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• Models

• Lattice Studies

‣ SU(2)f model

‣ SU(3)s model

‣ SU(2)a model

‣ (Partially gauged models…)

• Conclusions
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Models of Composite Higgs
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• Gauge Group: SU, SO, SP, Exceptional

• Matter Representation

• # of Flavors  per Representation

Parameters
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SU(N) phase diagram
SU(N)
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• Use the Lattice to investigate quantitatively models which can 
feature the right dynamics:

• SU(2) + 2 Dirac Adjoint                               SU(2)a - MWT

• SU(3) + 2 Dirac Symmetric                          SU(3)s - MWT

• SO(4) + 2 Dirac Vector                                SO(4)v - MWT

• SU(3) + 2 Dirac Fund. + Ungauged               SU(3)f - pMWT

• SU(2) +2 Dirac Fund. + … (U - MWT)         SU(2)f - MWT

Minimal Walking Models

Only one doublet gauged ➙ small S parameter
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MWT @ LHC
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MWT @ LHC
May 2014, arXiv:1405.4123
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Lattice results
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SU(2)f

Ref:
R. Lewis, C. Pica, F. Sannino, Phys.Rev. D85 (2012) 014504 [arXiv:1109.3513]
A. Hietanen, R. Lewis, C. Pica, F. Sannino, [arXiv:1308.4130 [hep-ph]]
A. Hietanen, R. Lewis, C. Pica, F. Sannino, JHEP 1407 (2014) 116 [arXiv:1404.2794 [hep-lat]]
A. Hietanen, R. Lewis, C.P., F. Sannino, in preparation
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Lattice conformal window

SU(N)
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• Fundamental 4d underlying dynamics

• 5 Goldstone bosons

• 3 eaten by W±,Z

SO(6)~SU(4) ➙ Sp(4)~SO(5)
Appelquist, Sannino, 98, 99

Ryttov, Sannino, 2008

Katz, Nelson Walker, 2005

Gripaios, Pomarol, Riva, Serra, 2009 

Galloway, Evans, Luty, Tacchi, 2010 

TC

CH

✓

θ~0
• 1 GB is Higgs-like
• other GB is SM neutral

θ~π/2
• GB complex doublet
• SM neutral
• Natural DM candidate
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•  TC-Higgs and PGB Higgs mix

• Top reduces TC-Higgs mass

• Top contributes to PGB Higgs mass

Generic properties

TC

CH

✓

For θ near zero:
gW W h1

g SM
W W h

= 1+Cµ+O (µ2)

gt th1

g SM
t th

= 1+Dµ+O (µ2)

• Modified Higgs phenomenology
• a new TeV scalar lighter than  

vectors?
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• Simply rescale TC limit 

• Small coupling to SM fermions via GB mixing

Spin one resonances

mΩ =
mTC

Ω

sinµ
mA =

mTC
A

sinµ
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• Wilson fermions
• 3 volumes: 16, 24, 32 (➙ infinite volume extrapolation)
• 6 different quark masses (➙ chiral extrapolation)
• 2 lattice spacings  (➙ continuum extrapolation)

Simulation details

Ø Volume m
0

Therm. Conf.

2.0 16

3 £32 -0.85, -0.9, -0.94, -0.945, -0.947, -0.949 320 680

2.0 32

4

-0.947 500 680

2.2 16

3 £32 -0.60, -0.65, -0.68, -0.70, -0.72, -0.75 320 680

2.2 24

3 £32 -0.75 500 ª2000

2.2 32

4

-0.72,-0.735, -0.75 500 ª2000
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Finite size effects
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From NLO !PT we expect:

where: 

In the continuum: 

on the lattice from Wilson !PT, C and C’ are not determined  

Chiral extrapolation

m
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m

q

= 2B
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Chiral extrapolation
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Chiral extrapolation

Ø B F Za ZaF

2.0 2.52(12) 0.052(3) 0.85 0.0439(18)
2.2 1.26(03) 0.033(1) 0.86 0.0285(08)
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Vector Mesons

0 0.05 0.1 0.15 0.2 0.25
mq

6

7

8

9

10

11

12

13

14

15
m
/f Π

m , β = 2.2

mA

V

, β = 2.2



Claudio Pica

Chiral extrapolation 2
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Vector Mesons 2
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Continuum limit
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• mV = 2520(100)(240)(310) GeV / sin "
• mA = 3300(400)(510)(340) GeV / sin "

• Scale fixed by requiring fπ sin " = 246 GeV

Physical Results: spin-1
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Scalar # meson

Preliminary
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• 3 GB are eaten by the W : Scattering properties of the longitudinal component 
of the W are related to the scattering of the underlying GB. (Equivalence 
Theorem) [Quigg & Thacker PRD 1978 ] 

• the process is

• In our case GB belong to “5” irrep of SP(4):  
There are 3 channels (like in QCD)

• For the scattering length the !PT LO prediction reads:  

• General analysis in [Bijnens & Lu : 1102.0172] results up to NNLO

WW scattering

⇡a⇡b �! ⇡c⇡d

5⇥ 5 = 1 + 10 + 14

m⇡a
MS
0,LO = � m2

⇡

32⇡f2
⇡
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• Scattering phase extracted from energy shift of the two-particle state 
(Finite size method) 

• on the lattice we compute 
(stocastically)

• and form the ratio:  

WW scattering - lattice

�E⇡⇡ = E⇡⇡ � 2m⇡ = �4⇡a⇡⇡
m⇡L3


1 + c1

a⇡⇡
L

+ c2
⇣a⇡⇡

L

⌘2
�

C⇡(t) = h(⇡+)†(t+ ts)⇡
+(ts)i

C⇡⇡(t) = h(⇡+⇡+)†(t+ ts)(⇡
+⇡+)(ts)i

⇡

+(t) ⌘
X

~x

d̄�5u(~x, t)

(⇡+
⇡

+)(t) ⌘ ⇡

+(t+ a)⇡+(t)

R(t) ⌘ C⇡⇡(t)� C⇡⇡(t+ a)

C2
⇡(t)� C2

⇡(t+ a)
�! AR


cosh(�E⇡⇡(t�

T

2

)) + sinh(�E⇡⇡t) coth(2m⇡(t�
T

2

))

�
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WW scattering
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163 x64 β = −2.2 m=−0.70
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WW scattering
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⇡
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SU(2)a MWT

S. Catterall, F. Sannino, Phys.Rev. D76 (2007) 034504 
A. J. Hietanen, J. Rantaharju, K. Rummukainen, K. Tuominen, JHEP 0905 (2009) 025 

A. J. Hietanen, K. Rummukainen, K. Tuominen, Phys.Rev. D80 (2009) 094504 
L. Del Debbio, B. Lucini, A. Patella, CP, A.Rago, Phys. Rev. D82, 014509 (2010)
 L. Del Debbio, B. Lucini, A. Patella, CP, A.Rago, Phys. Rev. D82, 014510 (2010) 
F. Bursa, L. Del Debbio, L. Keegan, CP, T. Pickup, Phys. Rev. D81 (2010) 014505

 J. Rantaharju, K. Rummukainen, K. Tuominen, [arXiv:1301.2373]
L. Del Debbio, B. Lucini, A. Patella, CP, A. Rago, S. Roman PoS LATTICE2013 (2013)

J. Rantaharju, PoS LATTICE2013 (2013) 
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• expected SB pattern 3+6 GBs: 

• glue-fermion composite states

• small value of the naïve S-parameter:  

SU(2) + 2 Dirac Adjoint fermions

SU(N)
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S =
NDdR

6�

SU(4) � SO(4)
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QCD-like spectrum
What we know or should expect... Some cartoons

Some cartoons
Confinement and �SB

large fermion mass
(pure YM + NR fermions)

MPS ⇥ MV ⇥ 2mq

MV/MPS ⇥ 1

MG ⇥ M(YM)
G

chiral limit (�PT)

M2
PS ⇥ �

⇤⇥̄⇥⌅
F2

PS
mq

MV ⇥ M(0)
V

MG ⇥ M(0)
G

Agostino Patella (Swansea) SU(2) with adjoint fermions Edinburgh, 28/09/09 16 / 44
MG ' M (0)

G

MV ' M (0)
V

M 2
PS '°h™̄™i

F 2
PS

mq

æ'æ(Y M)

MG ' M (Y M)
G

MV /MPS ' 1

MPS ' MV ' 2mq



Claudio Pica

IR conformal spectrum
What we know or should expect... Some cartoons

Some cartoons
IR conformality

large fermion mass
(pure YM + NR fermions)

MPS � MV � 2mq

MV/MPS � 1

MG � M(YM)
G

� � �(YM)

chiral limit (scaling region)

MX � aXµ1��m�
q

�1/2 � a⇥µ1��m�
q

MX/MY � aX/aY

MX/�1/2 � aX/a⇥

Agostino Patella (Swansea) SU(2) with adjoint fermions Edinburgh, 28/09/09 17 / 44

æ'æ(Y M)

MG ' M (Y M)
G

MV /MPS ' 1

MPS ' MV ' 2mq

æ1/2 ' aæµ
1°ÆmÆ

q

MX ' aXµ
1°ÆmÆ

q

MX /MY ' aX /aY

MX /æ1/2 ' aX /aæ
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Lattice phase structure
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SU(2)a MWT Spectrum
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String Tension vs mPS
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Vector vs Pseudoscalar
Vector over Pseudoscalar

0.5 1.0 1.5 2.0 2.5
a mPS
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m
V 

/m
PS

C. Pica (CP3-Origins, SDU) Lattice Tools II StrongBSM, 19 Aug 2010 16 / 37
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Scaling of the string tension

a
p
æ= Aæ(amPC AC )1/(1+∞§)
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Scaling of the eigenvalue density: [DeGrand 09, LDD & Zwicky 10, Patella 12]

Measure the mode number of  

Anomalous dimension

0.01 0.1 1

[ (aΩ)
2
 - (am)

2
 ]

1/2

1e-06

1e-05

1e-04
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1e-02

1e-01

a
-4

 [
ν
(Ω

) 
- 

ν
0
]

64x24
3
 am

0
=-1.15

Figure 3. Mode number per unit volume for the set S1 (am0 = �1.15 on a 64 ⇥ 243 lattice): lattice

data and fit result in log-log scale. The reference fit is S1:F4 in table 6. The parameters in the axis labels

have been chosen to be a�4⌫̄0 = 1.31 ⇥ 10�5 and am = 0.0826 (best-fit results). The black points are the

data computed by numerical simulations. The red line is the best fit to eq. (3.8), while the orange band

corresponds to the 1� region. The blue dashed lines delimit the data used for the fit.

4.3 Set S2: finite-volume e↵ects

As analyzed in [23], meson masses computed on the set S1 (am0 = �1.15 on 64⇥ 243) are identical

to the ones computed on the set S2 (am0 = �1.15 on 64 ⇥ 323), within the statistical errors that

are of the order of 0.5%. It is reasonable to expect that finite-volume e↵ects are under control

also for the mode number. However this is explicitly checked by computing the mode number per

unit volume using the projector method for few values of a⌦. The agreement is always within

1� as shown in table 4. Since larger finite-volume e↵ects are expected for lower eigenvalues, we

can conclude that the finite-volume e↵ects for the set S1 are always negligible with respect to the

statistical errors for a⌦ � 0.086.

4.4 Set S3: lighter mass

The set S3 (am0 = �1.18 on 64⇥243) is used to check the stability of the  ̄ anomalous dimension

while going closer to the chiral limit. For this set no detailed investigation of finite-volume e↵ects

is available. However the isotriplet pseudoscalar meson is expected to be about 10% lighter than

in infinite volume (see analysis in [23]). Similarly one has to expect sizable finite-volume e↵ects

also for the spectral density at low eigenvalues, while for larger eigenvalues the finite-volume e↵ects

become smaller. I will work under the assumption that the finite-volume e↵ects are comparable in

the two sets S1 and S3 at fixed eigenvalue. Therefore the analysis is restricted to the safe range

a⌦ � 0.086.

– 8 –

can be isolated via a twice-subtracted spectral representation:

⟨q̄q⟩ = −2m

∫ µ

0

dλ
ρ(λ)

m2 + λ2
− 2m5

∫ ∞

µ

dλ

λ4

ρ(λ)

m2 + λ2
+ γ1m+ γ2m

3 . (25)

The subtraction constants γ1 and γ2 contain the UV-divergences. Their respective be-

haviours are γ1 ∼ Λ2
UV, and γ2 ∼ log [Λ2

UV], and their actual values depend on two physical
renormalization conditions used to define the finite condensate on the LHS of Eq. (24).
We shall investigate the limiting behaviour when m → 0. The second integral and the

subtraction terms in Eq. (25) vanish in the chiral limit (m → 0). Therefore only the
first integral, sensitive to the IR region, can result in a non-analytic term and has to be

investigated further. A simple change of variable yields:

⟨q̄q⟩ = −2

∫ µ/m

0

dx
ρ(mx)

1 + x2
+A(m) , (26)

where A(m) stands for an analytic function of m. From Eq. (26), following the same
arguments used in QCD, one can readily obtain:

⟨q̄q⟩ m→0∼ mηq̄q ⇔ ρ(λ)
λ→0∼ ληq̄q . (27)

This in turn implies:

ηq̄q|QCD−like = 0 , ηq̄q|mCGT > 0 , (28)

since in QCD the condensate remains finite in the chiral limit, while it vanishes in mCGT.

Let us derive the same scaling coefficient ηq̄q (4) from a RG analysis. The starting point
is the two-point function Cq̄q(t; m̂, µ), as in Eq. (8), where the hadronic field H = q̄q, and
the explicit dependence on the coupling g is suppressed. The solution of the RG equations

for this specific case is:

Cq̄q(t; m̂, µ) = b−2∆q̄qCq̄q(tb
−1; bymm̂, µ) . (29)

Imposing again bymm̂ = 1, finally leads to:

Cq̄q(t; m̂, µ) = m̂
2∆q̄q
ym Cq̄q(tm̂

1/ym ; 1, µ) . (30)

Inserting a complete set of states the exponential decrease of any state other than the

vacuum for large t results in:

Cq̄q(t; m̂, µ)
t→∞∼ m2ηq̄q , (31)

whence the scaling exponent (27) follows:

ηq̄q =
∆q̄q

ym
=

3− γ∗
1 + γ∗

. (32)
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�⇤ = 0.37(2)

D†D +m2 ⌫(M,m) = C +
�
M2 �m2

�2/(1+�⇤)

[Patella ’12]
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Finite Size Scaling
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Non-perturbative β-function
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SU(3)S MWT “Sextet”

T. DeGrand, Y. Shamir, B. Svetitsky, ’08 - ‘13 
Lattice Higgs Collaboration ’09 - ’13
J. B. Kogut, D. K. Sinclair, ’84, ’09 - ’13
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• expected SB pattern with exactly 3 GBs:

• only 1 doublet ➙ naïvely small S parameter

• very close to the CW ➙ Walking, light Higgs ?

SU(3) + 2 sextet fermions 
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Chiral Symmetry Breaking
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Staggered Fermions
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Chiral Symmetry Breaking

LHC collaboration: Z. Fodor, K. Holland, J. Kuti, D. Nógrádi, C. Schroeder, C. H. Wong, 
Phys.Lett. B718 (2012) 657-666  

Staggered Fermions
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Vector Mesons

LHC collaboration: Z. Fodor, K. Holland, J. Kuti, D. Nógrádi, C. Schroeder, C. H. Wong, 
Phys.Lett. B718 (2012) 657-666  
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TC Higgs

LHC collaboration: Z. Fodor, K. Holland, J. Kuti, D. Nógrádi, C. Schroeder, C. H. Wong, 
Phys.Lett. B718 (2012) 657-666  
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• Lattice simulations yield first principle results on the NP 
dynamics of strongly interacting theories

• Now trustable quantitative results on the spectrum are 
possible and available

• Prediction: Next states in multi-TeV region

• Lattice input to BSM phenomenology: required to make 
predictions for strongly coupled models

• Many more models have been already investigated

Conclusions

Thank you!


