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Can we adjust edge conductances so that all bulbs

burn with the same brightness?’
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The Dirichlet problem

A graph G = (V, F)

c: EE— Rs the edge conductances
B C V boundary vertices 4

u : B — R boundary values

Find f : V — R harmonic on V' \ B

and f‘B — U.

0=Af(z) =) clf(z)— f(y))

Yy~




f is the unique function minimizing the Dirichlet energy

E(f) =) celf(z) = f(y))?

e=xy

W_/
edge energy

A harmonic function induces an orientation of the edges:

[N

[
D

Let X be the set of acyclic orientations compatible with w:

Y =40 | 3f, fB = u and no interior extrema, where sgn(df) = o}.
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Let U : (0,00)" — [0,00)" be the map from conductances to energies.

Theorem 1: For any o € ¥ and {&.} there is a unique
choice of conductances {c.} for which the associated harmonic function

realizes this data.

Theorem 2: The rational map ¥ : C" — C" has degree |X|.

Cor. For rational energies and u, the Galois group of Q! over Q
permutes the solutions. (totally real alg. #s)
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Example
a b
C
d e
Yo
U b d )_( a(bd + cd + ce + de)? b(ae + cd + ce + de)?
(CL, y 6, 4, €)= (ab+ ac + ae + bc + bd + c¢d + ce + de)?’ (ab + ac + ae + be + bd + cd + ce + de)?’

c(bd — ae)? d(ab + ac + ae + bc)?
(ab + ac + ae + bc + bd + cd + ce + de)?’ (ab + ac + ae + be + bd + cd + ce + de)?’

e(ab + ac + be + bd)?
(ab+ ac + ae + bec + bd + cd + ce + de)? )

0= e (€%+€§—I—ei) (e%—l—e%—l—e%—l—ei—ke%)

4 2,2 2,2 2,2 1,22 4 2.2 2.2 2.2 22
—(2e] + 2e5e] + 3eze] + 2eje] + eze] + e5 + ezes + ese; + ese; + eses)va

+e1 (e% + e% + e%) a
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Smith diagram of a planar network

(with a harmonic function)

10 &

v 12.
Vo

[
D

10.
11.

voltage = y-coordinate
edge = rectangle
current = width

conductance = aspect ratio
energy — area
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This graph has 12 acyclic orientations with source at 1 and sink at O.
(1¥] = 12.)

4 4
0y s—
5.
9 8 7 5 |
6.
8.
10
10.
9.
12 11
\/ 12.
Vo

width(1) is the root of a polynomial:

231525000022 — 1074386250002 +223092469250021° —273612732417502° +
22035069500482528 —12253945934097002 +48171138760886402° —134683004997072002° +
265540023013847042* —359852198771312642°+31817913970765824 2% —16489700865736704 2+
3791571715620864 = 0

6

1.
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1. 3.
5. 9. 2
4. 6.
2. 2. 7 8.
4, 6.
10. 10.
10. 10.
11 12. 6. 11. 12.
8. 7.
8. 7. 9.
12. 11. 12. 11.
1- 3- 1- 3-
2.
2 2 4, 6.
5. 9.
5. 9.
6. 7. 8.
8. 7.
10. 10.
10. 10. 9.
11 12. 11. 12.
12. 11. 12. 11.
2. 2.
6. 4, 1. 3.
1. 3. 4. 6.
6. 7
7. 8. 8. 7.
5. 9.
9. 10 10
10. 10. : :
1. 12. 11. 12.
12. 1. 12. 11.




What is [X]|7

Bernardi:] If B = {vg,v1} connected by an edge,

then |Y| is the chromatic invariant.
X = |x»(1)|, where x is the chromatic polynomial.

Equivalently, [X| = T,.(0,0).

This is NP-hard to compute
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Proot of Theorem 1:

0= Ah(x) = Z ce(N(z) — h(y))

y~x
Ee .
— Z h 7 the enharmonic equation
() = h(y) ceneran
Y~ T energy — harmonic

solutions of the enharmonic equation are critical points of the functional

Ee

M(h) = ]| In(z) = h(y)

Note log M (h) is strictly concave on each polytope P, = {h : sign(dh) = o}
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Proof of Theorem 2:

We just need to show that all solutions to enharmonic equation are real.

Gauss-Lucas Theorem:

Roots of p’(z) are contained in the convex hull of roots of p(z).

h(z) is a root of p'(z), where p(z) =[](z — h(y))*

This implies h(x) is in the convex hull of the neighboring values.

Since boundary values are real, all values are real.
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Example. Complete graph K, o -
with energy 2 on each edge.

Maximize H(:Lz,, —x;)°
1<J

with x; € [0,1], and =1 =0, z,, = 1.

— roots of Jacobi polynomial P, (x).
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one of the gazillion area-1 rectangulations based on the 40X40 grid

0.8}
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0
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The scaling limit of these mappings satisty
the “fixed-energy” Cauchy-Riemann equations

UzpUy = 1

vax — _1.

Thursday, June 11, 15




Cauchy Riemann eqs

constant conductance: constant energy:

Associated laplacian:

_ hxm | hyy
hoe + hyy =0 W % _
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What does a uniform random orientation look like”
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Can we count bipolar orientations of Z2?

[/ 7
]
0 (4, ])
N W W
\\ \\ \\ \\ 4
A recurrence:

Xi;—Xijr1 0 Xij—Xij-1 | Xii—Xio1,541
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triangular dissections

given a triangular dissection of a triangle is there a

combinatorially equivalent one with prescribed areas?

no, but...
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.1112

(Monsky)

No dissection of a square into an odd number of equal-area triangles.
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we can write an explicit rational map from “conductances” to areas

Two combinatorially equivalent solutions
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triangulation and planar Markov chain

(with two outgoing edges from each vertex)

A\\/¢
triangle = vertex

y-coord = harmonic function
1/slope = winding number

width /height = stationary msr on edges
area — energy
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THANK YOU



