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Introduction to Quantum Modular Form (Zagier 2010)

@ colored Jones polynomial for knots
@ Witten-Reshetikhin-Turaev Invariant for 3-manifolds
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Quantum Modular Form (Zagier 2010)

A quantum modular formis f: Q — C s.t. for Yy = (¢ 5) e T = SL(2; 2)
the function

hy(x) = F(x) = x (1) (cx-+d) ™ F(2222)

has “some properties” of continuity or analyticity.
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“some properties”: Eichler integral

The Eichler integral of wt k € Z-, cusp form f(z Z anq” is

_oo an "
_an—lq
n=1

TeH
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“some properties”: Eichler integral

The Eichler integral of wt k € Z-, cusp form f(z Z anq” is

x a, ,
= H
r; pra q TE
It satisfies for y = (9 5) € SL,(2)
~ e o k=1 = _
F(r) - (cr + ) 2F(y(r)) = -2 f f(2) (1 - 2)<2dz
y1{ioo)

period polynomial
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“some properties”: mock theta functions

mock theta functions (Ramanujan 1920, Zwegers 2003):
the Appell-Lerch sum

. . 1
ez (_e2nlz)nq7n(n+1)

911(2;7") nez ]_eZnizqn

pz):=

satisfies

ico 7 3
ptere)+Tuten =3 [~
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“some properties”: mock theta functions

mock theta functions (Ramanujan 1920, Zwegers 2003):
the Appell-Lerch sum

. . 1
ez (_e2nlz)nq7n(n+1)

Z, = -
,Lt( T) 91](2;.[) n;Z ]_eZqun

satisfies

ico 7 3
ptere)+Tuten =3 [~

Mathieu moonshine

—8 Y u(w;t)=q 5 (~2+90q +462¢> +1540q% + 4554¢* +---)
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Examples of Quantum Modular Forms

@ Kontsevich (1997), Zagier (2001), Kashaev (1996): gV =1

F(q):= io(q)n =1+(1-9)+(1-9)(1-¢*)+(1-q)(1-¢*) (1-¢°) +-+-

© Kashaev (1996)

© Lawrence-Zagier (1999):

(1-a"*)(1-¢°%) 2

q
p mod 60N 1+gP/2
B#0 mod N

W(q) = 5

o
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Kontsevich-Zagier Series

Kontsevich (1997) studied F(q) at ¢y :=e”™/"
F(g):=)_(@)n=1+(1-q)+(1 -q)(1-g) +---
n=0

By numerical computations, he observed

. o0 \ N
F((n) ~ N2e~B(N-3+0) 4 by % (_%)

Withb0:1,b1:1,b2=3,b3:19
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Kontsevich-Zagier Series

Kontsevich (1997) studied F(q) at {y :=e”/"

Fl0)= 1@ =1+(1-a)+ (1-a)(1 ) -

By numerical computations, he observed

. o0 \ N
F((n) ~ N2e~B(N-3+0) 4 by % (_%)

Withbo:1,b1:1,b2=3,b3:19

Zagier (2001) proved that ¢(a) := e/ F(e?%) for a € @ fulfills

o(a)+(ia) " p(-1/a) = g(a)

W
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Kontsevich-Zagier Series and Eichler Integral

(p(a) = enia/u F(eZnia)

Let 7(7):= Y n(2)q= n(r)=q1/2“l_[(1—q”)=zo
n=

n=0 n=1

o T—Un: () =T(VN)

@ Nearly modularity of ﬁ(z)::g ( n(?%dr (zeH")
7z (1-z

1@+ F -y =g [

@ Limiting values coincide:  7(1/n) =7(1/n)
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Quantum Knot Invariant

Reidemeister moves

o RI:

b_,p

| P
o RIl;
@ RII:

//
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Quantum Knot Invariant

Reidemeister moves
o RI:

I T ‘ T P Any link can be given as the

@RI closure of tangles.
— — - I_ j
‘ ‘ R-matrix R, V
@ RIII: By \Z

/ / ’
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colored Jones polynomial Jy(K;q)

The Jones polynomial Jo(K;q) for knot K i
R= (Rke)
g 0 0 O i J
0 0 gqg* of .. /
R= i,j,k,¢€{0,1
0 2 g-¢° 0 J {0,1} By \K
00 0 g
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colored Jones polynomial Jy(K;q)

The Jones polynomial Jo(K;q) for knot K i
R= (sz)
g 0 0 O i J
0 0 ¢ of .. /
R= i,j,k,¢€{0,1
0 2 g-¢° 0 J {0,1} By \K
00 0 g

the N-colored Jones polynomial Jy(K;q)

. min(N-1-i) ( ) (q)
RI‘I: 5o 5 _.Im aq)e N-1-k
=k deimdm() e
« g~ ml=D=B - (- i pe 7,

o
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colored Jones polynomial for trefoil 3,

n .
K.Habiro, G.Masbaum, T.Le, ... On=T]0-xq"")
i=1

/’ In(31;9)

00 00
— q1—N Z q—nN(ql—N)n — Z qn(ql—N)n(qHN)n
n=0 n=0

1
q—3q

v

N 1 2 3

10,

INGBie) 1 g+a®-g* ¢?+q°-q +q8-q°—q'0+q"
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colored Jones polynomial for trefoil 3,

n -
K.Habiro, G.Masbaum, T.Le, ... On=T]0-xq"")
/ In(31;9)
1-N % —nN[ 1-N o 1=NY (14N
=q ") a™(@ = 24"(q " )nlgd)n
n=0 n=0 q_,l
q v

N 1 2 3

10

INGiYe) 1 g+dP-g*  ?+a°-q"+q8-¢°-¢'0+q"

Kontsevich-Zagier series @ g ={y := e | F@):=Y (9)n
n=0

NG = FEn) = U(=1:¢Y) utag) = io(—xq n(~x'q)ng”
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unimodal sequence

strongly unimodal sequence {a,...,as} of size n & rank =s— 2k +1 }

0<01<Ay < <A1 <Ai>Ayy>-->05>0 (a1+---+as=n)

{ay,...,as {5} {1,4} {4, {1,3,1} {2,3} {3,2}
rank 0 -1 1 0 -1 1

sizen=5

generating function of u(m,n):=# {seq of size n|rank m}

o0
Ux;q):=Y u(mm)x"q" =Y (-xq)a(~x"'q)nq" ' =q+q* +...
m,n n=0
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unimodal sequence

strongly unimodal sequence {a,...,as} of size n & rank =s— 2k +1 J

0<01<Ay < <A1 <Ai>Ayy>-->05>0 (a1+---+as=n)

{ar,...,asy {5} {1,4} {41} {1,3,1} {2,3} {3,2}

sizen=5
rank 0 -1 1 0 -1 1
generating function of u(m,n):=# {seq of size n|rank m}
o0
Ulxiq):= Yy u(m,n)x™q" =3 (-xq)n(-x"'q)nq" =g +q° +...
m,n n=0

Bryson-Ono-Pitman-Rhoades (2012): /(1) := e~ RTU(~1;e2"")
1) - 3 n(w)3 dw + 0 f W)
TJo (w+1)¥2 2vi Jo (w+1)/2
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Volume Conjecture

Kashaev (1995), H.Murakami-J.Murakami (2000):

Nlim ZWn log Jn(K;q = (n) = Vol(S3\ K) +i CS(S® \ K)
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Volume Conjecture

Kashaev (1995), H.Murakami-J.Murakami (2000):

Nlim ZWn logJJn(K; g = ¢n) = Vol(S® \ K) +i CS(S* \ K)

As In(31;¢n) ={nF({n), we have in N — co

N 3/2 niN 27 22 T(k) % .
£ ki “2NE(e™ wiN +
CaanF(¢n) (1) : (e ) k;) Kl (12iN)
agrees with o 52.);)(56'; 2Tk(f1 2

2

CS(S*\3))=-%

{VO[(S3\31) =0 -

y
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Classification of Knots

torus knot T3 14)

Thurston (1978) S;

torus knots (34,...)
non-hyperblic
knots < satellite knots satellite knot

hyperbolic (44,...)
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Figure-Eight Knot 4,

K.Habiro, G.Masbaum, T.Le, ...

JN(41;Q) — Z (_-I)nq—%n(nﬂ)(q1—N)n(q1+N)n
n=0

N 1 2 3

JN(41;Q) 1 ]_qi1+qiz 3_qil _qi2+2qi3_qi4_q15+q16

v

(41 is amphichiral)
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Figure-Eight Knot 4,

K.Habiro, G.Masbaum, T.Le, ...

7/, JN(41;Q) _ i(_.I)nq—%n(nﬂ)(q1—N)n(q1+N)n

n=0

N 1 2 3

JN(41;Q) 1 ]_qi1+q12 3_qil _qi2+2qi3_qi4_qi5+q16

v

(41 is amphichiral)

N-1

J(Cn) = In(4:¢n) = Zﬁ45'n (% )

Jj=1 k=1
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Large-N limit: 4,

=1 J

N
JN(41;(N) = Z l_[ 4sin2 (%TL’)

j=1 k=1

u(k) = 45sin? (%n)

W)= kﬁ u(k)

)

k
N
v(j)

4sin2(

o = N W pH
P |

k/N
/N

\
El
6

ol —

V(ZN) < In(41;{n) <NV(ZN)

ol
N

Nllm llogJN(41 (n) = l|m 1 logv(% )—4[ log(2sinx)dx
—oo N 0
I Lobachevsky. I

=2.02988---
May 23,2016  16/37
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Volume Conjecture: 4,

2 ‘
A}im Wﬂ logJn(4:;¢n) = 2.02988--- = 2D(e™/?) = Vol(S3 \ 4) J
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Volume Conjecture: 4,

2 .
lim W” logJn(41:{x) = 2.02988 - = 2D(e™/3) = Vol(S3\ 41)

dx? + dy? + dz?
72

upper half-space: ds? =

hyperbolic ideal tetrahedron A:

Vol(A) =D(2) =z

Bloch-Wigner function
D(z) :=Im(Liy(z)) +arg(1-2)-loglz|
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Asymptotic Expansion: 4,

torus knots

satellite knots

non-hyperblic
knots yP {

hyperbolic (44,...)

Garoufalidis-Zagier

7 1 11 7 72
In(41:n) = NP /3)%—(1+ L

— 4+ —_— 4 .
V3 363N T776 N2
with a power series in W with rational coefficients.
K In(K;q)
torus knots  ------ similar to MOF (shadow is wt 1/2)
hyperboilc  ------ beyond MOF
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Colored Jones Polynomial: Torus Knots

InN(T(s )i dn) = C,;th““z = o 1/N)J (1) =~ %Z Aot (k)Q“St
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Colored Jones Polynomial: Torus Knots

s i "M (1) :=-1 y k K)g's
W(Tsiln) =Gy = B ”(vN)J st (1):==3 X ke g
"M (1
Character of . (s,t),c=1- 6(s tt)z. Cth’"( ) = s,z () ) J

(s,t) coprime,0<n<s,0<m<t

o0
nm
= sz,t (k) q““ )(st k=+(nt+ms) mod 2st
k=0

otherwise

(1) =97°(9,9%,6% 6°)oo

{ k=+(nt—ms) mod 2st
@5 o

2 1/40 5
®;5(7) =4"(6*,4%,9° ¢°)oo

1
(1312”13(1):1;(1) Rogers-Ramanujan _#:
2
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Asymptotic Expandion: Torus Knots

—ms)2 .
(Dn,m(T+.|) — —(ngs) mq)n,m(_[)

D=3 X (Ssopm @4 (1)

n',m’

(SSI)Z:}Z’, = \/g(—l)”m'*m”/+1 sin (nn'm)sin (mm'3x)
H-Kirillov (2003)
= 3 rog o (t=ms)? SS9 Tnm(k) k
n,m N 7 n,m ,n,m —TﬂlN:
P0G 2 Soduim 067 7 k:zo Kl (2st1N)

n',m’

(ps,,t =

am |(s=mm ifnt>ms
n(t—-m) ifnt<ms

K. Hikam1 (Fukuoka) QMF from Knots & 3-mfds May 23, 2016 20/37



qg-Hypergeometric Expression for Torus Knots

t-1
JN(T(2,2t+1);CI)= qt(1—N)k zk: 0(q1_N)ktq_thH qk;(k;+1—2N) [k;:i]]q J
tZ =

2
Ft(q)::qt Z ()« tqk SRR CaRE SRR o 11—[[k,+1]
ki, k=0 i=1

H-Lovejoy (2014): F¢({n) = Ue(-T1:¢)y") J

_ ki +ki—i+2 X127k
Uxa):=a7" X (X (X 1qkfl'[qk[ e
ke=e-=ky =1 i=1 ki

1,2, 4t+3 1.2, 2+t, +Ls
gri+ g Istgst+ S+ 5s

S o 0 NG I S Sl NGO N LI

2
[(9)ec] rs=0  r,s<0 1-xq 2
r#s(2) r#s(2)
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Lickorish (1962), Wallace (1960):
Any closed oriented 3-manifold can be constructed from integral
surgeryon link L ¢ S3

@ Take a knot exterior S\ N(K)
© Glue D? x S back in N(K) by h: 0D? x S' — AN(K)
© Formeridian m and longitude ¢ of AN(K), a p/g-surgery is

h:dD? x point — pm +q¢

®
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Kirby Calculus

Kirby Moves (1978)
o KI:

L«—»LuO:I:l

=

A dotted circle means an any

strand (possibly) linked with
others.

v
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Kirby Calculus

locally,
Kirby Moves (1978)
o KI: Fenn-Rourke (1979)
L—tu (el El
D #1 < Elfulltwist]
o KIl: || |

I || . )
(4_,(\( Q”) C>§

. n n+1l
A dotted circle means an any

strand (possibly) linked with Q - C >

1
others. *1 |

V.
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Reshetikhin-Turaev Invariant

M: pj/q;-surgery on the j-th component of n-component link L

mi (pj,aj) N-1
(M) = eTNT(Z'CD(U Pr9))-3sgn(L)) Y

p+s
e 12s(p,q) forqg#0

L forg=0

S

v = (3 3] esta(z); @54 :{
sgn(L): signature of linking matrix L; s = (k(j, k) +Pi/q;- 8]

2
0 - abn 11 _ Lori-1ni
(5 o)ab—fs'n( ) P(01)gp =" 00p
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Reshetikhin-Turaev Invariant

M: pj/q;-surgery on the j-th component of n-component link L

mi (pj,aj) N-1
(M) = eTNT(Z'CD(U Pr9))-3sgn(L)) Y

p+s
e 12s(p,q) forqg#0

L forg=0

S

v = (3 3] esta(z); @54 :{
sgn(L): signature of linking matrix L; s = (k(j, k) +Pi/q;- 8]

2
0 - abn 11 _ Lori-1ni
(5 o)ab—fs'n( ) P(01)gp =" 00p

(3 =1 (S xS = /Yy J
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Chern-Simons Partition Function

Witten (1989)

zk(M):fez’TikCS(A)dA CS(A):#f Tr(AndA+3ANANA)
M

is related to Reshetikhin-Turaev (1991)

Theo(M
4= Tk+2k(;2( x)s1)
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Poincaré Homology Sphere X(2,3,5)
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Poincaré Homology Sphere X(2,3,5)

o m(M)=(xy|(y)?=x>=y%); Hi(M;Z)=0
AT — ~
o QL) — 5%)@3‘*@)
Lawrence-Rozansky (1999):
zi  60N-1 n_y-n n _r-n
W(En) = En (Gn=1) T (M) = e 3 ¢ St Xyl
i
=1-3x0(Cn)

xo(q) = iq”(q”)n
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Ramanujan’s 5th Order Mock Theta Functions

o0 qn o0 qn
XO(q) - = (an)n X1 (q) - ngo (qn+1)n+1 A
. o0 q—n
=2 —
%(9) nz=o ("T;:q7)n
o0 —-n o0
1@=Y —a——— =Y g™ (g™

n=0 (q—n—1;q )n+1 - n=0
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WRT Invariant for X(2,3,5)

Lawrence-Zagier (1999): {n ({n—1)7n(M) =1+ 25000+ (1/N) J

wt 3/2 unary theta series

©, (1) = g (1+11g+19g® +29¢" —31¢® —---)
©_(7) = g (7+13q+17¢2 +23q* —37¢" - ---)

SRl )

V5
the Eichler integral

i

1

{@+(r):qm(1+q+q3+q7_q8_...)

O_(r)=qd(1+q+g>+q*-q" )
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Asymptotic Expansion

Lawrence-Zagier (1999): in N — oo

©..(1/n) ~ \@% (sin(n/s) e a0V | Sin(zﬂ/s)e—%nw)

L5 L(=2k,x+) (GZN )k

=0 k!

where

cosh(5x)cosh(9x) & L(=2k,x+) o
cosh(15x) —_k:ZO (2k)!
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Seifert Manifold

Poincaré homology sphere X(2,3,5)
@ homology sphere H;(M;Z) =0
° “E8”
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Brieskorn Homology Sphere X(p;,p2,p3)

pairwise coprime p; € Z-4
© M=3(p1,p2,p3) ={z/" +2)* +21* =0} n$®

A R R

o —
pilg, O( Op)p:g/% pr P2 p3 p1p2p3
P2qy
o m1(M) = (x1,x2,x3,h|h center, x =h"% xixx3 =1)
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Brieskorn Homology Sphere X(p;,p2,p3)

pairwise coprime p; € Z-4
© M=3(p1,p2,p3) ={z/" +2)* +21* =0} n$®

A R R

(] —
Pl/th O( Op)m/% p1 P2 pP3  p1p2p3
p2lqs
o m(M) = (x1,x2,x3,h|h center, x =h"% xixx3 =1)
Rozansky (1995): P = p1p2p3;

hl‘%

2PN-1 (—nz
{82 (Gn—1) Tu(M) = N{?Z e

an

NI—l

ﬁ(cz';,,.N—cz;,fN)

(2N Z;2N J=1

$p=3-1 +122js(§j,pj)
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Brieskorn Homology Sphere X(p;,p,,p3) Il

$-3 1511
¢y “n=1)Tn(M) = 2(Dp1,pz,p3(/’\’)
the Eichler integral of wt 3/2 unary theta series satisfying
P1P2P3 45\
(01,02,03) _ T(1+ij) (ﬁ!z/z)
Dpipops (TH1)= D paps (T)
[1,[2,53) 3 [’ [’ [, (f’,[' (’)
q)P1,P2,P3 ( 1/) ( )2 Z S& iz,égq)Pl,Pz,m ( )
A
3 /
000 (32 TTein [ p4Y
5(1/2’[3 =+ FESln (Pp—jzflf

0<€j<pj
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Lens Space L(p,q)
() O_p/q H](M;Z)EZP

Jeffrey (1992)

2 8 (Ghiss
(qp) Z(CN_1 TN Z m In2N 2n1 ncsz

Cy
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Lens Space L(p,q)
() O_p/q H](M;Z)EZP

Jeffrey (1992)

3s(q.p)- 2 m 92N 5 2n1—n
Oy (Cn—1 =) e (2Np

Decomposition:

(M) = Y ezniAM(z,e)NTI(VAM(e,e)) (M)
CeTorsHy(M;Z)

linking pairing Ay : TorsH(M; Z2) ® H1(M; 2) — Q/Z
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ADE Singularities

Seifert manifold: M= {f(x,y,z) =0}nS°

f(x.y.2) M Mz)
An Xn+1 +y2 +22 o S —o—o Zn+'| (#)
1
D X 4xy? 422 7,07, (1) é)
2
S A R Z4 (2)
4K L 2 L 2 D]
Daki2 X7 +xy 42z el (3)e(3)
Dakss  xH+2 4 xy2? + 22 Z4 (7)
Eq X tyd 22 '—’—I—’—‘ Z3 (3)
E X3+ 3+ 72 Zz (l)
7 y+y 2 2
Eg x> +y3+ 22 '_’_’_’_I_’_‘ 0 %)
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WRT Invariants for ADE

7n(M) for M = Dy, Eg 7,8: the Eichler integral of unitary theta series J
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WRT Invariants for ADE

7n(M) for M = Dy, Eg 7,8: the Eichler integral of unitary theta series J

M = Dy: _
=1 Tn(M)=4(3 -y P (7))
where
P(1)=qs (1-q+¢° ¢ +q°-q" +--)
W(1)=q8 (1-3q+5¢° - 7¢° +9¢"° - 11g" +---) = [n(1)]°
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Ramanujan’s Mock Theta Functions

order M
3 ¢(q)  Er=M(0;2/1,3/1,4))
w(q) Ds=M(0;2/-1,2/1,3/1)

5  xo(q) Es=%(2,3,5)

T 90((7) Eip = 2(2,3,7)

10 Y(q) D7=M(0;2/-1,2h,51)
his center

7'[1(M(b;P1/q1,P2/q2,P3/q3)) = <X1,X2,X3,h Xipi =h"qi >

x1Xox3 = hP
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Concluding Remarks

QMF arises from quantum invariants of knots/3-manifolds

@ quantum invariants for torus knots/Seifert-fibered manifolds are
like mock modular forms,

@ quantum invariants for hyperbolic manifolds (e.g. figure-eight
knot) are important for Volume Conjecture, and they are
mysterious.
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