3z—d
ay+az+ay; < (52—d)/2 mmmp ar+az+ay < (5z—d—1)/2
az +as < 2z * az+as <2z—1

ai, as, as, a4, 2, d areintegers




XX

Cubic interaction

— fdtddl‘ (8;1¢)(622¢)(823¢) aq S a- S as

Vip,po, P)V(ki, ko, P
M(p17p2 — klakZ) X P p2E§)_éQz1 il X\

~ (p,'p, Pk 'k ?P* 4 perm. )/P?*  schanne

(Oé — Oé) — PQ(CL1‘|'CL2+G3)—22 a] + a9 + ag < (52 — d)/2
— — 2(&2—|—CL3)—2,Z’ CLQ _I_ ag S 22 - ]_ 2
(B—B)—F
Suppose a;, 2 are integers as ‘|‘a3 S 251

(a — B) — put2laztas)—2z
a1 + 2&2 - 2&3 (92 —d — 1)/2 No additional condition



Extended PCR (marginal case)

Extended PCR
Any portion of interaction operator < ( or §) d—+ z

For whole operator, < . A .
For a portion of operator, < Sint =X [dtd*z (8;9)...(8,9). . .(F,¢)
Cubic interaction term A portion
Sy = [dtd'z (0,'¢)(0,'9)(9,'9) a; < az < as

&1—|—CL2—|—CL3 S (5Z—d)/2
ay +as < 2z * as+as <2z—1

ay, as, as, z, d areintegers




Fytended PCR (marocinal racge)
Unitarity bound

(a N a) —y PRlartartas) -2z ay +ag+az < (5z —d)/2
(8 — 8) — P2 (axtaz)—2z as +a3 <2z—1/2
L e S 2
(Oz N 6) — put2(axtas)—22
a; +2a9 +2a3 < (92—d—1)/2 No additional condition

a1+ as+ag < (bz—d)/2
as +as < 22 ﬁ as +az <2z—1

ay, as, as, z, d areintegers




Summary

Renormalizability

The conventional Power Counting Renormalization (PCR) is not enough.
For renormalization (finite number of counter terms),
we need extended version of PCR.

See the coincidence

o of these conditions
Unitarity

Only with unitarity, optical theorem can be derived.
Optical theorem gives an inequality for scattering amplitude called “Unitary bound”.
Derive the condition where Unitary bound of tree diagram holds in UV limit



