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Horava Gravity(HG)

• Limit of description by GR+SM

Dark Matter, not UV complete

• Candidate for UV complete gravity：higher-𝜕 → propagator well converge

𝑅𝜇𝜈𝜌𝜎
2 → higher-𝜕𝑡break positivity of Hamiltonian

𝐾𝑖𝑗
2 + 𝑅𝑖𝑗𝑘𝑙

𝑧 (𝜔~𝑘𝑧)@UV → break Lorentz inv. @UV  （HG）

• Power-counting renormalizability

z ≥ 𝑑（spatial dimension）

int. term ≤ 2𝑧

𝑥𝑖 → 𝑟𝑥𝑖 , 𝑡 → 𝑟𝑧𝑡：scaling dimention 𝜕𝑖 = 1, 𝜕𝑡 = 𝑧



“𝑁 = 𝑁 𝑡 ” 𝑈(1)HG

• HG：３ dof, scalar strong coupling@IR, cosmological pert. break down

• To elilminate scalar, impose new symmetry：

lapse： 𝑁 = 𝑁 𝑡 → 𝑁 𝑡 − 𝐴(𝑡, 𝑥)/𝑐2

NLO of 1/𝑐 exp.（spatial scale<<time scale）

𝑡-diffeo： 𝛿(𝑐𝑡) = 𝑐𝑓 𝑡 → 𝑐𝑓(𝑡) −
𝛼 𝑡,𝑥

𝑐𝑁

→ 𝛿𝛼𝑁𝑖 = 𝑁𝜕𝑖𝛼,  𝛿𝛼𝐴 = 𝑁𝜕⊥𝛼,  𝛿𝛼𝜈 = 𝛼, 𝛿𝛼𝛾𝑖𝑗 = 0, 𝛿𝛼𝑁 = 0：“𝑈(1)”

𝐴 ：transform as time component of 1-form, 𝜈：auxiliary field

• “𝑁 = 𝑁 𝑡 ” 𝑈 1 HG: 2 dof

• 𝑁 = 𝑁 𝑡 unnecessary with 𝑎𝑖 = 𝜕𝑖ln𝑁

Kluson(2011)

Horava, Melby-Thompson(2010)

Blas,Pujolas,Sibiryakov(2010)



“𝑁 = 𝑁 𝑡, 𝑥 ” 𝑈(1)HG

𝑆 =
𝑀Pl

2

2
 𝑑𝑡𝑑𝑑𝑥 𝛾𝑁  𝐾𝑖𝑗  𝐾𝑖𝑗 − 𝜆 𝐾2 − 𝑉 + 2Ω − 𝑅 + 𝜂1𝑎𝑖𝑎

𝑖 + 𝜂2𝐷𝑖𝑎
𝑖 𝜎

 𝐾𝑖𝑗: Extrinsic curvature with 𝑈(1) inv. shift  𝑁𝑖 = 𝑁𝑖 − 𝑁𝐷𝑖𝜈

𝑉 = 𝑉 𝑅𝑖𝑗𝑘𝑙 , 𝐷𝑖 , 𝑎𝑖 = 𝜕𝑖ln𝑁 , upto 𝜕𝑖
2𝑧

𝜎 =
𝐴

𝑁
− 𝜕⊥𝜈 −

1

2
𝐷𝑖𝜈𝐷𝑖𝜈: 𝑈 1 inv. "gauge field"𝐴

• Dof of cosmo. linear pert. is 3 with 𝜂2 ≠ 0, 
∃

strongly-coupled scalar

Unnecessary to eliminate  ∵HG connetcts GR@IR（ 𝜆 → 1） by nonlinear 

• Linear analysis: dof 2 w/ 𝜂2 = 0 → 3@nonlinear？

Izumi, Mukohyama(2011) Gumrukcuoglu, Mukohyama, Wang(2012)Wang, Wu(2011)

𝜔2 ∝ 𝑘6(𝑑 = 3)@UV



Dof-counting by Hamiltonian analysis

• Difficult to grasp constraints by EOM of unperturbed action

→ search constraints in Hamiltonian formalism （phase space）

• 𝜋𝑖 ≡
𝛿𝑆

𝛿  𝑁𝑖 = 0 →  𝑁𝑖 ≠  𝑁𝑖(𝜋𝑖)

• 𝜋𝑁 ≡
𝛿𝑆

𝛿  𝑁
= 0

• 𝜋𝐴 ≡
𝛿𝑆

𝛿  𝐴
= 0

• 𝜋𝜈 ≡
𝛿𝑆

𝛿  𝜈
= −𝐽𝐴

𝐽𝐴 ≡
𝑀Pl
2

2
𝛾 2Ω − 𝑅 + 𝜂1𝑎𝑖𝑎

𝑖 + 𝜂2𝐷𝑖𝑎
𝑖

𝜙,  𝜙 − space (𝜙, 𝜋𝜙) − space

Constraint
Surface
Describing
motion



Secondary Constr.
•  𝐶 ≃ 𝐶,𝐻′

Poisson, 𝐻′ = 𝐻 + ∫ Lagrange multiplier 𝜆𝛼 constraint𝛼
• Time-consistency of constraints

→ New constr. or Known constr. or Eq. determining 𝜆𝛼

0 =  𝜋𝑁 ⊃ 𝜋𝑁 , ∫ 𝜆
1 𝜋𝜈 + 𝐽𝐴 Poisson

∝ 𝛾 𝜂2𝐷
2 + 2𝜂1𝑎

𝑖𝐷𝑖
𝜆1

𝑁

𝜂1, 𝜂2 ≠ 0,0 → 𝐽𝐴,ℋ𝑖
𝑁

𝜂1, 𝜂2 = 0,0 → 𝐽𝐴,ℋ𝑖
𝑁 ,ℋ⊥ → 𝜙𝐴

Recall branches are 𝜂2 ≠ (=)0 @ linear level

• First-class constr. not determine 𝜆𝛼 → gauge-fix. cond.

How to show Poisson brackets of  𝑉 = 𝑉 𝑅𝑖𝑗𝑘𝑙 , 𝐷𝑖 , 𝑎𝑖 = 𝜕𝑖ln𝑁 ≇ 0 ?

ℋ⊥ =
2

𝛾
𝜋𝑖𝑗ℊ𝑖𝑗𝑘𝑙𝜋

𝑘𝑙 +
𝛿

𝛿𝑁
∫ 𝛾𝑁𝑉

ℊ𝑖𝑗𝑘𝑙 =
1

2
𝛾𝑖𝑘𝛾𝑗𝑙 + 𝛾𝑖𝑙𝛾𝑗𝑘 −

𝜆

𝑑𝜆 − 1
𝛾𝑖𝑗𝛾𝑘𝑙𝜙𝐴 ∝

𝜆 − 1

𝑑𝜆 − 1
𝐷2

𝜋

𝛾
𝑁 + 𝑅𝑖𝑗ℊ𝑖𝑗𝑘𝑙

𝜋𝑘𝑙

𝛾
𝑁 − 𝐷𝑖𝐷𝑗

𝜋𝑖𝑗

𝛾
𝑁

ℋ𝑖
𝑁 = −2 𝛾𝐷𝑗

𝜋𝑖
𝑗

𝛾
+ 𝜋𝑁𝐷𝑖𝑁



𝛿𝑉/𝛿𝑔𝑖𝑗

• Variation of 𝐹 = 𝐹[𝑔𝑖𝑗 , 𝜋
𝑖𝑗 , 𝑠, 𝑉𝑖] under spacial diffeo. 𝑥𝑖 → 𝑥𝑖 + 𝜉𝑖(𝑥)

For 𝛿𝐹 = 0 with ∀𝜉𝑖, we can convert 𝛿𝐹/𝛿𝑔𝑖𝑗 into other variations



𝛿𝑉/𝛿𝑁

• Without explicit calc., it is sufficient to show

det ∫ 𝐶𝛼𝜑, ∫ 𝐶𝛽𝜒 ≠ 0 ,       𝜑, 𝜒：scalar

• det ∫ 𝐶𝛼𝜑, ∫ 𝐶𝛽𝜒 = det
0 𝐵
𝐶 𝐷

= (det𝐵)(det𝐵(𝜑 ↔ 𝜒))

• 𝑉 𝑅𝑖𝑗𝑘𝑙 , 𝐷𝑖 , 𝑎𝑖 = 𝜕𝑖ln𝑁 ：linear comb. of 𝑎𝑖𝑎
𝑖 , 𝑅𝐷𝑖𝑎

𝑖 , 𝐷2𝑎𝑖𝐷
2𝑎𝑖

• 𝜋𝑖𝑗 terms remain nonzero → det ≄ 0

ℊ𝑖𝑗𝑘𝑙 =
1

2
𝛾𝑖𝑘𝛾𝑗𝑙 + 𝛾𝑖𝑙𝛾𝑗𝑘 −

𝜆

𝑑𝜆 − 1
𝛾𝑖𝑗𝛾𝑘𝑙

det

∫ 𝑑𝑑𝑥𝜒
𝛿

𝛿𝑁
∫ 𝑑𝑑𝑦𝜑

𝛿

𝛿𝑁
∫ 𝑑𝑑𝑧 𝛾𝑁𝑉 −∫ 𝑑𝑑𝑥𝜒

𝜆 − 1

𝑑𝜆 − 1
𝜋𝐷2 + 𝑅𝑖𝑗ℊ𝑖𝑗𝑘𝑙𝜋

𝑘𝑙 − 𝜋𝑖𝑗𝐷𝑖𝐷𝑗 𝜑

∫ 𝑑𝑑𝑥𝜒
𝜆 − 1

𝑑𝜆 − 1
𝜋𝐷2 + 𝑅𝑖𝑗ℊ𝑖𝑗𝑘𝑙𝜋

𝑘𝑙 − 𝜋𝑖𝑗𝐷𝑖𝐷𝑗 𝜑 ∫ 𝑑𝑑𝑥 𝛾𝑁[𝑅𝑖𝑗𝜒 + 𝛾𝑖𝑗𝐷2 − 𝐷𝑖𝐷𝑗 𝜒]ℊ𝑖𝑗𝑘𝑙[𝑅
𝑘𝑙𝜑 + 𝛾𝑘𝑙𝐷2 − 𝐷𝑘𝐷𝑙 𝜑]

∵ 0 =  𝐶𝛼 = ∫ 𝐶𝛼 , 𝐶𝛽 𝜆𝛽 +⋯ → 𝜆𝛽 = ∫ 𝐶𝛼 , 𝐶𝛽
−1

⋯



Result

• dim. of phase space：𝑑2 + 3𝑑 + 6 (𝛾𝑖𝑗 , 𝜋
𝑖𝑗 , 𝑁𝑖 , 𝜋𝑖 , 𝑁, 𝜋𝑁 , 𝐴, 𝜋𝐴, 𝜈, 𝜋𝜈)

1st -class constr.： 2𝑑 + 2 (ℋ𝑖
𝑁 , 𝜋𝑖 , 𝜋𝐴, 𝜋𝜈)

2nd-class constr： 𝜂1, 𝜂2 ≠ 0,0 , 2 (𝜋𝑁 , 𝐽𝐴),

𝜂1, 𝜂2 = 0,0 + 2(ℋ⊥, 𝜙𝐴)

• dof = dim. of phase space − 2 1st−class − (2nd−class) /2

𝜂1, 𝜂2 ≠ 0,0 dof＝ 𝑑2 − 𝑑 − 2 /2 + 1 →
∃

scalar

𝜂1, 𝜂2 = 0,0 dof＝ 𝑑2 − 𝑑 − 2 /2 transverse traceless tensor

• Linear analysis is insensitive to 𝜂1 because 𝜂1𝑎𝑖𝑎
𝑖𝜎 not affect quadratic action



Summary

• Scalar dof of “𝑁 = 𝑁 𝑡, 𝑥 ”𝑈(1)HG is strong coupling

→ non-linear analysis is needed

• Performed Hamiltonian  analysis to study constr. structure and dof

• Conditions for existence of scalar dof

this analysis linear analysis

scalar exist 𝜂1, 𝜂2 ≠ 0,0 𝜂2 ≠ 0

scalar not exist 𝜂1, 𝜂2 = 0,0 𝜂2 = 0

𝑆 ⊃ (𝜂1𝑎𝑖𝑎
𝑖 + 𝜂2𝐷𝑖𝑎

𝑖)𝜎


