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8QLYHUVH
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,Q &ROODERUDWLRQ ZLWK�

*HUDOG &OHDYHU� 3K\VLFV 'HSDUW�� %D\ORU 8QLYHUVLW\
.ODXV .LUVWHQ� 0DWK 'HSDUW�� %D\ORU 8QLYHUVLW\
4LQ 6KHQJ� 0DWK 'HSDUW�� %D\ORU 8QLYHUVLW\
4LDQJ :X� ,QVWLWXWH IRU $GYDQFHG 3K\VLFV DQG

0DWKHPDWLFV� =KHMLDQJ 8QLYHUVLW\ RI
7HFKQRORJ\

7DR =KX� ,QVWLWXWH IRU $GYDQFHG 3K\VLFV DQG 0DWKHPDWLFV�
=KHMLDQJ 8QLYHUVLW\ RI 7HFKQRORJ\
	 3K\VLFV 'HSDUW�� %D\ORU 8QLYHUVLW\



%DVHG RQ�

³6FDODU DQG WHQVRU SHUWXUEDWLRQV LQ ORRS TXDQWXP FRVPRORJ\�
+LJK�RUGHU FRUUHFWLRQV�´ -&$3 ������ >DU;LY�����������@
³'HWHFWLQJ TXDQWXP JUDYLWDWLRQDO HIIHFWV RI ORRS TXDQWXP
FRVPRORJ\ LQ WKH HDUO\ XQLYHUVH"´
$S-/ ��� ������ /�� >DU;LY�����������@
³3RZHU VSHFWUD DQG VSHFWUDO LQGLFHV RI N�LQIODWLRQ� KLJK�RUGHU
FRUUHFWLRQV�´ 35'�� ������ ������ >DU;LY����������@
³4XDQWXP HIIHFWV RQ SRZHU VSHFWUD DQG VSHFWUDO LQGLFHV ZLWK
KLJKHU�RUGHU FRUUHFWLRQV�´
35'�� ������ ������ >DU;LY����������@
³,QIODWLRQDU\ FRVPRORJ\ ZLWK QRQOLQHDU GLVSHUVLRQ UHODWLRQV�´
35'�� ������ ������ >DU;LY����������@
³&RQVWUXFWLQJ DQDO\WLFDO VROXWLRQV RI OLQHDU SHUWXUEDWLRQV RI
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� 8QLIRUP $V\PSWRWLF $SSUR[LPDWLRQV
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8QLYHUVH

� &RQFOXVLRQV



��� :K\ LQIODWLRQ"
�$� *XWK� 35'�� ������ ����

,W VROYHV WKH SUREOHPV RI VWDQGDUG ELJ
EDQJ FRVPRORJ\� IODWQHVV�
KRUL]RQ� FRVPLF UHOLFV� HWF�
,W SURYLGHV D FDXVDO PHFKDQLVP IRU
JHQHUDWLRQV RI DGLDEDWLF� *DXVVLDQ� DQG QHDUO\
VFDOH�LQYDULDQW SULPRUGLDO IOXFWXDWLRQV� ZKLFK OHDGV WR

WKH IRUPDWLRQ RI ODUJH VFDOH VWUXFWXUH RI WKH XQLYHUVH�
WKH &RVPLF 0LFURZDYH %DFNJURXQG �&0%� DQLVRWURSLHV�

,QIODWLRQ LV UHPDUNDEO\ VXFFHVVIXO DQG LWV SUHGLFWLRQV DUH
PDWFKHG WR REVHUYDWLRQV ZLWK DVWRQLVKLQJ SUHFLVLRQ��

�3ODQFN &ROODERUDWLRQ� DU;LY������������



��� 4XDQWXP )OXFWXDWLRQV 'XULQJ ,QIODWLRQ
�'� %DXPDQQ� DU;LY�����������

$FFRUGLQJ WR WKH LQIODWLRQ SDUDGLJP�
WKH ODUJH�VFDOH VWUXFWXUH RI RXU
XQLYHUVH DQG &0% DOO RULJLQDWHG IURP
TXDQWXP IOXFWXDWLRQV SURGXFHG GXULQJ ,QIODWLRQ� ZKLFK FDQ
EH GHFRPSRVHG LQWR�

VFDODU� YHFWRU DQG WHQVRU�

%XW� EHFDXVH RI WKH H[SDQVLRQ
RI WKH XQLYHUVH DQG SDUWLFXODU
QDWXUH RI WKH IOXFWXDWLRQV� YHFWRU
SHUWXUEDWLRQV GLG QRW JURZ� DQG
REVHUYDWLRQDOO\ FDQ EH VDIHO\
LJQRUHG�



��� 4XDQWXP )OXFWXDWLRQV 'XULQJ ,QIODWLRQ �&RQW��

6FDODU DQG WHQVRU SHUWXUEDWLRQV DUH GHVFULEHG E\ PRGH
IXQFWLRQV µN(η)�

µ′′
N +

(
ω2
N −

]′′

]

)
µN = 0, ] ≡

{
Dφ′

H , VFDODU

D, WHQVRU
���

ω2
N � HQHUJ\ RI WKH PRGH� DQG LQ JHQHUDO UHODWLYLW\ �*5� LV

JLYHQ E\�
ω2
N = N2

N� FRPRYLQJ ZDYHQXPEHU
φ� WKH VFDODU ILHOG ² WKH LQIODWRQ� DQG φ′ ≡ Gφ/Gη
η� WKH FRQIRUP WLPH� Gη ≡ GW/D(W)
D(η)� WKH H[SDQVLRQ IDFWRU RI WKH XQLYHUVH� DQG H ≡ D′/D



��� 4XDQWXP )OXFWXDWLRQV 'XULQJ ,QIODWLRQ �&RQW��

3RZHU VSHFWUD� ∆2
L� DUH GHILQHG DV�

∆2
L ≡

N3

2π2

∣∣∣
µN

]

∣∣∣
2

L
, (L = 6, 7).

6SHFWUDO LQGH[HV DUH GHILQHG DV

QV ≡ 1+
G OQ∆2

V(N)

G OQ N
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G OQ∆2
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7KH UDWLR U LV GHILQHG
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7
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��� 3UHFLVLRQ &RVPRORJLFDO 0HDVXUPHQWV

6LQFH WKH ILUVW PHDVXUHPHQW RI &0% LQ ���� E\ 3HQ]LDV
DQG :LOVRQ �3:�� WKHUH KDYH EHHQ D YDULHW\ RI H[SHULPHQWV
WR PHDVXUH LWV UDGLDWLRQ DQLVRWURSLHV DQG SRODUL]DWLRQ� VXFK
DV :0$3� 3/DQFN DQG %,&(3�� ZLWK HYHU LQFUHDVLQJ
SUHFLVLRQ�

3:� &2%(� :0$3 3ODQFN %,&(3�



��� 3UHFLVLRQ &RVPRORJLFDO 0HDVXUPHQWV �FRQW��

,Q WKH FRPLQJ GHFDGH� ZH DQWLFLSDWH WKDW YDULRXV QHZ
VXUYH\V ZLOO PDNH HYHQ PRUH DFFXUDWH &0%
PHDVXUHPHQWV�

%DOORRQ H[SHULPHQWV� %DOORRQ�ERUQH 5DGLRPHWHUV IRU 6N\
3RODULVDWLRQ 2EVHUYDWLRQV �%D5�63R57�� 7KH ( DQG %
([SHULPHQW �(%(;�� ���
*URXQG H[SHULPHQWV� &RVPRORJ\ /DUJH $QJXODU 6FDOH
6XUYH\RU �&/$66�� 0LOOLPHWHU�:DYH %RORPHWULF
,QWHUIHURPHWHU �0%,�%�� 4XELF� ���
6SDFH H[SHULPHQWV� 6N\ 3RODUL]DWLRQ 2EVHUYDWRU\ �632UW��
���



��� 3UHFLVLRQ &RVPRORJLFDO 0HDVXUPHQWV �FRQW��

,Q DGGLWLRQ WR &0% PHDVXUHPHQWV� /DUJH�VFDOH VWUXFWXUH
VXUYH\V� PHDVXULQJ WKH JDOD[\ SRZHU VSHFWUXP DQG WKH
SRVLWLRQ RI WKH EDU\RQ DFRXVWLF SHDN� KDYH SURYLGHG
LQGHSHQGHQWO\ YDOXDEOH LQIRUPDWLRQ RQ WKH HYROXWLRQ RI WKH
XQLYHUVH�
7KH ILUVW PHDVXUHPHQW RI WKH
NLQG VWDUWHG ZLWK WKH EDU\RQ
DFRXVWLF RVFLOODWLRQ �%$2�
LQ WKH 6'66 /5* DQG
�G) *DOD[\ VXUYH\V ��

�'�-� (LVHQVWHLQ� HW DO�� $S- ��� ������ ���� 6� &ROH� HW DO��

015$6��� ������ ����



��� 3UHFLVLRQ &RVPRORJLFDO 0HDVXUPHQWV �FRQW��

6LQFH WKHQ� YDULRXV
,DUJH�VFDOH VWUXFWXUH
VXUYH\V KDYH EHHQ
FDUULHG RXW �� DQG
SURYLGHG VKDUS
FRQVWUDLQW RQ WKH
EXGJHWV WKDW PDGH
RI WKH XQLYHUVH�

�7HJPDUN� 0�� HW DO� ����� 3K\V� 5HY� '���� ������� .D]LQ�
(� $�� HW DO� ����� $S-� ���� ����� %ODNH� &�� .D]LQ� (��
%HXWOHU� )�� HW DO� ����� 015$6� ���� �����



��� 3UHFLVLRQ &RVPRORJLFDO 0HDVXUPHQWV �FRQW��

9DULRXV QHZ VXUYH\V ZLOO PDNH HYHQ PRUH DFFXUDWH
PHDVXUHPHQWV RI WKH JDOD[\ SRZHU VSHFWUXP�

*URXQG�%DVHG� WKH 3ULPH )RFXV 6SHFWURJUDSK�
%LJ %266� ����
6SDFH�EDVHG� (XFOLG� :),567� ����

&RVPRORJ\ LQGHHG HQWHUV LWV JROGHQ DJH�

3UHFLVLRQ
&RVPRORJ\�



��� 3UHFLVLRQ &RVPRORJLFDO 0HDVXUPHQWV �FRQW��

,Q SDUWLFXODU� WKH 6WDJH ,9
H[SHULPHQWV � ZLOO PHDVXUH
WKH SK\VLFDO YDULDEOHV

σ(QV, U) = 10−3 ∼ 10−4

QV� WKH VSHFWUDO LQGH[ RI VFDODU SHUWXUEDWLRQV
U� WKH UDWLR EHWZHHQ WHQVRU DQG VFDODU SHUWXUEDWLRQV

:LWK WKLV OHYHO RI XQFHUWDLQW\� WKH 6WDJH ,9 H[SHULPHQWV ZLOO
PDNH D FOHDU GHWHFWLRQ �> 5σ� RI WHQVRU PRGHV IURP DQ\
LQIODWLRQDU\ PRGHO ZLWK U ≥ 0.01�

�.�1� $ED]DMLDQ HW DO�� $VWURSDUW� 3K\V� ��� �� ������
>DU;LY����������@�



��� 3UHFLVLRQ &RVPRORJLFDO 0HDVXUHPHQWV �FRQW��

1RWH WKDW FXUUHQW PHDVXUHPHQWV IURP 3ODQFN ���� �6WDJH
,,� >3ODQFN &ROODERUDWLRQ� DU;LY�����������@ DUH�

QV = 0.968± 0.006, U0.002 < 0.11 (95 � &/)
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��� 7UDQV�3ODQFNLDQ 3UREOHP
�%UDQGHQEHUJHU DQG 0DUWLQ� &*4�� ������ �������

%XW� LQIODWLRQ LV YHU\ VHQVLWLYH WR
3ODQFN�VFDOH SK\VLFV� DQG LWV
RULJLQ KDV VWLOO UHPDLQHG HOXVLYH�

,Q SDUWLFXODU� GXULQJ LQIODWLRQ
WKH ZDYHOHQJWKV� UHODWHG WR
SUHVHQW REVHUYDWLRQV� ZHUH
H[SRQHQWLDOO\ VWUHWFKHG�
7R EH FRQVLVWHQW ZLWK REVHUYDWLRQV� WKH LQIODWLRQDU\ SHULRG
QHHGV WR EH ODVWLQJ ORQJ HQRXJK� ,I LW LV PRUH WKDQ ��
H�IROGV� WKH ZDYHOHQJWKV FRUUHVSRQGLQJ WR SUHVHQW
REVHUYDWLRQV� VKRXOG EH VPDOOHU WKDQ WKH 3ODQFN OHQJWK DW
WKH EHJLQQLQJ RI WKH LQIODWLRQ� DQG TXDQWXP JUDYLWDWLRQDO
HIIHFWV EHFRPH LPSRUWDQW ² WKH WUDQV�3ODQFNLDQ SUREOHP�



��� 7KH η� SUREOHP�

)RU D VLQJOH LQIODWRQ ILHOG φ� LWV SRWHQWLDO 9(φ� PXVW EH YHU\
IODW�

ε9 ≡ 02SO

(
9,φ
9

)2

% 1,

η9 ≡
02SO
2

(
9,φφ
9

)
% 1,

LQ RUGHU IRU WKH XQLYHUVH WR H[SDQG ODUJH HQRXJK WR VROYH
WKH SUREOHPV RI ELJ EDQJ PRGHO� PHQWLRQHG DERYH�



��� 7KH η� SUREOHP�

,Q HIIHFWLYH ILHOG WKHRU\ �()7��
WKH FXWRII HQHUJ\ VFDOH Λ LV
GHILQHG E\ WKH OLJKWHVW SDUWLFOH
WKDW LV QRW LQFOXGHG LQ WKH
VSHFWUXP RI WKH ORZ�HQHUJ\
WKHRU\� ,QWHJUDWLQJ RXW SDUWLFOHV
RI PDVV 0 ≥ Λ JLYHV ULVH WR WKH
RSHUDWRUV RI WKH IRUP�

Oδ

Λδ−4
,

δ� WKH PDVV GLPHQVLRQ RI WKH RSHUDWRU
Λ & 0SO



��� 7KH η� SUREOHP �&RQW���

,Q LQIODWLRQ� WKH IODWQHVV RI WKH SRWHQWLDO LQ 3ODQFN XQLWV
LQWURGXFHV VHQVLWLYLW\ WR δ ≤ 6 3ODQFN�VXSSUHVVHG
RSHUDWRUV�

,Q SDUWLFXODU� LQ WKH DEVHQFH RI DQ\ VSHFLILF V\PPHWULHV WR
SURWHFW WKH LQIODWLRQ SRWHQWLDO� FRQWULEXWLRQV WR WKH
/DJUDQJLDQ RI WKH JHQHUDO IRUP

〈O6〉
02SO

=
〈O4〉
02SO

φ2,

DUH DOORZHG�



��� 7KH η� SUREOHP �&RQW���

,Q D JHQHULF HIIHFWLYH WKHRU\� ZLWK FXWRII Λ� WKH PDVV RI D
VFDODU ILHOG UXQV WR WKH FXWRII VFDOH XQOHVV LW LV SURWHFWHG E\
VRPH V\PPHWU\� 6LQFH Λ ≥ +� WKLV LPSOLHV WKDW D VPDOO
LQIODWRQ PDVV Pφ % + LV UDGLDWLYHO\ XQVWDEOH� (TXLYDOHQWO\�
WKH η SDUDPHWHU UHFHLYHV UDGLDWLYH FRUUHFWLRQV�

∆η9 ≡
∆P2φ
+2

& O(1),

ZKLFK SUHYHQWV D ORQJ�WLPH H[SRQHQWLDO H[SDQVLRQ ² WKH η
SUREOHP� ,W VKRXOG EH DGGUHVVHG RQO\ ZKHQ WKH 3ODQFN
SK\VLFV LV LQYRNHG�



��� 7KH η� SUREOHP �&RQW���

7KH GLIILFXOW\ KHUH LV DQDORJRXV WR WKH +LJJV KLHUDUFK\
SUREOHP� EXW VXSHUV\PPHWU\ GRHV QRW VXIILFH WR VWDELOL]H
WKH LQIODWLRQ PDVV� DV WKH LQIODWLRQDU\ HQHUJ\ QHFHVVDULO\
EUHDNV VXSHUV\PPHWU\� DQG WKH UHVXOWLQJ VSOLWWLQJV LQ
VXSHUPXOWLSOHWV DUH RI RUGHU +� VR WKDW VXSHUV\PPHWU\ GRHV
QRW SURWHFW D VPDOO LQIODWLRQ PDVV Pφ % +�

2QH SRVVLELOLW\ LV WR SURWHFW WKH LQIODWLRQ SRWHQWLDO YLD D VKLIW
V\PPHWU\ ��

φ→ φ+ φ0,

φ0� D FRQVWDQW�

�.� )UHHVH� -� $� )ULHPDQ� DQG $� 9� 2OLQWR� 3K\V� 5HY� /HWW� ���

���� �������



��� ,QLWLDO &RQGLWLRQV�

0DQ\ LQIODWLRQDU\ VFHQDULRV RQO\ ZRUN LI WKH ILHOGV DUH
LQLWLDOO\ YHU\ KRPRJHQHRXV DQG�RU VWDUW ZLWK SUHFLVH LQLWLDO
SRVLWLRQV DQG YHORFLWLHV� $Q\ SK\VLFDO XQGHUVWDQGLQJ RI WKLV
³ILQH�WXQLQJ´ UHTXLUHV D PRUH FRPSOHWH IRUPXODWLRQ ZLWK
HYHU�KLJKHU HQHUJLHV� VXFK DV VWULQJ WKHRU\�
���

7KHUHIRUH� ,QIODWLRQ LV YHU\ VHQVLWLYH WR 3ODQFN�VFDOH
SK\VLFV� DQG TXDQWXP JUDYLWDWLRQDO HIIHFWV LQ WKH HDUO\ XQLYHUVH
DUH LPSRUWDQW ��

�'� %DXPDQQ� 7$6, /HFWXUHV RQ ,QIODWLRQ� DU;LY����������� &�3�

%XUJHVV� 0� &LFROL� )� 4XHYHGR� -&$3 ���� ������ ����



��� ([SHULPHQWDO 7HVWV IRU 4XDQWXP *UDYLW\�

2Q WKH RWKHU KDQG� TXDQWL]DWLRQ RI JUDYLW\ KDV EHHQ RQH RI
WKH PDLQ GULYLQJ IRUFHV LQ SK\VLFV LQ WKH SDVW GHFDGHV� DQG
YDULRXV DSSURDFKHV KDYH EHHQ SXUVXHG� LQFOXGLQJ
6WULQJ�0�7KHRU\� ORRS TXDQWXP JUDYLW\� +RUDYD�/LIVKLW]
WKHRU\�

+RZHYHU� LW LV IDLU WR VD\ WKDW RXU XQGHUVWDQGLQJ RI WKHP LV
VWLOO KLJKO\ OLPLWHG� DQG QRQH RI WKH DIRUHPHQWLRQHG
DSSURDFKHV LV FRPSOHWH�

2QH RI WKH PDLQ UHDVRQV LV WKH ODFN RI H[SHULPHQWDO JXLGHV�
GXH WR WKH H[WUHPH ZHDNQHVV RI JUDYLWDWLRQDO ILHOGV�



��� ([SHULPHQWDO 7HVWV IRU 4XDQWXP *UDYLW\ �&RQW���

7KLV VLWXDWLRQ KDV EHHQ GUDPDWLFDOO\ FKDQJHG UHFHQWO\� ZLWK
WKH DUULYDO RI WKH HUD RI SUHFLVLRQ FRVPRORJ\ ��

2QH RI RXU JRDOV LV WR GHYHORS DQ $&&85$7( DQG
())(&7,9( PDWKHPDWLFDO WRRO WR VWXG\ TXDQWXP
JUDYLWDWLRQDO HIIHFWV LQ WKH HDUO\ XQLYHUVH� ZKHUHE\ ORRN IRU
SRVVLEOH REVHUYDWLRQDO WHVWV RI TXDQWXP JUDYLW\�
$OWKRXJK LW LV YHU\ DPELWLRXV� , DP JRLQJ WR DUJXH WKDW WKLV
PD\ EHFRPH SRVVLEOH LQ WKH IRUWKFRPLQJ FRVPRORJLFDO
REVHUYDWLRQV ZLWK WKH UDSLG GHYHORSPHQW RI KLJK
WHFKQRORJ\�

�&� .LHIHU� DQG 0� .UDPHU� 3K\V� 5HY� /HWW� ���� ������ �������

/�0� .UDXVV DQG )� :LOF]HN� 3K\V� 5HY� '��� ������ ������� 5�3�

:RRGDUG� DU;LY�����������



��� 4XDQWXP *UDYLWDWLRQDO (IIHFWV

6WULQJ�0�7KHRU\� $V WKH PRVW SURPLVLQJ FDQGLGDWH IRU
D 89�FRPSOHWLRQ RI WKH 6WDQGDUG 0RGHO WKDW XQLILHV JDXJH
DQG JUDYLWDWLRQDO LQWHUDFWLRQ LQ D FRQVLVWHQW TXDQWXP
WKHRU\� 6WULQJ�0 WKHRU\ FDQ SURYLGH SRVVLELOLWLHV IRU DQ
H[SOLFLW UHDOL]DWLRQ RI WKH LQIODWLRQDU\ VFHQDULR�
6WULQJ�0 WKHRU\ XVXDOO\ OHDGV WR D QRQ�WULYLDO
WLPH�GHSHQGHQW VSHHG RI VRXQG IRU SULPRUGLDO
SHUWXUEDWLRQV ��

ω2
N = F2V(η)N

2, ���

F2V(η)� WKH VSHHG RI VRXQG� DQG FRXOG EH YHU\ FORVH WR ]HUR
LQ WKH IDU 89 UHJLPH�

�/� 0F$OOLVWHU DQG (� 6LOYHUVWHLQ� *HQ� 5HO� *UDY� ��� ���

������� &� 3� %XUJHVV� 0� &LFROL� DQG )� 4XHYHGR� DU;LY� ����������



��� 4XDQWXP *UDYLWDWLRQDO (IIHFWV �&RQW��

/RRS TXDQWXP FRVPRORJ\ �/4&�� 2IIHUV D
QDWXUDO IUDPHZRUN WR DGGUHVV WKH WUDQV�3ODQFNLDQ LVVXH
DQG LQLWLDO VLQJXODULW\�
,Q SDUWLFXODU� EHFDXVH HIIHFWV RI LWV XQGHUO\LQJ TXDQWXP
JHRPHWU\ GRPLQDWHV DW WKH 3ODQFN VFDOH� OHDGLQJ WR
VLQJXODULW\ UHVROXWLRQ LQ D YDULHW\ RI FRVPRORJLFDO PRGHOV�
ZKHUH WKH LQLWLDO VLQJXODULW\ LV UHSODFHG E\ WKH ELJ ERXQFH�
7KHUH DUH PDLQO\ WZR NLQGV RI TXDQWXP FRUUHFWLRQV WR WKH
FRVPRORJLFDO EDFNJURXQG DQG SHUWXUEDWLRQV ��
�D� KRORQRP\� DQG �E� LQYHUVH�YROXPH

�$� %DUUDX DQG -� *UDLQ� DU;LY����������� 0� %RMRZDOG� 5HS� 3URJ�

3K\V� �� ������ ������� $� $VKWHNDU DQG $� %DUUDX� DU;LY������������



��� 4XDQWXP *UDYLWDWLRQDO (IIHFWV �&RQW��

'XH WR WKH KRORQRP\ FRUUHFWLRQV� WKH GLVSHUVLRQ UHODWLRQ LQ
WKH PRGH IXQFWLRQV LV PRGLILHG WR

ω2
N =

(
1− 2

ρ(η)

ρF

)
N2 ���

ρF� WKH HQHUJ\ GHQVLW\ DW ZKLFK WKH ELJ ERXQFH KDSSHQV�

'XH WR WKH LQYHUVH�YROXPH FRUUHFWLRQV� WKH GLVSHUVLRQ
UHODWLRQ LQ WKH PRGH IXQFWLRQV LV PRGLILHG WR

ω2
N = N2 ×

{
1 +

[
σν0
3

(
σ
6 + 1

)
+ α0

2

(
5− σ

3

)]
δ3/(η), VFDODU

1 + 2α0δ3/, WHQVRU
���

α0, ν0, σ� HQFRGH WKH VSHFLILF IHDWXUHV RI WKH PRGHO
δ3/(η)� WLPH�GHSHQGHQW� JLYHQ E\ δ3/ = (D3//D)σ < 1� ZLWK
σ > 0�



��� 4XDQWXP *UDYLWDWLRQDO (IIHFWV �&RQW��

7R TXDQWL]H JUDYLW\ XVLQJ TXDQWXP ILHOG WKHRU\� LQ ����
+RUDYD SURSRVHG D WKHRU\ � +RUDYD�/LIVKLW] �+/� JUDYLW\ ���
ZKLFK LV SRZHU�FRXQWLQJ UHQRUPDOL]DEOH� DQG KDV DWWUDFWHG
ORW RI DWWHQWLRQ VLQFH WKHQ�
,Q WKLV WKHRU\� WKH GLVSHUVLRQ UHODWLRQ LV PRGLILHG WR >$: DQG
5� 0DDUWHQV� 35'�� ������ ������� $:� 35'�� ������
������@�

ω2
N(η) = N2 − E1

N4

D202∗
+ E2

N6

D404∗
���

0∗� WKH HQHUJ\ VFDOH RI WKH +/ JUDYLW\
E1, E2� GHSHQG RQ WKH FRXSOLQJ FRQVWDQWV RI WKH +/ WKHRU\
DQG WKH W\SH RI SHUWXUEDWLRQV� VFDODU RU WHQVRU�

��3� +RUDYD� 35'�� ������ �������



7DEOH RI &RQWHQWV

� ,QIODWLRQ DQG (UD RI 3UHFLVLRQ &RVPRORJ\

� 4XDQWXP *UDYLWDWLRQDO (IIHFWV LQ WKH (DUO\ 8QLYHUVH

� 8QLIRUP $V\PSWRWLF $SSUR[LPDWLRQV

� 'HWHFWLQJ 4XDQWXP *UDYLWDWLRQDO (IIHFWV LQ WKH (DUO\
8QLYHUVH

� &RQFOXVLRQV



��� 0RGLILHG (TXDWLRQ RI 0RGH )XQFWLRQ

7DNLQJ WKH TXDQWXP HIIHFWV LQWR DFFRXQW� HLWKHU IURP VWULQJ�
0�7KHRU\� RU ORRS 4XDQWXP &RVPRORJ\� RU +/ JUDYLW\� RU
DQ\ RI RWKHU WKHRULHV� WKH HTXDWLRQ RI PRWLRQ IRU WKH PRGH
IXQFWLRQ µN FDQ EH FDVW LQ WKH JHQHUDO IRUP�

G2µN(\)

G\2
=

[
J(\) + T(\)

]
µN(\), ���

J(\), T(\)� IXQFWLRQV RI \[≡ −Nη]� WR EH GHWHUPLQHG E\
PLQLPL]LQJ WKH HUURUV�
)RU H[DPSOH� LQ WKH +/ JUDYLW\� ZH KDYH

J(\) + T(\) =
ν2 − 1/4

\2
− 1 + E1ε

2
∗\

2 − E2ε
4
∗\

4,

ZLWK ε∗ ≡ +/0∗, ]′′/] ≡ (ν2(η)− 1/4)/η2�



��� 0RGLILHG (TXDWLRQ RI µN �&RQW��

,Q WKH IROORZLQJ� , DP JRLQJ WR SUHVHQW WKH XQLIRUP
DV\PSWRWLF DSSUR[LPDWLRQ PHWKRG� ILUVW LQWURGXFHG LQWR *5
E\ +DELE HW DO ��� DQG UHFHQWO\ GHYHORSHG V\VWHPDWLFDOO\ E\
XV� LQ RUGHU WR VWXG\ TXDQWXP JUDYLWDWLRQDO HIIHFWV� ,W KDV
WKH IROORZLQJ DGYDQWDJHV�

7KH HUURU ERXQGV DUH JLYHQ H[SOLFLWO\� %\ SURSHUO\ FKRRVLQJ
WKH IXQFWLRQV J(\) DQG T(\)� ZH FDQ PLQLPL]H WKH HUURUV� VR
WKDW DQDO\WLFDO VROXWLRQV ZLWK KLJK DFFXUDF\ FDQ EH
FRQVWUXFWHG WR KLJK RUGHUV�

8S WR WKH WKLUG�RUGHU DSSUR[LPDWLRQV LQ WHUPV RI WKH
SDUDPHWHU λ� LQWURGXFHG LQ WKH PHWKRG� WKH HUURUV DUH

δ ! 0.15�

��6� +DELE� .� +HLWPDQQ� *� -XQJPDQ� DQG &� 0ROLQD�3DULV� 35/��

������ �������



��� /LRXYLOOH 7UDQVIRUPDWLRQV

7KH VWUDWHJ\ LV� IROORZLQJ 2OYLHU ��� WR XVH WKH
ZHOO�HVWDEOLVKHG /LRXYLOOH WUDQVIRUPDWLRQV WR LQWURGXFH

D QHZ YDULDEOH ξ� LQVWHDG RI \�
D QHZ IXQFWLRQ 8� LQVWHDG RI µN�

\ → ξ,

µN(\) → 8(ξ),

VR WKDW WKH UHVXOWHG HTXDWLRQ FDQ EH VROYHG�
DQDO\WLFDOO\ RUGHU E\ RUGHU LQ WHUPV RI ε ≡ 1/λ% 1
WKH FRUUHVSRQGLQJ HUURU ERXQGV DUH ZHOO XQGHU FRQWURO DW
HDFK VWHS� VR WKH HUURUV FDQ EH PLQLPL]HG

��)�:�-� 2OYHU� $V\PSWRWLFV DQG 6SHFLDO IXQFWLRQV� �$.3 &ODVVLFV�

:HOOHVOH\� 0$ ������



��� /LRXYLOOH 7UDQVIRUPDWLRQV �&RQW��

7KH /LRXYLOOH 7UDQVIRUPDWLRQV DUH

8(ξ) = χ1/4µN(\), χ ≡ ξ′2 =
|J(\)|
I(1)(ξ)2

,

I(ξ) =

∫ \√
|J(\)|G\, I(1)(ξ) =

GI(ξ)

Gξ
, ���

χ PXVW EH UHJXODU DQG QRW YDQLVK LQ WKH LQWHUYDOV RI LQWHUHVW
J(\) 	 T(\) DUH SURSHUO\ FKRVHQ WR PLQLPL]H WKH HUURUV
I(1)(ξ) PXVW EH FKRVHQ VR WKDW LW KDV ]HURV DQG
VLQJXODULWLHV RI WKH VDPH W\SH DV WKDW RI J(\)



��� /LRXYLOOH 7UDQVIRUPDWLRQV �&RQW��

7KH HTXDWLRQ RI PRWLRQ IRU WKH PRGH IXQFWLRQ UHGXFHV WR�

G28(ξ)

Gξ2
=

[
±I(1)(ξ)2 + ψ(ξ)

]
8(ξ), ���

ZLWK

ψ(ξ) =
T(\)

χ
− χ−3/4 G

2(χ−1/4)

G\2
, ���

LQ WKH DERYH ³+´ IRU J(\) > 0� DQG ³−´ IRU J(\) < 0�
1HJOHFWLQJ ψ(ξ) ZH REWDLQ VROXWLRQV WR WKH ILUVW�RUGHU
DSSUR[LPDWLRQ
&KRRVLQJ SURSHUO\ I(1)(ξ) LQ RUGHU IRU WKH HTXDWLRQ WR EH�
�D� VROYHG DQDO\WLFDOO\� DQG
�E� PLQLPL]LQJ WKH HUURU ERXQGV�



��� /LRXYLOOH 7UDQVIRUPDWLRQV �&RQW��

7R VROYH WKH GLIIHUHQWLDO HTXDWLRQ IRU WKH QHZ IXQFWLRQ 8(ξ)

DQDO\WLFDOO\� ZH GLYLGH WKH WDVN LQWR WKUHH VWHSV�
6ROYH LW QHDU VRPH VLQJXODU SRLQWV�

J(\) + T(\) = ±∞,

RIWHQ FDOOHG SROHV�
6ROYH LW QHDU WKH WXUQLQJ SRLQWV�

J(\) = 0.

7KHQ� PDWFKLQJ DOO WKH VROXWLRQV WRJHWKHU ZLWK WKH LQLWLDO
FRQGLWLRQV� ZKLFK DUH QRUPDOO\ WDNHQ DV WKH %XQFK�'DYLHV
�DGLDEDWLF� YDFXXP�



��� 6ROXWLRQV QHDU SROHV

7R LOOXVWUDWH RXU PHWKRG� LQ WKH IROORZLQJ ZH VKDOO UHVWULFW
RXUVHOYHV WR WKH FDVH�

J(\) + T(\) ≡
(
]′′

]
− ω2

N

)
N−2

=
ν2 − 1/4

\2
− 1 + E1ε

2
∗\

2 − E2ε
4
∗\

4

DOWKRXJK RXU PHWKRG FDQ EH XVHG IRU DQ\ JLYHQ GLVSHUVLRQ
UHODWLRQ ω2

N DQG EDFNJURXQG ]′′/]�
(T����� KDV WZR SROHV �VLQJXODULWLHV�� \ = 0,∞� DQG WKUHH
WXUQLQJ SRLQWV �URRWV RI J�\� ���



��� 6ROXWLRQV QHDU WXUQLQJ SRLQWV

(UURU &RQWURO )XQFWLRQ DQG &KRLFH RI J(\) DQG T(\)�
7KH FRQYHUJHQFH RI WKH HUURU FRQWURO IXQFWLRQ )(\) UHTXLUHV
WKDW RQH PXVW FKRRVH >=KX HW DO� 35'�� ������ ������@�

J(\) =
ν2

\2
− 1 + E1ε

2
∗\

2 − E2ε
4
∗\

4,

T(\) = − 1

4\2
.

7KHQ� J(\)� XVXDOO\ KDV WKUHH URRWV� � \0, \1, \2�� ZKHUH
ZH DVVXPH 0 < \0 < 5H(\1) ≤ 5H(\2)
\0 LV DOZD\V UHDO DQG SRVLWLYH
ZKHQ \1, \2 UHDO� ZH DVVXPH \1 ≤ \2
:KHQ \1, \2 DUH FRPSOH[� ZH KDYH \1 = \∗2�



��� 6ROXWLRQV QHDU WXUQLQJ SRLQWV �&RQW��

7KH WXUQLQJ SRLQWV DUH GHILQHG DV WKH URRWV RI

J(\) =
ν2

\2
− 1 + E1ε

2
∗\

2 − E2ε
4
∗\

4 = 0.

0

(a)

(b)

(c)

y

g(y)



��� 0DWFKLQJ WR WKH ,QLWLDO VROXWLRQ

:H DVVXPH WKH XQLYHUVH ZDV LQLWLDOO\ DW WKH DGLDEDWLF
�%XQFK�'DYLHV� YDFXXP�

OLP
\→+∞

µN(\) =
1√
2ω

H−L
∫
ωGη

&
√

N

2

1

(−J)1/4
H[S

(
−L

∫ \

\L

√
−JG\

)
.

6LQFH WKH HTXDWLRQ RI WKH PRGH IXQFWLRQ LV VHFRQG�RUGHU�
ZH QHHG RQH PRUH FRQGLWLRQ WR FRPSOHWHO\ IL[ WKH IUHH
SDUDPHWHUV LQ WKH VROXWLRQV� :H FKRRVH WKH VHFRQG RQH DV
WKH :URQVNLDQ FRQGLWLRQ

µN(\)µ
∗
N(\)

′ − µ∗
N(\)µN(\)

′ = L.



��� 0DWFKLQJ WR WKH ,QLWLDO VROXWLRQ �&RQW��

:H IRXQG IRXU VHWV RI VROXWLRQV�
/* VROXWLRQ QHDU WKH SROH \ = ∞ ZLWK �F−, G−�
&\OLQGULFDO IXQFWLRQ VROXWLRQ QHDU WKH WZR WXUQLQJ SRLQWV \1,2
ZLWK �α1,β1�
$LU\ IXQFWLRQ VROXWLRQ QHDU WKH WXUQLQJ SRLQW \0 ZLWK �α0,β0�
/* VROXWLRQ QHDU WKH SROH \ = 0 ZLWK �F+, G+�

+

y y

g(y)

y
0

0 y1 2

LG Initial
W(a, x)

(Ai, Bi
(LG

ï(c ,d )ï
1 1_ , ` )

_ , ` )00
+(c ,d )



��� 0DWFKLQJ WR WKH ,QLWLDO VROXWLRQ �&RQW��

8VLQJ WKH LQLWLDO FRQGLWLRQV WR WKH /* VROXWLRQ QHDU WKH SROH
\ = ∞� ZH ILQG WKDW

&− = 0, G− =

√
1

2N
.

0DWFKLQJ WKH /* VROXWLRQ ZLWK WKH F\OLQGULFDO IXQFWLRQ
VROXWLRQV DW \ . \2 ZH ILQG WKDW

α1 = 2−3/4N−1/2M−1/2(ξ0),

β1 = −L2−3/4N−1/2M1/2(ξ0),

ZLWK M(ξ0) ≡
√
1 + Hπξ

2
0 − Hπξ

2
0/2�



��� 0DWFKLQJ WR WKH ,QLWLDO VROXWLRQ �&RQW��

0DWFKLQJ WKH F\OLQGULFDO IXQFWLRQ VROXWLRQ ZLWK WKH $LU\
IXQFWLRQ RQH LQ WKHLU FRPPRQ UHJLRQ \ ∈ (\0, \1)� ZH ILQG

α0 =

√
π

2N

[
M−1(ξ0) VLQB− LM(ξ0) FRVB

]
,

β0 =

√
π

2N

[
M−1(ξ0) FRVB+ LM(ξ0) VLQB

]
,

ZKHUH

B ≡
∫ \1

\0

√
−JG\+ φ(ξ20/2),

φ([) ≡ [

2
− [

4
OQ [2 +

1

2
SKΓ

(
1

2
+ L[

)
.



��� 0DWFKLQJ WR WKH ,QLWLDO VROXWLRQ �&RQW��

)LQDOO\� PDWFKLQJ WKH /* VROXWLRQ QHDU WKH SROH \ = 0 ZLWK
WKH $LU\ IXQFWLRQ RQH LQ WKHLU FRPPRQ UHJLRQ \ ∈ (0, \0)� ZH
ILQG

G+ =
α0

2
√
π
H[S

(
−
∫ \0

0+

√
JG\

)
,

F+ =
β0√
π
H[S

(∫ \0

0+

√
JG\

)
.



��� &RPSDULQJ ZLWK QXPHULFDO �H[DFW� VROXWLRQV

:KHQ \1,2 DUH UHDO DQG \1 0= \2�

Analytical

Numerical
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)LJXUH� 7KH QXPHULFDO �H[DFW� �UHG GRWWHG FXUYHV� DQG
DQDO\WLFDO �EOXH VROLG FXUYHV� VROXWLRQV ZLWK E1 = 3� E2 = 2�
ν = 3/2� DQG ε∗ = 0.01�



��� &RPSDULQJ ZLWK QXPHULFDO �H[DFW� VROXWLRQV �&RQW��

:KHQ \1,2 DUH UHDO DQG \1 = \2�

Analytical

Numerical
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)LJXUH� 7KH QXPHULFDO �H[DFW� �UHG GRWWHG FXUYHV� DQG
DQDO\WLFDO �EOXH VROLG FXUYHV� VROXWLRQV ZLWK E1 = 2� E2 = 1.00023�
ν = 3/2� DQG ε∗ = 0.01�



��� &RPSDULQJ ZLWK QXPHULFDO �H[DFW� VROXWLRQV �&RQW��

:KHQ \1,2 DUH FRPSOH[�

Analytical

Numerical
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)LJXUH� 7KH QXPHULFDO �H[DFW� �UHG GRWWHG FXUYHV� DQG
DQDO\WLFDO �EOXH VROLG FXUYHV� VROXWLRQV ZLWK E1 = 3.5� E2 = 3.2�
ν = 3/2� DQG ε∗ = 0.01�



��� +LJK�RUGHU &RUUHFWLRQV

7R JHQHUDOL]H WKH DERYH WR KLJK�RUGHU DSSUR[LPDWLRQ LV
FKDOOHQJLQJ� PDLQO\ EHFDXVH RI WKH PDWFKLQJ� 6R� LQ WKH
IROORZLQJ ZH FRQVLGHU WKH FDVH ZKHUH J(\) = 0 KDV RQO\
RQH UHDO URRW� \0�
7KHQ� ZH FDQ FKRRVH

I(1)(ξ) = ±ξ,

ξ = ξ(\)� D PRQRWRQH GHFUHDVLQJ IXQFWLRQ
³�´� FRUUHVSRQGV WR J(\) ≥ 0

³�´� FRUUHVSRQGV WR J(\) ≤ 0�



��� +LJK�RUGHU &RUUHFWLRQV �&RQW��

7KHQ� WKH PRGH IXQFWLRQ 8(ξ) LV JLYHQ E\

8(ξ) = α0

[
$L(λ2/3ξ)

Q∑

V=0

$V(ξ)

λ2V

+
$L′(λ2/3ξ)
λ4/3

Q−1∑

V=0

%V(ξ)

λ2V
+ ε(2Q+1)

3

]

+β0

[
%L(λ2/3ξ)

Q∑

V=0

$V(ξ)

λ2V

+
%L′(λ2/3ξ)
λ4/3

Q−1∑

V=0

%V(ξ)

λ2V
+ ε(2Q+1)

4

]
, ����

ZKHUH α0 DQG β0 DUH WZR LQWHJUDWLRQ FRQVWDQWV�



��� +LJK�RUGHU &RUUHFWLRQV �&RQW��

7KH FRHIILFLHQWV $V DQG %V DUH JLYHQ E\

$0(ξ) = 1,

%V =
±1

2(±ξ)1/2

∫ ξ

0
{ψ(Y)$V(Y)− $′′V(Y)}

GY

(±Y)1/2
,

$V+1(ξ) = −1

2
%′V(ξ) +

1

2

∫
ψ(Y)%V(Y)GY, (V = 0, 1, 2, ...)����

ZKHUH ³�´ FRUUHVSRQGV WR ξ ≥ 0� DQG ³�´ WR ξ ≤ 0�



��� +LJK�RUGHU &RUUHFWLRQV �&RQW��

7KH HUURU ERXQGV RI ε(2Q+1)
3 DQG ε(2Q+1)

4 DUH JLYHQ E\�

ε(2Q+1)
3

0(λ2/3ξ)
,

∂ε(2Q+1)
3 /∂ξ

λ2/31(λ2/3ξ)

≤ 2(−1(λ2/3ξ) H[S

[
2κ0Vα,ξ(|ξ1/2|%0)

λ

]

×
Vα,ξ(|ξ1/2|%Q)

λ2Q+1
,

ε(2Q+1)
4

0(λ2/3ξ)
,

∂ε(2Q+1)
4 /∂ξ

λ2/31(λ2/3ξ)

≤ 2((λ2/3ξ) H[S

[
2κ0Vξ,β(|ξ1/2|%0)

λ

]

×
Vξ,β(|ξ1/2|%Q)

λ2Q+1
.



��� +LJK�RUGHU &RUUHFWLRQV �&RQW��

7R GHWHUPLQH α0 DQG β0� ZH DVVXPH WKH VDPH LQLWLDO
FRQGLWLRQV DV LQ WKH ILUV�RUGHU DSSUR[LPDWLRQV� WKDW LV� WKH
XQLYHUVH LQLWLDOO\ ZDV LQ WKH %XQFK�'DYLHV YDFXXP� DQG µN

VDWLVILHV WKH :URQVNLDQ FRQGLWLRQ�

OLP
\→+∞

µN(\) =
1√
2ωN

H−L
∫
ωNGη,

µN(\)µ
∗
N(\)

′ − µ∗
N(\)µN(\)

′ = L.

$IWHU WHGLRXV FDOFXODWLRQV� ZH VXUSULVLQJO\ ILQG D YHU\
VLPSOH UHVXOW�

α0 =

√
π

2N
, β0 = L

√
π

2N
.



��� 3RZHU VSHFWUD DQG VSHFWUDO LQGH[HV ZLWK
+LJK�RUGHU &RUUHFWLRQV

7R WKH WKLUG�RUGHU DSSUR[LPDWLRQV� WKH SRZHU VSHFWUXP LV
JLYHQ E\

∆2(N) ≡ N3

2π2

∣∣∣∣
µN(\)

]

∣∣∣∣
2

\→0+

=
N2

4π2
−Nη

]2(η)ν2(η)
H[S

(
2

∫ ν0

\

√
Ĵ(\̂)G\̂

)

×
[
1 +

+(+∞)

λ
+

+2(+∞)

2λ2
+O(1/λ3)

]
.

����



��� 3RZHU VSHFWUD DQG VSHFWUDO LQGH[HV ZLWK
+LJK�RUGHU &RUUHFWLRQV �&RQW��

7R WKH WKLUG�RUGHU DSSUR[LPDWLRQV� WKH VSHFWUDO LQGH[ LV
JLYHQ E\

Q− 1 ≡ G OQ∆2(N)

G OQ N
= 3

+2

∫ ν0

\

G\̂√
Ĵ(\̂)

+
1

λ

G+(+∞)

G OQ N
+O

(
1

λ3

)
.����

1RWH WKDW WKH RUGHU RI WKH DSSUR[LPDWLRQV LV UHIHUUHG WR 1/λ�
DQG ZH KDYH QRW LPSRVH WKH VORZ�UROO FRQGLWLRQV� QRUPDOO\
GHQRWHG E\ εQ� DGRSWHG LQ LQIODWLRQ�
εQ DQG λ−1 DUH WZR VHW RI LQGHSHQGHQW SDUDPHWHUV� 6R� RXU
PHWKRG FDQ EH HTXDOO\ DSSOLHG WR QRQ�VORZ�UROO
FDVHV�



��� $SSOLFDWLRQV WR 6SHFLDO &DVHV

+LJK�RUGHU SRZHU VSHFWUD DQG VSHFWUDO LQGLFHV KDYH EHHQ
FDOFXODWHG VR IDU XS WR WKH VHFRQG�RUGHU RI WKH VORZ�UROO
SDUDPHWHUV εQ LQ WZR FDVHV�

�D� *5 �ω2
N = N2�� ILUVW E\ XVLQJ WKH *UHHQ IXQFWLRQ PHWKRG

DQG ODWHU FRQILUPHG E\ WKH LPSURYHG :.% PHWKRG���

�E� N�LQIODWLRQ �ω2
N = F2V(η)N

2�� E\ XVLQJ WKH XQLIRUP
DSSUR[LPDWLRQ PHWKRG EXW WR WKH ILUV�RUGHU RI (1/λ)���

��-��2� *RQJ DQG (�'� 6WHZDUW� 3/%��� ������ �� 6�0� /HDFK� $�

/LGGOH� -� 0DUWLQ DQG '� 6FKZDU]� 35'�� ������ ������� -��2� *RQJ�

&4*�� ������ ����� 5� &DVDGLR� HW DO� 35'�� ������ ������� 3/%���

������ ��

��-� 0DUWLQ� &� 5LQJHYDO DQG 9� 9HQQLQ� -&$3�� ������ ����



��� $SSOLFDWLRQV WR 6SHFLDO &DVHV �&RQW��

$SSO\LQJ RXU PHWKRG WR *5 XS WR WKH VHFRQG�RUGHU LQ
WHUPV RI WKH VORZ�UROO SDUDPHWHUV εQ DQG WKH WKLUG�RUGHU LQ
WHUPV RI λ� ZH ILQG WKDW WKH H[DFW �QXPHULFDO� VROXWLRQV DUH
H[WUHPHO\ ZHOO DSSUR[LPDWHG E\ RXU DQDO\WLFDO VROXWLRQV
>=KX� HW DO� 35'�� ������ ������� DU;LY����������@�

Numerical solution
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Uniform 1st Order
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��� $SSOLFDWLRQV WR 6SHFLDO &DVHV �&RQW��

7KH UHVXOWHG SRZHU VSHFWUD DQG VSHFWUDO LQGH[HV RI ERWK
VFDODU DQG WHQVRU SHUWXUEDWLRQV DUH FRQVLVWHQW ZLWK WKH
RQHV REWDLQHG E\ WKH *UHHQ IXQFWLRQ DQG LPSURYHG :.%
PHWKRGV��� ZLWKLQ WKH DOORZHG HUURUV >=KX� HW DO� 35'��
������ ������� DU;LY����������@�
$SSO\LQJ RXU PHWKRG WR N�LQIODWLRQ DQG /RRS 4XDQWXP
&RVPRORJ\� ZH REWDLQHG WKH SRZHU VSHFWUD� VSHFWUDO
LQGH[HV DQG UXQQLQJV RI ERWK VFDODU DQG WHQVRU
SHUWXUEDWLRQV ZLWK WKH KLJKHVW DFFXUDF\ H[LVWLQJ LQ WKH
OLWHUDWXUH VR IDU >=KX� HW DO� 35'�� ������ ������� $S-/ ���
������ /��� -&$3 ������ >DU;LY�����������@@�

��-��2� *RQJ DQG (�'� 6WHZDUW� 3/%��� ������ �� 6�0� /HDFK� $�

/LGGOH� -� 0DUWLQ DQG '� 6FKZDU]� 35'�� ������ ������� -��2� *RQJ�

&4*�� ������ ����� 5� &DVDGLR� HW DO� 35'�� ������ ������� 3/%���

������ ��



7DEOH RI &RQWHQWV

� ,QIODWLRQ DQG (UD RI 3UHFLVLRQ &RVPRORJ\

� 4XDQWXP *UDYLWDWLRQDO (IIHFWV LQ WKH (DUO\ 8QLYHUVH

� 8QLIRUP $V\PSWRWLF $SSUR[LPDWLRQV
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�� 'HWHFWLQJ 4XDQWXP *UDYLWDWLRQDO (IIHFWV LQ WKH
(DUO\ 8QLYHUVH

:LWK WKH DUULYDO RI WKH HUD RI WKH SUHFLVLRQ FRVPRORJ\� LW
ZRXOG EH H[WUHPHO\ LPSRUWDQW DQG LQWHUHVWLQJ WR VHH LI DQ\
RI WKHVH TXDQWXP JUDYLWDWLRQDO HIIHFWV LQ WKH HDUO\ XQLYHUVH
DUH ZLWKLQ WKH UDQJH RI WKH FXUUHQW DQG IRUWKFRPLQJ
H[SHULPHQWV�
,Q WKH IROORZLQJ� ZH VKDOO VKRZ WKDW WKLV PLJKW EH SRVVLEOH�
7R EH PRUH VSHFLILF� ZH FRQFHQWUDWH RXUVHOYHV RQ WKH
LQYHUVH�YROXPH FRUUHFWLRQV IURP /4& ��� IRU ZKLFK WKH
GLVSHUVLRQ UHODWLRQV DUH�
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ZLWK WKH 3ODQFN� %$2� DQG 6XSHUQRYD /HJDF\ 6XUYH\
GDWD��� ZH ILUVW FDUU\ RXW RXU &0% OLNHOLKRRG DQDO\VLV�
,Q SDUWLFXODU� ZH DVVXPH WKH IODW FROG GDUN PDWWHU PRGHO
ZLWK HIIHFWLYH QXPEHU RI QHXWULQRV 1HII = 3.046 DQG IL[ WKH
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��<��*� *RQJ� 4� :X� DQG $� :DQJ� $VWURSK\V� -� ���� ����� �������

KWWS���FRVPRORJLVW�LQIR�FRVPRPF

��3� $� 5� $GH �3ODQFN &ROODERUDWLRQ�� DU;LY� ����������� /�

$QGHUVRQ HW DO�� 0RQ� 1RW� 5� $VWURQ� 6RF� ���� ���� ������� $�

&RQOH\� -� *X\� 0� 6XOOLYDQ� 1� 5HJQDXOW� 3� $VWLHU� &� %DOODQG� 6�

%DVD DQG 5� *� &DUOEHUJ HW DO�� $VWURSK\V� -� 6XSSO� ���� � �������



�� 'HWHFWLQJ 4XDQWXP *UDYLWDWLRQDO (IIHFWV LQ WKH
(DUO\ 8QLYHUVH �&RQW��

:H YDU\ WKH VHYHQ SDUDPHWHUV�
�L� EDU\RQ GHQVLW\ SDUDPHWHU� ΩEK

2

�LL� GDUN PDWWHU GHQVLW\ SDUDPHWHU� ΩFK
2

�LLL� WKH UDWLR RI WKH VRXQG KRULR]Q WR WKH DQJXODU GLDPHWHU� θ
�LY� WKH UHLRQL]DWLRQ RSWLFDO GHSWK� τ
�Y� δ(N0)/ε9
�YL� ε9
�YLL� ∆2

V(N0)

:H WDNH WKH SLYRW ZDYH QXPEHU N0 = 0.05 0SF−1� XVHG LQ
3ODQFN� WR FRQVWUDLQ δ(N0) DQG ε9�



�� 'HWHFWLQJ 4XDQWXP *UDYLWDWLRQDO (IIHFWV LQ WKH
(DUO\ 8QLYHUVH �&RQW��

7KH IROORZLQJ ILJXUHV VKRZ WKH FRQVWUDLQWV�

δ(N0) ! 6.8× 10−5, σ = 1,

δ(N0) ! 1.9× 10−8, σ = 2,

DW 1σ (68� &/� OHYHO�
b/
D

V

DV

6 8 10 12
x 10−3

2

4

6

x 10−3

b/
D

V

DV

6 8 10 12
x 10−3

0.5

1

1.5

2
x 10−6



�� 'HWHFWLQJ 4XDQWXP *UDYLWDWLRQDO (IIHFWV LQ WKH
(DUO\ 8QLYHUVH �&RQW��

7KH XSSHU ERXQG IRU δ(N0) GHFUHDVHV GUDPDWLFDOO\ DV σ
LQFUHDVHV�
+RZHYHU� GHVSLWH WKH WLJKW FRQVWUDLQWV RQ δ(N0)� EHFDXVH RI
WKH ε−1

9 HQKDQFHPHQW LQ (T������ VXFK HIIHFWV FRXOG EH VWLOO
ZHOO ZLWKLQ WKH UDQJH RI WKH GHWHFWLRQ RI WKH IRUWKFRPLQJ
FRVPRORJLFDO H[SHULPHQWV�� IRU

σ ! 1,

ZKLFK LV IDYRUDEOH HYHQ WKHRUHWLFDOO\���
��.�1� $ED]DMLDQ HW DO�� Ā,QIODWLRQ SK\VLFV IURP WKH FRVPLF

PLFURZDYH EDFNJURXQG DQG ODUJH VFDOH VWUXFWXUHā� $VWURSDUW�

3K\V� ��� �� ������ >DU;LY����������@�

��0� %RMRZDOG DQG *� &DOFDJQL� -&$3 �� ������ ����



�� 'HWHFWLQJ 4XDQWXP *UDYLWDWLRQDO (IIHFWV LQ WKH
(DUO\ 8QLYHUVH �&RQW��

,W LV UHPDUNDEOH WR QRWH WKDW� IRU DQ\ JLYHQ σ� WKH EHVW ILWWLQJ
YDOXH RI ε9 LV DERXW 10−2� ZKLFK LV UDWKHU UREXVW LQ
FRPSDULQJ ZLWK WKH FDVH ZLWKRXW WKH JUDYLWDWLRQDO TXDQWXP
HIIHFWV�

b/
D

V

DV

6 8 10 12
x 10−3

2

4

6

x 10−3

b/
D

V

DV

6 8 10 12
x 10−3

0.5

1

1.5

2
x 10−6



7DEOH RI &RQWHQWV

� ,QIODWLRQ DQG (UD RI 3UHFLVLRQ &RVPRORJ\

� 4XDQWXP *UDYLWDWLRQDO (IIHFWV LQ WKH (DUO\ 8QLYHUVH

� 8QLIRUP $V\PSWRWLF $SSUR[LPDWLRQV

� 'HWHFWLQJ 4XDQWXP *UDYLWDWLRQDO (IIHFWV LQ WKH (DUO\
8QLYHUVH

� &RQFOXVLRQV



&RQFOXVLRQV

4XDQWXP JUDYLWDWLRQDO HIIHFWV LQ WKH HDUO\ XQLYHUVH DUH
LPSRUWDQW DQG QHHG WR EH WDNHQ LQWR DFFRXQW ZLWK WKH
DUULYDO RI WKH HUD RI SUHFLVLRQ FRVPRORJ\�

7KH XQLIRUP DSSUR[LPDWLRQ PHWKRG LV GHVLJQHG WR VWXG\
DQDO\WLFDOO\ WKH HYROXWLRQ RI WKH PRGH IXQFWLRQV RI
SHUWXUEDWLRQV JHQHUDWHG LQ WKH HDUO\ XQLYHUVH ZLWK VXFK
HIIHFWV�

7KH DQDO\WLFDO UHVXOWV RI SRZHU VSHFWUD DQG VSHFWUDO LQGLFHV
DUH H[SOLFLWO\ REWDLQHG LQ JHQHUDO FDVH WR WKH ILUVW�RUGHU
DSSUR[LPDWLRQV ZLWK WKH HUURU ERXQGV ! 15��



&RQFOXVLRQV �&RQW��

7R WKH WKLUG�RUGHU� WKH DQDO\WLFDO UHVXOWV RI SRZHU VSHFWUD
DQG VSHFWUDO LQGLFHV DUH H[SOLFLWO\ REWDLQHG LQ WKH FDVH ZLWK
RQO\ RQH�WXUQLQJ SRLQW ZLWK WKH HUURU ERXQGV ! 0.15��

$SSO\LQJ WKHP WR WKH N�LQIODWLRQ� ZH REWDLQHG WKH PRVW
DFFXUDWH UHVXOWV IRU SRZHU VSHFWUD� VSHFWUDO LQGLFHV DQG
UXQQLQJV� H[LVWLQJ VR IDU LQ WKH OLWHUDWXUH�

$SSO\LQJ WKHP WR /4&� ZH IRXQG WKDW WKH TXDQWXP
JUDYLWDWLRQDO HIIHFWV IURP LQYHUVH�YROXPH FRUUHFWLRQV PLJKW
EH ZLWKLQ WKH GHWHFWLRQ RI WKH QH[W �6WDJH ,9� H[SHULPHQWV
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