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Local renormalization group

The main idea dates back to Osborn NPB 363 (1991)
See also my recent review 1302.0884

Some results | discuss today are trivial but have not appeared in literature


http://arxiv.org/abs/arXiv:1302.0884

Local renormalization group

* Put a QFT on curved space-time with space-time
dependent coupling constant

/d4$ (Lo[¢(z)] 4 gO(x)) — /d4$\/§(Lo[¢($)]+9($)0($)+'")

* Natural to make (Wilsonian) cut-off space-time
dependent (e.g. space-time dependent PV mass)

p— p(z)
* Study the evolution under the change du(x)
* Vast generalization of renormalization group

e Within power-counting RG scheme as a formal power
series, conventionally renormalizable theories are
locally renormalizable



Schwinger functional

* Consider the renormalized Schwinger functional for
O(z), Ju(x), Ju(x), O (z) = —O, ()

o Wlg(x).Au(2), Au(@). B (), (2)]

/ DX o= 50X+ [ d*e/G(g(2)O(@)+ A (@) I () + A, (2) T ()4 By (2)0" ()4 )

* Assume the operator identities .
D,J* =0(z), D,O" =J", D,J'=0.
. jﬂ is a so-called topological current
» Schwinger functional has the “gauge symmetries”
0g = w 0A, = d,w
0B, = 0ub, — b, , JA,=b,

e Also it is diff invariant



Local RG invariance
* Local RG operator

%) ) ) ~ ) )
A= [d'ays !2”(:’3)9””@ + B0(2) o + B0 @) - + o @) 5 + B e 3

* Local renormalizability
AcWlguw,9, ... = Aslguv 9, ...

e Asl9uv,9,...] :alocal functional
(trace anomaly or local renormalization of cc)

* From Schwinger action principle
TH = BO + B, J" + B, J" + B, O" + anomaly
* Anomaly part (many terms in principle)
A, = / d*z./go (aEuler — ¢Weyl® + bR? 4+ bR+
+x*D*9D?g + x9D,gD, gG* + - --

—~

+ KEW P+ #(Fly — B )(F™ — B + - )




Local RG consistency condition

* Local RG operator

J

) ) ) ~ 0
A, = fd4$\/§ [20(33)9,”? + Ba(w)m + Buo(@) 7= + Buo(@) = + Buo(z) 55
[5%

» oA, oA,
» Suppose beta functions take the form (in power-counting RG
scheme) i
b= ﬁ(g) ) ﬁmx — ’Y(Bm/ - F;u/) =+ ;?F}uy
ﬁu — IOD;LQ — p(@ug + Au) ) ﬁu — ﬁDug
e Local RG transformation is abelian [As, As] =0

=0

) ) J
4 / . ! 7 ~ Y ~ . ~
]d /g [(O‘@MO' a'0,0) (6,95 ; + 6;)6 ~H + (3p fyp)DVgéBW)

* Requiring  Sp=p05p=79p—7p=0
» Related to consistency of
TH = BO + B, J" + B, J" + B, O" + anomaly
under local renormalization




On anomaly terms

* Local RG group is abelian [As,A;] =0

* Wess-Zumino consistency condition Aj,4, =As A,
Ay = / dia\/go (aEuler — ¢Weyl? + bR? + bR+

+x*D*9D?g + xIDpgDygG* + - -

—~

+ KEW " 4 i(F — Bu)(E"™ — B™) .. )
* Many constraints on anomalies such as

da 9
— 9 — @
ﬁ—xag b= x"p

* In relation to (perturbative) “a-theorem”

P

* No constrainton ¢, K, K (asexpected)



Relation to anomalous dimensions

* Acting local RG operators on correlation functions
5 5 5 - 5 5

Ag = /d4$\/§ [20(37)9/_&1/? + 50(33)@ + /Bpg(gj)ﬁ + ﬁpﬁ(m)g + Buvo () 5B,

pv p I

we have Callan-Symanzik equations
(55 + 855 ) (0@ -+ Tu) -+ Ju(2) -+ Opuw)
= 70(0(x) -+ Ju(y) -+~ Ju(2) - - O (w)) + -+

* One can read anomalous dimensions (in flat space limit)

d d
Ly SN Sy Ly S
dlogu”’_p’u Pop = 0 dlogu’u’_f}/”

* Recalling Bp=p8p=7p—~vp =0 ,wemainly work on
3 =0 case (Stuckerberg mechanism in holography)
e 3#0,p=p=0 givesscale but not conformal...



Quantum renormalization group

Developed by Sung-Sik Lee. (See e.g. arXiv:1305.3908 for gravity part)

Operator identities and Higgs/Stuckerberg mechanism have not been
discussed in the literature (but are not so non-trivial).


http://arxiv.org/abs/arXiv:1305.3908

Local RG is not Holographic RG (yet)

e Both discuss the evolution of Schwinger functional
(= GKP-W partition functional)

* Local RG knows something about d+1 dim gauge
invariance and diff invariance (as a scheme
(in)dependence of RG)

e But, Local RG equations are classical deterministic
equations for any QFT (quantum gravity?)

* Related point: (even classically) bulk EOM is not first
order... (boundary condition?)



Large N and “second quantization”

* We focus on matrix QFT in large N limit
Single trace coupling: g1(z)TrO
Multi trace coupling: an (g;)(TrO)”

* Idea: (TrO)" is multi-particle states of (TrO) in holography

* Represent multiple-particle states out of single particle
states = naturally leads to “second quantization”

* For each single trace operator TrO(x) , we introduce
one bulk quantum field ®(z,z") that represents the local

RG flow of single trace coupling (as well as higher trace
coupling) as path integral



Quantum RG formula in Hamiltonian form

* The path integral expression of the Schwinger
functional in large N matrix theory becomes (c.f. Sung-
Sik’s talk)
oW /D(I)(:z:, 2)DP(x, z)ef dzd*z P93, ®+n(z,z)(A[®]+ 81 [B]|P+B2 [P P?)
n(z,z) = logu(z,z)

A[q): :Local Renormalization of cc (c.f. trace anomaly A, [g(z)] )

51 [(I)_ :Beta function for single trace operator

(2 [(13' :Beta function for double trace operator

* Working in local Wilsonian renormalzation = beta
functions contain derivatives:

Alg1] = Ao(g1) + (Dug1)? + (Dugi)* + - -



Quantum RG formula in Lagrangian form

oW /D(I)(z, 2)DP(x, Z)ef dzd*xzP3, ®+n(z,z)(A[®]+ 81 [®]|P+F2 [P P?)

One may integrate momentum P to get Lagrangian form

To get rid of first order derivative in z direction, we need the gradient
condition for single trace beta function 5
f1|®] = P2 555( 2]

Then f dzB2(D) " 51 (P)0. P

_ fdz%sm)]azq) - /dz828[<1>] — 5[®]].—0

oW /D(I)(a:, Z)ef dzd*x Lyunc[®]

Louk[®] = n 1 (0,®)? + nA[®] + npy t51[P]* + - - -
S[®] is a boundary counter-term
First order derivative may be OK in some cases (c.f. CS action)



Our toy model again

* For now, we neglect energy-momentum tensor (gravity)
* We had single trace operators
O, TvJ,, TrJ,, TrO,,
* Lowest derivative (power-counting) single trace beta functions
B=0(9), Buw=7Bu —Fu)+iFu
B = pDug = p(Oug+ Ay) . Bu = pDyg
* With local RG constraint gp=p8p=39p—v5=0,take =0
* Quantum RG prescription gives
S = / d*zdz (PO, ® + nfBs P?
+ P*(d, A, +npD,®) +npy" PP,
+ P*(0,A* +npD,®) +nps" P, P,
+ P (0, By + ny(Buy — Fu) + n3Fu) + 18577 Py Py
+1A[®, F, Fiuy, By] + more derivatives )

* We need more date (e.g. double trace beta functions) to fix the
complete action



Gauge invariance in 1+4 dimension

* By local RG construction, the action is 4d gauge invariant

* We may do the gauge transformation along with the local RG
(scheme choice)

* This 1+4d gauge parameter is arbitrary = extra fields
w(z,z") b, (2, 2") = A, , B,

 Superficially, the single trace beta function depends on the
scheme (1+4 d gauge) choice, but physics should not change
9.4, — 0. A, -0,A.=F,,, 0.2 —-0,2+A,=D,P
e Everything is d + 1 dim gauge covairantized!
S = / d'zdz (PD,® + nB; P
+ P*(F,, +npD,®) +nps" P, P,
+ p”(ﬁzu +npD,®) + nﬁg”ﬁ#ﬁy

+ P (H 0 +ny(Buy — Fuw) + n3Fu) + 18577 Py Pos
+nA[®, Fl., F,uw B,.,| + more derivatives) :

* We still need more date (e.g. double trace beta functions)



CC terms and Lagrangian form

* Certain terms in local renormalization of cc A[®, F,,,---] is fixed
by trace anomaly
A[(I),F}w’...] — "'+XQD2(I)D2(I)+XQDH(I)DU(I)G‘MV o

+ kF2, 4 R&(Fyy — Bu)(F"™ — BM™) + ...

* While power-counting RG doesn’t say anything, it is reasonable
to assume double trace beta functions have derivative
eXPansions g, =y lq... | FIeT = K-lghvgeo 4.

g :ﬁalgﬂv+... ’ ~£W :galgMV_F...
* Integrating out P, we get Lagrangian form (with gradientness)
S = /d4:1:dzn (ko(D>®)? + (D, ®)*

+ ko FZ, + p*(Du®)? + KF7,
4 gopju + 5*(D,®)* + ;’%Ffw
+ K H?

ZpV

- wap + (v(Buw — ﬁw) + 4F,,)* + more derivatives) :

* Higher derivative terms are not suppressed



“Strongly coupled assumption”

* From quantum RG viewpoint alone, there is no reason why higher
derivative terms are suppressed

* Gradient condition e.g. must give 3, = 8(g) + X*D?g + - --

* But we do expect that higher derivative terms are gone in “strongly
coupled CFTs”

* Some terms are further constraint from 1+4 d diffeormorphism, but
we need more non-trivial cancellation mechanism (discuss later)

A[®] = -+ x*D?*®D?*® + x9D, @D, PG"" + x°(D,®)* + - -
must cancel against other terms (quite non-trivial)
* Assuming they all contrive to happen, we should get

S = / d*zdz\/g (><(DM<I>)2 + K Fiy + RFiyy

+H3nr 4+ (v(Bun — Fun) + ‘?FMN)Q)

 Stuckerberg action with massive vector/two-forms Dy ® = 9y ® + Ay,

. Agomalgus dimension and current central charges are naturally
obtaine



Holographic renormalization group
Mainly from my paper arXiv:1401.5257



http://arxiv.org/abs/arXiv:1401.5257

CFT with only EM tensor

Apply the recipe to CFT with only single trace
Energy-momentum tensor (and its multi- trace)

e Schwinger functional is 4 dim diff invariant
ol — [ pxe-sishr

591/1/ — D,ufy + Dyg,u

* The local renormalization group functions such as
double trace beta function are model dependent, but
the form is more or less fixed:

58:A+BMVTMI/ +6Hy;pngvaJ + -

BMV — cg’””y + .. B,uv;pcr = agh’ g*? + bgMPg”’ + - --



CFT with only EM tensor 2

* One thing to note is that we can simultaneously change the
coordinate along the local RG

Juv — Guv T dZ(D‘uNV + DMN‘M)
* The effectisadd P..(D,N,)
 We will regard N* as shift vector

* Afreedom in local renormalization factor n.(x, ) is regarded
as Lapse function

ds® = n*dz* + g (dz" + N*dz)(dz” + NV dz)

* The resulting theory is nothing but Hamiltonian form of 1+4
dimensional (Einstein) gravity (if everything works fine...)

S = /dzd4:11 (P“*‘-’azg,,w — N’”’D’"PW — nH)

H = \/§(A0+R+"') _ Buva _Buu;papwppg



* Some claims are based on “optimism” (e.g.
gradientness, consistency of constraint,
cancellations of higher derivatives).

* Better to check if possible.

* Does it reproduce what we know in AdS/CFT?



a = C test of quantum local RG = AdS/CFT

e Considerd=4CFTwith a=r—c

* Dimensionless local renormalization functions are universally

determined by trace anomaly
Algw] = Ao+ R + aEuler — cWey12 + bR?

=Ao+ R+ (g — a—l—b) R* + (—QC—l—a)wa—l— (c— a)RiypU :
6;,01/ — 29';,51/ + Rg,uz/ + BQR,LLV
3 — Puvipo

Buvipe = Gup9ve — AJuvYpo 1

* Consistency of Hamiltonian requires v =0 A=g

* Suppose we’d like to construct the gravity dual with Einstein-
Hilbert actio? (with no higher derivative). Then, we need to
cancel r?, - SR’ termsin  Afg,,] with 8.,,G""" 8,5 .

grvire — g—1

— R This appearance of Schouten tensor was computed
Buv = 200 + Va Ry, — Egﬁw by Verlinde et al, Kiritsis-Li-Nitti in AdS/CFT
* On the other hand, the metric beta function must be gradient
_ _ OSEH S = /dzddsc (P“I"azgﬂy — N“D”P#V — NH)
Buv = Buvipe =

5ng' H = \/E(AO —|— R —|— " ) - BHI}PHV - BI.LV;,OO'PHJVP’OO_



a - ¢ test of quantum local RG = AdS/CFT

* Consider d = 4 CFT with a # ¢

* Dimensionless local renormalization functions are universally
determined by trace anomaly

Alguv] = Ao+ R + aEuler — cWeyl? + bR?

c
= A+ R+ (g—a—l—b) R? 4+ (—2c+ a)RiV—I—(c—a)Riypg :

Buv = 290 + BiRguy + B2 Ry S = / dzd’z (P*,g,, — N*D"P,, — NH)
)Bpw;pcr — Gup9ve — Aguugpcr H=\gAo+R+--)=3"P,, — " PP,
. . 2 2 2 V;p0 23
e Within O(R*) , E..,c cannot be cancelled from Buw9"""° Bpo

This is the only origin of [ dwd-v@t:  termin d=1+4 from
guantum local RG construction

* On the other hand, holographic Weyl anomaly computation
says that the source of a-c only comes from [ ¢42d-y55r2,,, term

* “Derivation” is consistent at O(R?)

* If we wish to retain bR* anomaly at the lowest derivative, we
may change ), but we had work harder to get consistency



.. and Holographic SFT?

| wish the content would be published somewhere soon...



* Going back to local RG consistency condition
we discussed, Gp =0

allows the other possibility
p=0,8+#0 TrD*J, = TrO
*lt means T%, =30 = pD"J,

* When trace of EM tensor is a divergence of
virial current, it is scale invariant but not
conformal

6S = / d*z\/go(x)TH, = / d*z\/go(z)3D"J,



Quantum RG construction

* We focus on TrO and TrJ, sector (and multi-trace)
 Single trace beta function

0Ssingle = /d4$ﬁn($)((1 —5)TrO + sTrD*J,)

* This is ambiguous because of the operator identity
TrD"J, = TrO
(with original 4 dimensional gauge invariance of the Schwinger

functional) 3:/d%\/g(l,o+g(a:)TrO($)+A”($)TI'Ju)

g(z) — g(z) + w(z)
Au(z) = Ay + Opw(z)

* This gives 1+4 dimensional gauge symmetry of the bulk action



Bulk effective action
0 Ssingle = /d4$6n($)((1 —5)TrO + sTrD"J,)
* Following the recipe, we get the following bulk matter action
fOns — A,
S = /d4$dz (P(Gz'i) +08n—A.)+ n By P?

+ PH(0,A,, — 0,A;) +np5" P, P,
+n(Ao+ (0, + Ay + Fi, + )

* We have introduced the RG scale dependent gauge
transformation = (1+4) dim Stuckelberg symmetry

* Freedom of beta function is given by gauge symmetryon A,



Various gauge fixing
S = / d*rdz (P(0.® + Bn — A,) + nBeP?

+ PH(0, A, — 0,A) + npy" P, P,
+n(Ao+ (8, D+ AL+ F., + )

d
* |n unitary gauge @ = 0, a configuration A.dz = fndz ~ ,G—Z
would be a natural solution (AdS breaking vector VEV but scale iznv)

* In axial gauge A, =0, weinstead obtain ® ~ (Flogz
( “cyclic RG” that cannot be cancelled)
cf. TH = B0 =pD"J,

e In “aether gauge” A, = On we get “healthy extension of Horava
gravity” (Foliation preserving diff gravity with (n~'9,n)* terms)

* We did not ask for unitarity. Consistency of Hamiltonian constraint,
energy-condition etc. To be checked.



Conclusion

* Local RG = Quantum RG - Holographic RG seem consistent
and constraints are beautifully realized

* Need better to understand “strongly coupled assumption” in
CFT that assures the bulk locality

* Need better to understand “Wilsonian” local RG constraint
beyond power-counting

* Need better understand the bulk role of “unitarity” and
“causality” of the boundary QFT (e.g. energy condition)

* Local/Qunatum/Holographic renormalization of non-local
operators (Wilson loop, defects) and entanglement entropy



Derivation of guantum RG



“Derivation” of AdS/CFT 1

15t step: Remove multi trace operator

 Start with multi-trace Schwinger functional
e~ Wlin(@)9-(@)] / DX exp (—so T / go(z) YO + / gn(xxTrO)”)
* Introduce two fields Py ®¢ to get rid of multi-trace terms

W _ /DXD@ODPUef Po(go—®0)+ gn Py ,—So+ ®TrO

* Single trace action. The price to pay is that coupling
constant is dynamical and quantum mechanical.



“Derivation” of AdS/CFT 2

2nd step: Local renormalization

 Change (local) renormalization scale with dzn(z, z)

e Action is renormalized. Generation of double (or
higher) trace operators.

0Sy) = dz / dd:rn(x, z) (A[go] + Bo|go] TrO + 3o [90](T1“O)2 + - )

* Local renormalization means beta functions can
contain derivative terms:

Algo] = Ao(go) + (Dugo)” + - --



“Derivation” of AdS/CFT 3

3rd step: Get rid of RG generated double trace term

* With the same trick, we get rid of RG generated double trace
term with two new fields & P,

6Sy = dz / d*zn(z, z) (Algo] + Bolgo] TrO + B2[go](TrO)* + - -+ )

e Werr _

/D(I)lpPlef Py (®o—®1)+dz [ n(z,2)A[Po]+Fo[Po] P +52(Po] Pf' ,—So+ [ @1 TrO

* At each step in RG, we can get rid of the generated multi-trace
operator with two new dynamical fields

* This is what is called quantum RG (Sung-Sik Lee).



“Derivation” of AdS/CFT 4

‘4th step: Repeat RG and removal of double trace ops

* Now, along the finite local RG transformation, coupling
constant becomes d+1 dimensional dynamical field

oW _ Db (x, 2)DP(x, Z)ef dzd®xz P8, ®+n(x,2)(A[®]+80 [®P]P+52[P]P?)

* This is “Hamiltonian form” of path integral. One may integrate
out P to get “Lagrangian” form

W _ /D¢($’z)6f dzd® x Ly, u1x [P]

Liuk[®] = n71(0.®)? + nA[®] + nb; ' Go[®)* + - - -

* When single trace beta function is a gradient flow, it looks like
d+1 dimensional 2nd order action for field ®(z, )

Recall Algo] = Ao(go) + (Dpug)® + -



