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QuantumModular Form (Zagier ����)

A quantummodular form is f :Q!C s.t. for 8∞=
°a b
c d

¢
2°Ω SL(�;Z)

the function

h∞(x) := f (x)°¬(∞) (cx+d)°k f
≥
ax+b
cx+d

¥

has “some properties” of continuity or analyticity.
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“some properties”: Eichler integral

The Eichler integral of wt k 2Z∏� cusp form f (ø)=
1X

n=�
anqn is

ef (ø) :=
1X

n=�

an
nk°�

qn ø 2H

It satisfies for ∞=
°a b
c d

¢
2 SL�(Z)

ef (ø)° (cø+d)k°�ef (∞(ø))=° (�ºi)k°�

(k°�)!

i1Z

∞°�(i1)

f (z)(ø°z)k°�dz

period polynomial
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“some properties”: mock theta functions

mock theta functions (Ramanujan ����, Zwegers ����):
the Appell–Lerch sum

µ(z;ø) := ieºiz

µ��(z;ø)
X

n2Z

(°e�ºiz)nq
�
�n(n+�)

�°e�ºizqn

satisfies

µ(z;ø)+
q

i
øµ(z/ø;°�/ø)=

�
�

Zi1

�

[¥(z)]�
p
°i(z+ø)

dz

Mathieu moonshine

°�
X

w2
© �
� , �+ø� , ø�

™
µ(w;ø)= q°

�
�
°
°�+��q+���q�+ ����q�+����q�+·· ·

¢
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Examples of QuantumModular Forms

� Kontsevich (����), Zagier (����), Kashaev (����): qN = �

F(q) :=
1X

n=�
(q)n = �+(�°q)+(�°q)(�°q�)+(�°q)(�°q�)(�°q�)+·· ·

� Kashaev (����)

J(q) :=
1X

n=�

ØØ(q)n
ØØ�

� Lawrence–Zagier (����):

W(q) := �
�G

X

Ø mod ��N
Ø6=� mod N

(�°qØ/�)(�°qØ/�)
�+qØ/�

q°
Ø�
���
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Kontsevich–Zagier Series

Kontsevich (����) studied F(q) at ≥N := e�ºi/N

F(q) :=
1X

n=�
(q)n = �+ (�°q)+ (�°q)(�°q�)+·· ·

By numerical computations, he observed

F(≥N)ªN�/�e°
ºi
��(N°�+

�
N)+

1X

n=�

bn
n!

µ
°�ºi
N

∂n

with b� = �, b� = �, b� = �, b� = ��

Zagier (����) proved that '(Æ) := eºiÆ/��F(e�ºiÆ) for Æ 2Q fulfills

'(Æ)+ (iÆ)°�/� '(°�/Æ)= g(Æ)
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Kontsevich–Zagier Series and Eichler Integral

'(Æ) := eºiÆ/��F(e�ºiÆ)

Let e¥(ø) :=
1X

n=�
n

° ��
n

¢
q
n�
�� ¥(ø)= q�/��

1Y

n=�
(�°qn)=

1X

n=�

° ��
n

¢
q
n�
��

ø! �/N: '(�/N)= e¥(�/N)

Nearly modularity of b¥(z) :=
p
�i
�º

Zi1

z

¥(ø)

(ø°z)�/�
dø (z 2H°)

b¥(z)+ (iz)°
�
� b¥(°�/z)=

p
�i
�º

Zi1

�

¥(ø)

(ø°z)�/�
dø

Limiting values coincide: e¥(�/N)= b¥(�/N)
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Quantum Knot Invariant

Reidemeister moves
R I:

√! √!

R II:

√! √!

R III:

√!

Any link can be given as the
closure of tangles.

R-matrix Rijk`
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colored Jones polynomial JN(K;q)

The Jones polynomial J�(K;q) for knot K

R=

0

BBB@

q � � �
� � q� �
� q� q°q� �
� � � q

1

CCCA i, j,k,` 2 {�,�}

R=
≥
Rijk`

¥

i

k

j

`

the N-colored Jones polynomial JN(K;q)

Rijk` =
min(N°�°i,j)X

m=�
±`°i,m±j°k,m(°�)m

(q)`(q)N°�°k
(q)i(q)m(q)N°�°j

£q°m(i°j)°m�
� °Nm

� +(i°N°�
� )(j°N°�

� ) i, j,k,` 2ZN
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colored Jones polynomial for trefoil ��

K.Habiro, G.Masbaum, T.Le, ... (x)n =
nY

i=�
(�°xqi°�)

JN(��;q)

= q�°N
1X

n=�
q°nN(q�°N)n =

1X

n=�
qn(q�°N)n(q�+N)n

ØØØØØ
q! �

q

N � � � . . .

JN(��; �/q) � q+q�°q� q�+q�°q�+q�°q�°q��+q�� . . .

Kontsevich–Zagier series @ q= ≥N := e
�ºi
N

JN(��;≥N)= ≥NF(≥N)=U(°�;≥ °�
N )

F(q) :=
1X

n=�
(q)n

U(x;q)=
1X

n=�
(°xq)n(°x°�q)nqn
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unimodal sequence

strongly unimodal sequence {a�, . . . ,as} of size n & rank= s°�k+ �

�< a� < a� < ·· · < ak°� < ak > ak+� > ·· · > as > � (a�+·· ·+as = n)

size n= �
{a�, . . . ,as} {�} {�,�} {�,�} {�,�,�} {�,�} {�,�}

rank � °� � � °� �

generating function of u(m,n) :=#
©
seq of size n

ØØrankm
™

U(x;q) :=
X

m,n
u(m,n)xmqn =

1X

n=�
(°xq)n(°x°�q)nqn+� = q+q�+ . . .

Bryson–Ono–Pitman–Rhoades (����): √(ø) := e°
ºi
��øU(°�;e�ºiø)

√(ø)+ �
(°iø)�/�

√(° �
ø)=

p
�i
�º

Zi1

�

¥(w)
(w+ø)�/�

dw+ [¥(ø)]�

�
p

i

Zi1

�

[¥(w)]�

(w+ø)�/�
dw
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Volume Conjecture

Kashaev (����), H.Murakami–J.Murakami (����):

lim
N!1

�º
N
logJN(K;q= ≥N)= Vol(S�\K)+ i CS(S�\K)

As JN(��;≥N)= ≥NF(≥N), we have in N!1

≥��NF(≥N)ª°
µN

i

∂�/�
e°

ºi
��NF(e°�ºiN)+

1X

k=�

T(k)
k!

≥ º

��iN

¥k

agrees with sin(�x)sin(�x)
sin(�x) =

1X

k=�

T(k)
(�k+�)!x

�k+�
(
Vol(S�\��)= �
CS(S�\��)=°º�

�
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Classification of Knots

Thurston (����)

knots

8
>>>>>>><

>>>>>>>:

non-hyperblic

8
>><

>>:

torus knots (��, . . . )

satellite knots

hyperbolic (��, . . .)

torus knot T(�,��)

satellite knot

4.2. SATELLITES AND COMPANIONSHIP 79

complement and the torus is unknotted, or a meridian bounds a disc in the
fink complement and the link does not travel around the tube of the torus.
Neither of these situations is interesting. Another degenerate case occurs
when the torus forms the boundary of a solid tubular neighbourhood of one
component of the link - this is known as peripheral tubing.
It is possible that these are the only ways to embed a torus in the link

oomplement. If there are any other tori then the link can be built from
simpler pieces.

Definition 4.2.1 (satellite construction). Let W be a solid torus. A
disc properly embedded in W whose boundary is an essential loop in oW
is called a meridional disc. A (possibly knotted) simple loop AC W is said
to be essential if it meets every meridional disc in W. Let PeW be a
link embedded in an unknotted solid torus in such a way that at least one
oomponent ofP is an essential loop inW. Let C be a knot and let V denote a
solid tubular neighbourhood of C. Choose a homeomorphism h :W -----+ V.
Then the image S = h(P) is a new link, which is called a satellite with
companion C and pattern P. The solid torus V or its boundary surface oV
is often called the companion torus of $.
There is a meridian and longitude coordinate system on the boundary

of an embedded solid torus V: a meridian is an essential loop in oV that
bounds a disc in V, and a longitude is a simple in oV that meets a
meridian once. Up to isotopy the meridian is unique but there is a choice
of longitude. The framing of the coordinate system is the linking number

Figure 4.1. Forming a satellite - the untwisted double of a trefoil.K. H����� (Fukuoka) QMF from Knots & �-mfds May ��, ���� �� / ��



Figure-Eight Knot ��

K.Habiro, G.Masbaum, T.Le, ...

JN(��;q)=
1X

n=�
(°�)nq°

�
�n(n+�)(q�°N)n(q�+N)n

N � � � . . .

JN(��;q) � �°q±�+q±� �°q±�°q±�+�q±�°q±�°q±�+q±� . . .

(�� is amphichiral)

J(≥N) := JN(��;≥N)=
N°�X

j=�

jY

k=�
�sin�

≥
k
Nº

¥
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Large-N limit: ��

JN(��;≥N)=
N°�X

j=�

jY

k=�
�sin�

≥
k
Nº

¥

u(k)= �sin�
≥
k
Nº

¥

0

1

2

3

4

4
si
n
2
(k N

�
)

k/N1
6

5
6

v(j)=
jY

k=�
u(k)

�
(j
)

j/N

v(��N)< JN(��;≥N)<Nv(
�
�N)

lim
N!1

�
N
logJN(��;≥N)= lim

N!1

�
N
logv(��N)= �

Z �
�º

�
log(�sinx)dx

Lobachevsky= �.����� · · ·
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Volume Conjecture: ��

lim
N!1

�º
N
logJN(��;≥N)= �.����� · · · = �D(eºi/�)= Vol(S�\��)

upper half-space: ds� = dx�+dy�+dz�

z�

hyperbolic ideal tetrahedron4:

Vol(4)=D(z)

Bloch–Wigner function

D(z) := Im(Li�(z))+arg(�°z) · log |z|

K. H����� (Fukuoka) QMF from Knots & �-mfds May ��, ���� �� / ��



Volume Conjecture: ��

lim
N!1

�º
N
logJN(��;≥N)= �.����� · · · = �D(eºi/�)= Vol(S�\��)

upper half-space: ds� = dx�+dy�+dz�

z�

hyperbolic ideal tetrahedron4:

Vol(4)=D(z)

0 1

z

�

�
�

Bloch–Wigner function

D(z) := Im(Li�(z))+arg(�°z) · log |z|

K. H����� (Fukuoka) QMF from Knots & �-mfds May ��, ���� �� / ��



Asymptotic Expansion: ��

knots

8
>><

>>:

non-hyperblic
(
torus knots
satellite knots

hyperbolic (��, . . .)

Garoufalidis–Zagier

JN(��;≥N)'N
�
� e�D(e

ºi/�) N�º
�
�p�

µ
�+ ��

��
p
�
º

N
+ ���
����

º�

N�
+·· ·

∂

with a power series in ºp
�N with rational coe�icients.

K JN(K;q)

torus knots · · · · · · similar to M£F (shadow is wt �/�)
hyperboilc · · · · · · beyond M£F
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Colored Jones Polynomial: Torus Knots

JN(T(s,t);≥N)= ≥
s�t�°s�°t�

�st
N

e©s°�,�s,t (�/N)
e©n,m
s,t (ø) :=° �

�

1X

k=�
k¬n,m

s,t (k)q
k�
�st

Character ofM (s, t), c= �° �(s°t)�
st : chn,m

s,t (ø)=
©n,m
s,t (ø)

¥(ø)

(s, t) coprime, �< n< s, �<m< t

©n,m
s,t (ø) :=

1X

k=�
¬
n,m
s,t (k)q

k�
�st ¬

n,m
s,t (k) :=

8
>><

>>:

� k=±(nt°ms) mod �st
°� k=±(nt+ms) mod �st
� otherwise

©�,��,�(ø)= ¥(ø) Rogers–Ramanujan
©�,��,�(ø)= q

�/��(q,q�,q�;q�)1
©�,��,�(ø)= q

�/��(q�,q�,q�;q�)1
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�/��(q,q�,q�;q�)1
©�,��,�(ø)= q

�/��(q�,q�,q�;q�)1
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Asymptotic Expandion: Torus Knots

©n,m
s,t (ø+ �)= e

(nt°ms)�
�st ºi©n,m

s,t (ø)

©n,m
s,t (°

�
ø)=

q
ø
i

X

n0,m0
(Ss,t)n

0,m0

n,m ©n
0,m0

s,t (ø)

(Ss,t)n
0,m0

n,m =
q

�
st (°�)

nm0+mn0+� sin
°
nn0 tsº

¢
sin

°
mm0 s

tº
¢

H-Kirillov (����)

e©n,m
s,t (�/N)+

°N
i
¢ �
�

X

n0,m0
(Ss,t)n

0,m0

n,m ¡
n0,m0

s,t e°
(n0t°m0s)�

�st ºiN '
1X

k=�

Tn,m
s,t (k)
k!

≥ º

�stiN

¥k

¡
n,m
s,t =

(
(s°n)m if nt>ms
n(t°m) if nt<ms
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q-Hypergeometric Expression for Torus Knots

JN(T(�,�t+�);q)= qt(�°N)
X

k�,··· ,kt∏�
(q�°N)ktq

°Nkt
t°�Y

i=�
qki(ki+�°�N)

h
ki+�
ki

i

q

Ft(q) := qt
X

k�,··· ,kt∏�
(q)ktq

k��+···+k
�
t°�+k�+···+kt°�

t°�Y

i=�

h
ki+�
ki

i

q

H–Lovejoy (����): Ft(≥N)=Ut(°�;≥ °�
N )

Ut(x;q) := q°t
X

kt∏···∏k�∏�
(°xq)kt°�(°x

°�q)kt°�q
kt
t°�Y

i=�
qk

�
i
h
ki+�+ki°i+�

Pi°�
j=� kj

ki+�°ki

i

q

=°q°
t
�°

�
� (xq)1(x°�q)1

[(q)1]�

0

BB@
X

r,s∏�
r 6¥s(�)

°
X

r,s<�
r 6¥s(�)

1

CCA
(°�)

r°s°�
� q

�
� r
�+ �t+�� rs+ �� s

�+ �+t� r+ t
� s

�°xq
r+s+�
�
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�-manifolds

Lickorish (����), Wallace (����):
Any closed oriented �-manifold can be constructed from integral
surgery on link LΩ S�

� Take a knot exterior S�\N(K)
� Glue D�£S� back in N(K) by h : @D�£S�! @N(K)
� For meridianm and longitude ` of @N(K), a p/q-surgery is

h : @D�£point 7! pm+q`
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Kirby Calculus

Kirby Moves (����)
K I:

L√! Lt ±1

K II:

√!

A dotted circle means an any
strand (possibly) linked with
others.

locally,

Fenn–Rourke (����)

$

$

$
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Kirby Calculus

Kirby Moves (����)
K I:

L√! Lt ±1

K II:

√!

A dotted circle means an any
strand (possibly) linked with
others.

locally,

Fenn–Rourke (����)

· · ·

· · ·
±1 $

· · ·

· · ·
±1 full twist

1
$

1

±1

n

$
±1

n± 1
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Reshetikhin–Turaev Invariant

M: pj/qj-surgery on the j-th component of n-component link L

øN(M)= e
ºi
�
N°�
N

≥P
j©(U

(pj ,qj))°�sgn(L)
¥ N°�X

k�,...,kn=�
Jk�,...,kn(L)

nY

j=�
Ω(U(pj,qj))kj,�

U(pj,qj) =
≥pj rj
qj sj

¥
2 SL�(Z); ©(p rq s)=

(p+s
q ° ��s(p,q) for q 6= �
r
s for q= �

sgn(L) : signature of linking matrix Lj,k = lk(j,k)+ pj/qj ·±j,k

Ω (� °�
� � )a,b =

q
�
N sin

≥
abº
N

¥
; Ω ( � �� �)a,b = e

a�
�Nºi° �

�ºi±a,b

øN(S�)= � øN(S�£S�)=
q

N
�

�
sin(º/N)
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ºi
�
N°�
N

≥P
j©(U

(pj ,qj))°�sgn(L)
¥ N°�X

k�,...,kn=�
Jk�,...,kn(L)

nY

j=�
Ω(U(pj,qj))kj,�

U(pj,qj) =
≥pj rj
qj sj

¥
2 SL�(Z); ©(p rq s)=

(p+s
q ° ��s(p,q) for q 6= �
r
s for q= �

sgn(L) : signature of linking matrix Lj,k = lk(j,k)+ pj/qj ·±j,k

Ω (� °�
� � )a,b =

q
�
N sin

≥
abº
N

¥
; Ω ( � �� �)a,b = e

a�
�Nºi° �

�ºi±a,b

øN(S�)= � øN(S�£S�)=
q

N
�

�
sin(º/N)
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Chern–Simons Partition Function

Witten (����)

Zk(M)=
Z

e�ºikCS(A)dA CS(A)= �
�º�

Z

M
Tr

°
A^dA+ �

�A^A^A
¢

is related to Reshetikhin–Turaev (����)

Zk(M)=
øk+�(M)

øk+�(S�£S�)
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Poincaré Homology Sphereß(�,�,�)
º�(M)=

≠
x,y

ØØ(xy)� = x� = y�
Æ
; H�(M;Z)= �

�2 �2 �2 �2 �2 �2 �2

�2

√!
1

5 3

2

√!
−1

Lawrence–Rozansky (����):

W(≥N) := ≥N (≥N° �) øN(M)= e
ºi
�p

���N

��N°�X

n=�
N-n

≥ °n�°�
���N

(≥ n�N°≥
°n
�N )(≥ n��N°≥

°n
��N)

≥ n�N+≥
°n
�N

= �° �
�¬

§
�(≥N)

¬§�(q)=
1X

n=�
qn(qn)n
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Poincaré Homology Sphereß(�,�,�)
º�(M)=

≠
x,y

ØØ(xy)� = x� = y�
Æ
; H�(M;Z)= �

�2 �2 �2 �2 �2 �2 �2

�2

√!
1

5 3

2

√!
−1

Lawrence–Rozansky (����):

W(≥N) := ≥N (≥N° �) øN(M)= e
ºi
�p

���N

��N°�X

n=�
N-n

≥ °n�°�
���N

(≥ n�N°≥
°n
�N )(≥ n��N°≥

°n
��N)

≥ n�N+≥
°n
�N

= �° �
�¬

§
�(≥N)

¬§�(q)=
1X

n=�
qn(qn)n
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Ramanujan’s �th Order Mock Theta Functions

¬�(q)=
1X

n=�

qn

(qn+�)n
¬�(q)=

1X

n=�

qn

(qn+�)n+�

¬§�(q)= �°
1X

n=�

q°n

(q°n°�;q°�)n

¬§� (q)=
1X

n=�

q°n

(q°n°�;q°�)n+�
=

1X

n=�
qn+�(qn+�)n
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WRT Invariant forß(�,�,�)

Lawrence–Zagier (����): ≥N (≥N° �)øN(M)= �+ �
�≥

°�
���N

e£+(�/N)

wt �/� unary theta series
(
£+(ø)= q

�
��� (�+ ��q+ ��q�+��q�°��q�° · · ·)

£°(ø)= q
��
��� (�+ ��q+ ��q�+��q�°��q��° · · ·)

µ
£+(°�/ø)
£°(°�/ø)

∂
=

≥ø
i

¥ �
� �p

�

µ
sin(º/�) sin(�º/�)
sin(�º/�) °sin(º/�)

∂µ
£+(ø)
£°(ø)

∂

the Eichler integral
(

e£+(ø)= q
�
��� (�+q+q�+q�°q�° · · ·)

e£°(ø)= q
��
��� (�+q+q�+q�°q��° · · ·)
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Asymptotic Expansion

Lawrence–Zagier (����): in N!1

e£+(�/N)ª
q

N
i
�p
�

≥
sin(º/�)e°

�
��ºiN+sin(�º/�)e°

��
��ºiN

¥

+
1X

k=�

L(°�k,¬+)
k!

µ
ºi
��N

∂k

where
�
cosh(�x)cosh(�x)

cosh(��x)
=°

1X

k=�

L(°�k,¬+)
(�k)!

x�k
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Seifert Manifold

Poincaré homology sphere ß(�,�,�)
homology sphere H�(M;Z)= �
“E�”

�2 �2 �2 �2 �2 �2 �2

�2

=
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Brieskorn Homology Sphereß(p�,p�,p�)
pairwise coprime pi 2Z>�

M=ß(p�,p�,p�)=
©
z p�� +z p�� +z p�� = �

™
\S�

0
p1/q1 p3/q3

p2/q2

q�
p� +

q�
p� +

q�
p� =

�
p�p�p�

º�(M)=
≠
x�,x�,x�,h

ØØh center,x pii = h°qi ,x�x�x� = �
Æ

Rozansky (����): P= p�p�p�;

≥
¡
�°

�
�

N (≥N° �) øN(M)=
p

i
�
p
�PN

�PN°�X

n=�
N-n

≥ °n�
�PN

≥ n�N°≥
°n
�N

�Y

j=�

≥
≥ n�pjN°≥

°n
�pjN

¥

¡= �° �
P + ��

P
j s( Ppj ,pj)
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©
z p�� +z p�� +z p�� = �

™
\S�

0
p1/q1 p3/q3

p2/q2

q�
p� +

q�
p� +

q�
p� =

�
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≠
x�,x�,x�,h

ØØh center,x pii = h°qi ,x�x�x� = �
Æ

Rozansky (����): P= p�p�p�;

≥
¡
�°

�
�

N (≥N° �) øN(M)=
p

i
�
p
�PN

�PN°�X

n=�
N-n

≥ °n�
�PN

≥ n�N°≥
°n
�N

�Y

j=�

≥
≥ n�pjN°≥

°n
�pjN

¥

¡= �° �
P + ��

P
j s( Ppj ,pj)
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Brieskorn Homology Sphereß(p�,p�,p�) II

≥
¡
�°

�
�

N (≥N° �)øN(M)= �
�
e©(�,�,�)
p�,p�,p�(�/N)

the Eichler integral of wt �/� unary theta series satisfying

©
(`�,`�,`�)
p�,p�,p� (ø+ �)= e

p�p�p�
�

µ
�+P

j
`j
pj

∂�
ºi
©
(`�,`�,`�)
p�,p�,p� (ø)

©
(`�,`�,`�)
p�,p�,p� (°�/ø)=

°
ø
i
¢ �
�

X

`0�,`
0
�,`

0
�

S`
0
�,`

0
�,`

0
�

`�,`�,`�
©
(`0�,`

0
�,`

0
�)

p�,p�,p� (ø)

S`
0
�,`

0
�,`

0
�

`�,`�,`�
=±

q
��
P

�Y

j=�
sin

µ
P
`j`

0
j

p�j
º

∂

�< `j < pj
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Lens Space L(p,q)

�p/q H�(M;Z)ª=Zp

Je�rey (����)

≥
°�s(q,p)° �

�
N (≥N° �)øN(M)=

pX

n=�
e�ºi qpn

�N X

"=±�

"
ppe�ºi q+"p n

≥ "�Np

Decomposition:

øN(M)=
X

`2TorsH�(M;Z)
e�ºi∏M(`,`)Nø

(∏M(`,`))
N (M)

linking pairing ∏M : TorsH�(M;Z)≠H�(M;Z)!Q/Z
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Je�rey (����)

≥
°�s(q,p)° �

�
N (≥N° �)øN(M)=

pX

n=�
e�ºi qpn

�N X

"=±�

"
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≥ "�Np
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ADE Singularities
Seifert manifold: M= {f (x,y,z)= �}\S�

f (x,y,z) M H�(M;Z) ∏M

An xn+�+y�+z� Zn+�
° �
n+�

¢

D�K x�K°�+xy�+z� Z�©Z�
µ
� �

�
�
� �

∂

D�K+� x�K+xy�+z� Z�
°�
�
¢

D�K+� x�K+�+xy�+z� Z�©Z�
° �
�
¢
©

° �
�
¢

D�K+� x�K+�+xy�+z� Z�
° �
�
¢

E� x�+y�+z� Z�
°�
�
¢

E� x�y+y�+z� Z�
° �
�
¢

E� x�+y�+z� � ?
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WRT Invariants for ADE

øN(M) forM=Dk,E�,�,�: the Eichler integral of unitary theta series

M=D�:
(≥N° �)øN(M)= �

° �
� °≥

°�
�N

e™
° �
N
¢¢

where

e™(ø)= q
�
�
°
�°q+q�°q�+q��°q��+·· ·

¢

™(ø)= q
�
�
°
�°�q+�q�°�q�+�q��° ��q��+·· ·

¢
= [¥(ø)]�
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Ramanujan’s Mock Theta Functions

order M

� ¡(q) E� ª=M(�;�/°�,�/�,�/�)
!(q) D� ª=M(�;�/°�,�/�,�/�)

� ¬�(q) E� ª=ß(�,�,�)
� F�(q) E�� ª=ß(�,�,�)
�� ™(q) D� ª=M(�;�/°�,�/�,�/�)

º�(M(b;p�/q�,p�/q�,p�/q�))=
*

x�,x�,x�,h

ØØØØØØ

h is center
x pii = h°qi
x�x�x� = hb

+
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Concluding Remarks

QMF arises from quantum invariants of knots/�-manifolds

quantum invariants for torus knots/Seifert-fibered manifolds are
like mockmodular forms,
quantum invariants for hyperbolic manifolds (e.g. figure-eight
knot) are important for Volume Conjecture, and they are
mysterious.
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