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The Voronoi construction
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The Voronoi construction
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The sidedness probability pn
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Question:

What is the probability pn that an arbitrarily

picked cell have exactly n sides?
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The sidedness probability pn
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Drouffe and Itzykson (1984):
Asymptotic guess: pn ∼ n−αn (n→∞)

Analytically: 1 ≤ α ≤ 2
Fit to the data: α ≈ 2 (n . 50)
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An exact asymptotic result for pn

pn =

∫
dR1 . . . dRn χn(R1, . . . ,Rn)︸ ︷︷ ︸ e−ρAn(R1,...,Rn)︸ ︷︷ ︸

= . . .

= . . . (HJH, 2005)

= . . .

=
(8π2)n

(2n)!
C2 (n→∞)
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The quantity C2

Expansion in powers of 1/n :

C2 =
1

4π2

∞∏
q=1

(
1− 1

q2 +
4
q4

)−1
+ O

(
1
n

)

Byproduct: cell becomes circular

R '
( n

4π

)1/2

 q = 2 q = 1
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The 2n angles
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A very-many-sided cell

Another byproduct:
an algorithm without attrition

n = 96
pn ≈ 10−177
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A very-many-sided cell

Another byproduct:
an algorithm without attrition

n = 96
pn ≈ 10−177
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An entropy argument

seedsn

w

2R

Heuristically

w ∼ R−3/2

Maximize entropy
under constraints:

R∗ '
( n

4π

)1/2
,

the exact result.
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3D cell, n faces
pn = ?

2009 Entropy argument
Spherical excluded volume equal to n

=⇒ R ' 1
2

(3n
4π

)1/3

2013-2014: Monte Carlo data by E. Lazar

– statistics of n-faced cells, very good agreement for R

But also:
– statistics of n-edged faces
–. . .
–. . .
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A face shared by two 3D cells
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Two 3D cells sharing an n-edged face, n→∞

(1) The n-edged face becomes circular
(2) Probability of an n-edged face

pn =
(12π2)n

(2n)!
C3

(3) The excluded volume becomes a torus of equal radii

R ' ρ '
( n

2π2

)1/3

(4) Average of L given n

〈L〉 =
√

3
π

( 2
πn

)1/6
entropic attraction between seeds!

(5) Conditional distribution of L

Qn(n1/6L) ' Q∞(n1/6L), Q∞(y) = c 0y2e−c1y2
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Distribution of L (E. Lazar and HJH, 2014)
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