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Dimer model

Bits and pieces
Lieb’s transfer matrix formulation
Exact solvability

Temperley-Lieb algebra

Dimer representation of TL at 3 =0
Spanning webs and critical dense polymers

Integrability

Transfer tangles with inhomogeneities
Commuting transfer matrices

Conformal data

Integrals of motion
Conformal ¢ = —2 description



Dimer model on a graph
: edges connecting vertices pairwise
: set of edges covering every vertex exactly once
: the set of perfect matchings on G
Domino tilings
Planar : perfect matching on (a subgraph of) Z2
106,912,793 possible domino tilings of the 6 x 12 rectangle
Example:
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Number of domino tilings of an M X N rectangle
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Solved by Kasteleyn (1961) and Fisher & Temperley (1961), and
analysed by Stephenson, Lieb, Ferdinand, Wu, Hartwig, ...

A source of geeky dinner-table quizzes
In how many ways can you cover a 3 x 7 rectangle?

In how many ways can you cover a chess board with two
diagonally opposite corners removed?

Can you always cover a chess board if one black and one white
square have been removed?



Dimer model Transfer matrix
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Tiles
Geometry
Boundaries

Dimer model on the square lattice

TL algebra Integrability
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Scenarios

Conformal data Conclusion
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wrapped around a horizontal cylinder, without protrusion
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Dimer model Transfer matrix TL algebra Integrability Conformal data Conclusion
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Stat-mech description
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In terms of dimer configurations
The transfer matrix T(«) acts on a row of vertices
It outputs all possible dimer configurations in the row just above
It assigns the appropriate weights to the various configurations

Example (N = 4):
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Arrow configurations

vertical domino up arrow

Absence down arrow
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On the horizontal cylinder, the map is one-to-one:

domino tilings ¢« arrow configurations
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In terms of arrow configurations
The transfer matrix T(«) acts on a row of vertical edges
It outputs all possible arrow configurations in the row just above
It assigns the appropriate weights to the various configurations

Example (N = 4):
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Dimer model Transfer matrix
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TL algebra
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Integrability Conformal data Conclusion
Lieb’s transfer matrix II
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Lieb’s transfer matrix 11




Dimer model

Transfer matrix TL algebra Integrability Conformal data Conclusion
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Variation index
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Dimer model

Transfer matrix TL algebra Integrability Conformal data Conclusion
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Exact solvability

T(x): symmetric — diagonalisable with real spectrum
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[T(e), T(a/)] #0
Exact solvability without (Yang-Baxter) integrability?!




Dimer model
0000

Transfer matrix
0000000

TL algebra
0000

Integrability
[e]e]e)

Conformal data

Temperley-Lieb algebra

TL.(B) = (I, e;;i=1,...,n—1)

IA=AI=A
¢ = Pei

(A € TL,(B))
€i€i+16; = €

e,-e]- = e]-e,-

(li—jl>1)

Conclusion
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Conformal data

Temperley-Lieb algebra

TL.(B) = (I, e;;i=1,...,n—1)

IA=AI=A
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(A € TL,(B))
€i€i+16; = €

e,-e]- = e]-e,-

(li—jl>1)

Conclusion
[e]



Dimer model
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Dimer representation
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Module structure

Structure for n odd:
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Structure for n even, v >0:
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E,”, is the module contragredient to EY_,
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Series of maps (including Temperley’s correspondence)
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Series of maps (including Temperley’s correspondence)
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coverings algebra
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Conformal data

Critical dense polymers

Lattice loop model where contractible loops are disallowed (3 = 0)
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Dimer representation
T?(«) ~ 1(D(v))
General absence of commutativity

& 75 &o — [D(Ua E,v)a D(U/a E,v’” 7é 0 - [Tz(cx)aTz(o‘/)] 7é 0

=D (v) =D(v’)

Integrability from commutativity

[D(u, &), P@)] =0 — | [t(D(1,&)),T*(x)] =0 | (u€C, = tanov)
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Continuum scaling limit

Eig(“’v)( 1log T?(x

(u,V)
() = 7 foutk + fody + Z

Ié 1) match the spectra of I, 1 on certain Virasoro modules for ¢ = —2
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Limiting Virasoro module
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Structure for n even
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Summary
Dimer model — TL loop model with =0
Integrability and solvability reconciled
Indecomposable (zigzag) modules over TL,(0)
Feigin-Fuchs modules over the Virasoro algebra atc = —2
Results compatible with conformal integrals of motion

Outlook
Torus scenario and its conformal properties
Inclusion of monomers and more general polyominoes
Dimer models on different lattices

Dimer-like representations of TL for 3 # 0
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