
Dark	
  ma'er	
  dynamics:	
  a	
  numerical	
  perspec3ve	
  
	
  
Stéphane	
  Colombi	
  
IAP	
  
	
  
	
  



Vlasov-­‐Poisson	
  equa3ons	
  
	
  
	
  
Self-­‐gravita8ng	
  collisionless	
  fluid	
  
f:	
  phase-­‐space	
  density	
  
	
  
	
  
In	
  the	
  expanding	
  Universe:	
  
Superconformal	
  8me	
  
	
  

Comoving	
  coordinates	
  x	
  
	
  

Peculiar	
  velocity	
  v	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  

Lagrangian	
  equa8on	
  of	
  mo8on:	
  
	
  
	
  



The	
  N-­‐body	
  approach	
  
	
  
	
  
f(x,p,t)	
  sampled	
  with	
  N	
  par8cles	
  of	
  mass	
  	
  m	
  in	
  a	
  volume	
  of	
  size	
  L	
  
Mass	
  resolu3on	
  of	
  the	
  simula8on	
  fixed	
  by	
  N	
  
	
  
Each	
  par8cle	
  is	
  a	
  small	
  smooth	
  profile	
  of	
  size	
  ε	
  to	
  soJen	
  small	
  
scale	
  interac8ons	
  :	
  ε	
  defines	
  the	
  spa3al	
  resolu3on	
  of	
  the	
  
simula8on	
  
	
  
The	
  main	
  difference	
  between	
  various	
  N-­‐body	
  techniques	
  is	
  the	
  
way	
  Poisson	
  equa8on	
  is	
  resolved.	
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The famous NFW profile 



A	
  recent	
  improvement:	
  Einasto	
  profile	
  which	
  works	
  for	
  sub-­‐structures	
  
(Springel	
  et	
  al.	
  2008,	
  MNRAS	
  391,	
  1685)	
  and	
  the	
  main	
  halo	
  (Navarro	
  et	
  al.	
  2010,	
  MNRAS	
  
402,	
  21) 
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NFW	
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  warm	
  dark	
  ma'er	
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The first structures in the Universe 9

Figure 1. A zoom into one of the first objects to form in the universe. The colours show

the density of dark matter at redshift 26. Brighter colours correspond to regions of higher

concentrations of matter. The blue background image shows the small scale structure in the

top cube (cube size = [3 comoving kpc]3) which has a similar filamentary topology as the large

scale structure in the CDM universe. The first red image zooms by a factor of one hundred into

the average density high resolution region. This region was initially a cube of [60 comoving pc]3

resolved with 64 million particles with a gravitational softening of 10−2 comoving parsecs and

masses 1.2 × 10−10M" ≡ Mmoon/300. The final image shows a close up of one of the individual

dark matter halos in this region, again zooming in by a factor of one hundred so that the box

has a physical length of 0.024 parsecs. This tiny triaxial Earth mass halo has a cuspy density

profile and is smooth, devoid of the substructure that is found within galactic and cluster mass

dark matter halos. Even though the index of the power spectrum is very steep on these scales,

n ≈ −3, we find that halos can collapse before merging into a larger system, rather than the

niave expectation that all scales are collapsing simultaneously thus erasing such structures.
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FIGURES

FIG. 1. Phase space distribution of the halo dark matter particles at a fixed moment of time.
The solid lines represent occupied phase-space cells. The dotted line corresponds to the observer
position. Each intersection of the solid and dotted lines produces a velocity peak.

FIG. 2. Positions in physical space at successive moments in time t1 < t2 < . . . < t6 of the
particles on a turnaround sphere that is intially rotating rigidly about the vertical axis. The *
indicates the appearance of an inner caustic ring.
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  Caus3cs:	
  spherical	
  collapse	
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Effect	
  of	
  velocity	
  dispersion	
  on	
  a	
  density	
  
caus8c	
  
Mohayaee	
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  Shandarin	
  (2006,	
  MNRAS	
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  the	
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  in	
  WDM	
  Colín	
  et	
  al.,	
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The	
  complexity	
  of	
  Phase-­‐space	
  

Phase-space structures I:A comparison of 6D density estimators 19

Figure 17. Appearance of the CDM N-body haloes in radius/radial velocity space (left panels) and in radial/tangential velocity space
(right panels), using the same colour coding rules as in Figure 16, namely using ρ, Q and f for the first, second and third rows, respectively.Phase-­‐space	
  density	
  of	
  a	
  dark	
  mader	
  halo	
  

Maciejewski	
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As	
  a	
  results	
  caus8cs	
  are	
  expected	
  to	
  be	
  much	
  diluted	
  



The	
  need	
  for	
  an	
  accurate	
  modeling	
  of	
  the	
  
local	
  Universe	
  for	
  a	
  proper	
  descrip8on	
  of	
  
the	
  dark	
  mader	
  dynamics	
  in	
  the	
  Local	
  
Group	
  of	
  galaxies	
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  G.	
  Lavaux	
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108 CHAPITRE 5. LES ÉQUATIONS DE VLASOV-POISSON : APPROCHE NUMÉRIQUE

Figure 5.10, suite, à t = 100. On note dans le panneau en bas à droite la présence d’une zone chaotique due au
bruit blanc des particules. Augmenter le nombre de particules retarde l’apparition de cette instabilité numérique,
qui ne devrait se manifester que sur le plan microscopique et après de nombreux temps dynamiques.
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108 CHAPITRE 5. LES ÉQUATIONS DE VLASOV-POISSON : APPROCHE NUMÉRIQUE
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Waterbag N-corps

NOTE	
  :	
  N-­‐body	
  simula3ons	
  are	
  noisy	
  
	
  

Example:	
  phase-­‐space	
  of	
  a	
  1D	
  simula8on	
  with	
  Gaussian	
  ini8al	
  condi8ons	
  

“Exact”	
  solu8on	
  with	
  the	
  Waterbag	
  method	
  
Colombi	
  &	
  Touma	
  (2008,	
  2014)	
  

N-­‐body	
  

holes	
  

Suspect	
  resonance	
  

Nice	
  «	
  Landau	
  damping	
  »	
  



The	
  direct	
  approach	
  
	
  

o 	
  Aim:	
  to	
  solve	
  directly	
  Vlasov-­‐Poisson	
  equa8ons	
  in	
  phase-­‐space,	
  
without	
  N-­‐body	
  relaxa8on	
  and	
  ar8ficial	
  instabili8es	
  due	
  to	
  noise	
  
	
  

o 	
  Possible	
  now	
  with	
  Petaflopic	
  supercomputers	
  
	
  

o 	
  Methods:	
  
• The	
  waterbag	
  method:	
  	
  Robert	
  &	
  Berk	
  (1967),	
  Jain	
  (1971),	
  Cuperman	
  et	
  al.	
  

	
  (1971),	
  Colombi	
  &	
  Touma	
  (2008;	
  2014)	
  
• 	
  The	
  semi-­‐Lagrangian	
  spli8ng	
  scheme	
  of	
  Cheng	
  &	
  Knorr	
  (1976)	
  and	
  

	
  its	
  numerous	
  extensions	
  
• 	
  Hydrodynamics	
  in	
  phase-­‐space:	
  for	
  instance,	
  standard	
  upwind	
  

	
  schemes,	
  e.g.	
   	
  PPM,	
  but	
  in	
  phase-­‐space	
  (Arber	
  &	
  Vann	
  2002)	
  
• 	
  Finite	
  element	
  method:	
  Zaki	
  et	
  al.	
  (1988)	
  
• 	
  La8ce	
  dynamics:	
  fully	
  symplec8c	
  discrete	
  algorithm	
  of	
  Syer	
  &	
  

	
  Tremaine	
  (1995)	
  
• 	
  Hybrid:	
  the	
  spherical	
  solver	
  of	
  Rasio	
  et	
  al.	
  (1989)	
  
• 	
  Metric	
  transport	
  :	
  the	
  “cloudy”	
  method	
  of	
  Alard	
  &	
  Colombi	
  (2005)	
  
	
  



Direct	
  phase-­‐space	
  solvers:	
  example:	
  the	
  cold	
  case	
  	
  
The	
  goal	
  in	
  the	
  cold	
  case:	
  to	
  	
  follow	
  directly	
  the	
  evolu8on	
  of	
  a	
  3D	
  phase-­‐space	
  
sheet	
  in	
  6D	
  phase-­‐space	
  
	
  
E.g.	
  the	
  preliminary	
  inves8ga8ons	
  of	
  Hahn,	
  Abel	
  &	
  Kaehler,	
  2013,	
  MNRAS	
  434,	
  1171	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
Illustra8on	
  :	
  ongoing	
  project	
  at	
  IAP	
  with	
  T.	
  Sousbie:	
  2D+2D	
  with	
  2	
  sine	
  as	
  ini8al	
  
condi8ons	
  
	
  
	
  



The	
  real	
  life	
  :	
  the	
  very	
  complex	
  physics	
  of	
  baryons	
  

The	
  Mare	
  Nostrum	
  simula8on	
  (2007)	
  :	
  a	
  product	
  of	
  the	
  HORIZON	
  project	
  	
  

Movie	
  :	
  the	
  HORIZON-­‐AGN	
  project	
  :	
  Dubois,	
  Pichon,	
  Peirani	
  et	
  al.	
  	
  

Image	
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  C.	
  Pichon	
  



Transforma3on	
  of	
  cusps	
  in	
  cores	
  by	
  feedback	
  processes	
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