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n  Planar graphs are present in many practical applications

q  Transportation networks (roads, subway, …)


q  Infrastructure networks (power grids, water 
distribution, …)


q  Biological networks (veination pattern, …)


n  Need for ‘global’ characterization of graphs
q  Characterize the structure
q  Compare different graphs



Note: All planar graphs are here embedded in the 2d plane
           and are maps (literally)

Importance of planar graphs
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Outline

n  Introduction

n  I. Time evolution of planar graphs

n  II. Typology of planar graphs

n  Discussion and perspectives
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I. Time evolution: 
   Characterization ?
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An old problem in quantitative geography

n  Kansky (63-69)
Evolution 
of the Sicilian 
railroad network

n  Morrill (1965)
Railway network
Growth

n  New data sources:
Digitization of 
old maps
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Road network evolution  
Groane region, Italy 1833-2007

Strano, Nicosia, Latora, Porta, MB, Nature Scientific Reports (2012) 
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Road network evolution: 
Importance of central planning

n  Evolution of the Paris street network 1789-2010
(1789, 1826, 1836, 1888, 1999, 2010-soon 1591, 1652, 1728)

 
n  Haussmann period (~1853-1870)
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Road network evolution  
Central Paris, France 1789-2010

MB, Bordin, Berestycki, Gribaudi (2013) 

1789 
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Road network evolution 
Central Paris, France 1789-2010

MB, Bordin, Berestycki, Gribaudi (2013) 

1826 
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Road network evolution 
Central Paris, France 1789-2010

MB, Bordin, Berestycki, Gribaudi (2013) 

1836 
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Road network evolution 
Central Paris, France 1789-2010

MB, Bordin, Berestycki, Gribaudi (2013) 

1888 
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Road network evolution 
Central Paris, France 1789-2010

MB, Bordin, Berestycki, Gribaudi (2013) 

1999 
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Road network 
China 
1600(BC)- 1900 (AC)

Wang, Ducruet, 
Wang (2015) 
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1. Simple measures
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Road network evolution (Groane region, Italy)
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Road network evolution

n  Total length of the network of size N

n  Density

n  Assumption: weakly perturbed lattice
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Time evolution (Paris 1789-2010)

n  Standard indicators versus time or N
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Faces (blocks): shape and area

P (A) ⇠?
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Road network evolution
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Haussmann effect: shape factor



20th Itzykson conference 2015

More interesting: Betweenness Centrality 
(Freeman ‘77)

σst = # of shortest paths from s to t
σst(ij)= # of shortest paths from s to t via (ij)

i 
j 

k 
ij: large centrality 

jk: small centrality 

Measures the importance of a segment in the shortest 
paths flow



Betweenness centrality and space

Large BC: distance 
to barycenter

Large BC: large degree



20th Itzykson conference 2015

Betweenness centrality and space

Lammer et al, 2006
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Haussmann effect

n  Spatial distribution of centrality (most central nodes)
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Betweenness centrality

n  Backbone of stable central roads
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Characterization of new links: BC impact

n  Average BC of the graph at time t:

n  BC impact of new edge e*:



20th Itzykson conference 2015

Evolution: two processes

n  Two different categories of new links: ‘densification’ and 
‘exploration’ clearly identified by the BC impact
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!

Statistical comparison of the length of shortest and 
simplest paths (with the minimal number of turns)

Another measure: Simplicity of planar networks
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Simplicity of paths

Viana, Strano, Bordin, MB Scientific reports (2013) 

S(d) =
1

N(d)

X

i,j/d(i,j)=d

`⇤(i, j)

`(i, j)

`(i, j)

`⇤(i, j)

Length of shortest path

Length of simplest path

For small d:                      and increases 
For large d: 

⇒ There is a (at least one) maximum at d=d*
Meaning of d*: typical size of ‘domains’ not 
crossed by long straight lines


S(d ! 0) ⇡ 1

S(d ! d
max

) ⇡ 1
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Simplicity 
Spectrum

Viana, Strano,  
Bordin, MB  
Scientific reports 
(2013) 

Length of simplest path 
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2. Template:  
    the subway case



20th Itzykson conference 2015

The subway evolution: not a new problem 

n  Cope (1967): Stages of the London underground rail
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World subway networks

We focus on large networks (N>100 stations)

Time evolving spatial networks: too many things to measure !

Most large cities have a subway network (50% for P>106)
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“Universal” template

Algorithm to
identify the 
core and 
the branches
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Measures on this universal structure

n  Characterizing the core



NC: number of nodes in the core
EC: number of links in the core
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Measures on this universal structure

n  Characterizing the branches

NB: number of stations in branches
NC: number of stations in the core






DB: average distance from barycenter to branches stations
DC: average distance from barycenter to core stations
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“Universal” template

n  Quantitative convergence!

q  Fraction of branches !
"stations of order 50%!

q  Extension of branches/core !
"extension of order 2!

q  Average degree !
"of core of order 2.5 !
"and f2>60%!

!
q  Number of branches!

"!
!
!
=> Existence of a minimal model (?)!
!
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Number of branches

n  If the spacing   between two branches is constant:

n  For a lattice of size N
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Number of branches



20th Itzykson conference 2015

II. Typology: 
“classification” of  
planar graphs
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Typology of planar graphs

Many applications:
n  Botanics (classification of leaves)
n  Urban morphology: street network (“Space syntax”)
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Typology of  
street networks

S. Marshall (2005) 
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Typology of  
street networks

Classification 
Attempt

S. Marshall (2005) 
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Typology of planar graphs

From the graph to the statistics of blocks
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Shape of blocks

Lammer et al, Physica A (2006) 
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- Lammer et al, Physica A (2006) 
- MB, Physics Reports (2011)  

Area of blocks

Simple argument: 
 
 
 
 
Density distributed  


⌧ ' 2.0
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Shape and area distributions
Wide distribution of shapes and areas

Tokyo NYCA

�
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Combining shape and area of blocks: a 
“fingerprint” of planar graphs:

Louf & MB, RS Interface (2014) 

P (�|A)



20th Itzykson conference 2015

Typology of street patterns

Louf & MB, RS Interface (2014) 

n  Distance constructed on 
n  Clustering -> classes of planar graphs (131 cities)

P (�|A)
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Discussion

n  New results on new datasets usually imply to have new 
tools !

n  Evolution of planar graphs
q  Simple measures usually not very helpful
q  Important structural changes: betweenness centraliy distribution
q  Use of templates
q  Better characterization ?
q  Models ? 

n  Typology
q  Attempt to classify planar maps
q  Taking into account both topological and geometrical features
q  Correlations ?
 

n  … we could use some help !
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Additional slides
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Importance of central planning
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Haussmann effect: angle distribution
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Importance of central planning

n  N follows the population evolution

n  Most indicators follow a smooth evolution…
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All large cities have a subway system
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Evolution  
fraction of  
branches  
stations
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Average degree 
Percentage f2
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Spatial extension of branches
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Spatial organization of the core and branches

n  Old result for Paris (Benguigui, Daoud 1991)




N(r): number of stations at distance less than r from 
barycenter

First regime: homogeneous distribution with df=2
Second regime ?
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Spatial organization of the core and branches

n  Natural explanation with the universal template






      : core density
Nb  : number of branches
      : Interstation spacing at distance r
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Spatial organization of the core and branches

n  Interstation spacing at distance r

n  Natural explanation of the Benguigui-Daoud 
result
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An old problem in quantitative geography

n  Kansky  
(1963-69) 
 
Evolution  
of the Sicilian  
Road network 
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A “fingerprint” of planar graphs

Tokyo

NYC
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Evolution of road networks: Summary

n  ‘Natural’ case: 
q  Two elementary processes (densification and exploration)
q  Long time scale, short spatial scale
q  Perspective: modeling (fragmentation models ?)

n  Central planning: 
q  Does not respect the previous geometry
q  Acts on the spatial structure of flows
q  Short time scale and large spatial scale.
q  Possibility of modeling ?
 


