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Origin of Structure
Big Bang: homogeneous distribution
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Big Bang: homogeneous distribution

but structures exist: LSS, Clusters, Galaxies,

stars...

Structure formation & Clusters for Cosmology – Sep. 2014 – p.2/21



Origin of Structure
Big Bang: homogeneous distribution

but structures exist: LSS, Clusters, Galaxies,

stars...

Basic scheme:

Primordial Universe:δρρ ≪ 1
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Origin of Structure
Big Bang: homogeneous distribution

but structures exist: LSS, Clusters, Galaxies,

stars...

Basic scheme:

Primordial Universe:δρρ ≪ 1

Present universe:δρρ ≫ 1, ξg(r), φ(L)
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Origin of Structure
Big Bang: homogeneous distribution

but structures exist: LSS, Clusters, Galaxies,

stars...

Basic scheme:

Primordial Universe:δρρ ≪ 1

Present universe:δρρ ≫ 1, ξg(r), φ(L)
maisδh ≪ 1 so Newton dynamics is enough.
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Fluctuations of the metric
galaxies :Vrot ∼ 50− 300km/s
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Fluctuations of the metric
galaxies :Vrot ∼ 50− 300km/s et donc :

δh ∼ GδM

rc2
∼ V 2

c2
∼ 10−6
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Fluctuations of the metric
galaxies :Vrot ∼ 50− 300km/s et donc :

δh ∼ GδM

rc2
∼ V 2

c2
∼ 10−6

for a cluster:σ ∼ 500− 2000km/s

δh ∼ σ2

c2
∼ 10−5
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Fluctuations of the metric
galaxies :Vrot ∼ 50− 300km/s et donc :

δh ∼ GδM

rc2
∼ V 2

c2
∼ 10−6

for a cluster:σ ∼ 500− 2000km/s

δh ∼ σ2

c2
∼ 10−5

CMB:

δT

T
∼ δh ∼ σ2

c2
∼ 10−5
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...and RW metric
For large scale strutures:
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...and RW metric
For large scale strutures:

δh ∼ GδM

rc2
∼ Gδρr2

c2

Structure formation & Clusters for Cosmology – Sep. 2014 – p.4/21



...and RW metric
For large scale strutures:

δh ∼ GδM

rc2
∼ Gδρr2

c2
???

validity of RW cannot be tested by LSS...
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...and RW metric
For large scale strutures:

δh ∼ GδM

rc2
∼ Gδρr2

c2
???

validity of RW cannot be tested by LSS...
but by CMB!
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Gravitational instability
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Gravitational instability
1900 Jeans : static medium, exponential growth:

τ ∼ 1√
Gρ
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Gravitational instability
1900 Jeans : static medium, exponential growth:

τ ∼ 1√
Gρ

Lemaître 1933, exact spherical solution with R.G.
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Gravitational instability
1900 Jeans : static medium, exponential growth:

τ ∼ 1√
Gρ

Lemaître 1933, exact spherical solution with R.G.
Lipshitz 1946, linear theory, growth∝ tn
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Gravitational instability
1900 Jeans : static medium, exponential growth:

τ ∼ 1√
Gρ

Lemaître 1933, exact spherical solution with R.G.
Lipshitz 1946, linear theory, growth∝ tn

Minimal asumption: gravity should be active.
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Perturbations I
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Perturbations I
Comoving coordinates:r = a(t)x with a(t) = R/R0
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Perturbations I
Comoving coordinates:r = a(t)x with a(t) = R/R0

Velocity:

u =
dr

dt
= ȧx︸︷︷︸

Hubble flow

+

v
︷ ︸︸ ︷

aẋ︸︷︷︸
peculiar velocity
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Perturbations I
Comoving coordinates:r = a(t)x with a(t) = R/R0

Velocity:

u =
dr

dt
= ȧx︸︷︷︸

Hubble flow

+

v
︷ ︸︸ ︷

aẋ︸︷︷︸
peculiar velocity

Fluid equations:

dρ

dt
+∇(ρu) = 0

ρ
du

dt
+ ρ(u.∇)u = −∇p− ρ∇Φ

∇2Φ = 4πGρ
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Perturbations II
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Perturbations II
New coordinates:x, v, ρ = (1 + δ)ρ,
φ = Φ+ 1/2aäx2

Structure formation & Clusters for Cosmology – Sep. 2014 – p.7/21



Perturbations II
New coordinates:x, v, ρ = (1 + δ)ρ,
φ = Φ+ 1/2aäx2

The equations become:

∂δ

∂t
+

1

a
∇((1 + δ)v) = 0

∂v

∂t
+

1

a
(v.∇)v = − 1

ρa
∇p−∇φ

∇2φ = 4πGρa2δ
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Perturbations II
New coordinates:x, v, ρ = (1 + δ)ρ,
φ = Φ+ 1/2aäx2

The equations become:

∂δ

∂t
+

1

a
∇((1 + δ)v) = 0

∂v

∂t
+

1

a
(v.∇)v = − 1

ρa
∇p−∇φ

∇2φ = 4πGρa2δ

No term coming directly from uniform background

(but througha(t)).
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Linearization
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Linearization

∂δ

∂t
+

1

a
∇.v = 0

∂2δ

∂t2
+ 2

ȧ

a

∂δ

∂t
=

∇2p

ρa2
+ 4πGρδ
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Linearization

∂δ

∂t
+

1

a
∇.v = 0

∂2δ

∂t2
+ 2

ȧ

a

∂δ

∂t
=

∇2p

ρa2
+ 4πGρδ

Neglecting pressure term:

δ̈ + 2
ȧ

a
δ̇ − 4πGρδ = 0
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Linearization

∂δ

∂t
+

1

a
∇.v = 0

∂2δ

∂t2
+ 2

ȧ

a

∂δ

∂t
=

∇2p

ρa2
+ 4πGρδ

Neglecting pressure term:

δ̈ + 2
ȧ

a
δ̇ − 4πGρδ = 0

No spatial derivates anymore.
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Modes
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Modes
The solution can be written:

δ(x, t) = D(t)f (x) with:

D̈ + 2
ȧ

a
Ḋ − 3

2
Ωm(t)H

2D = 0
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Modes
The solution can be written:

δ(x, t) = D(t)f (x) with:

D̈ + 2
ȧ

a
Ḋ − 3

2
Ωm(t)H

2D = 0

The general solution can be written:

δ(x, t) = D(t)δ0(x)

with D(t0) = 1.
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Einstein de Sitter case
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Einstein de Sitter case

a(t) ∝ t2/3 and
ȧ

a
=

2

3

1

t
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Einstein de Sitter case

a(t) ∝ t2/3 and
ȧ

a
=

2

3

1

t

D̈ +
4

3

Ḋ

t
− 2

3

D

t2
= 0
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Einstein de Sitter case

a(t) ∝ t2/3 and
ȧ

a
=

2

3

1

t

D̈ +
4

3

Ḋ

t
− 2

3

D

t2
= 0

Looking forD ∝ tα:
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Einstein de Sitter case

a(t) ∝ t2/3 and
ȧ

a
=

2

3

1

t

D̈ +
4

3

Ḋ

t
− 2

3

D

t2
= 0

Looking forD ∝ tα:

α(α− 1) +
4

3
α− 2

3
= α2 +

1

3
α− 2

3
= 0
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Einstein de Sitter case

a(t) ∝ t2/3 and
ȧ

a
=

2

3

1

t

D̈ +
4

3

Ḋ

t
− 2

3

D

t2
= 0

Looking forD ∝ tα:

α(α− 1) +
4

3
α− 2

3
= α2 +

1

3
α− 2

3
= 0

Two modes:
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Einstein de Sitter case

a(t) ∝ t2/3 and
ȧ

a
=

2

3

1

t

D̈ +
4

3

Ḋ

t
− 2

3

D

t2
= 0

Looking forD ∝ tα:

α(α− 1) +
4

3
α− 2

3
= α2 +

1

3
α− 2

3
= 0

Two modes:

• α = −1 decaying mode:D(t) = D
−
∝ t−1
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Einstein de Sitter case

a(t) ∝ t2/3 and
ȧ

a
=

2

3

1

t

D̈ +
4

3

Ḋ

t
− 2

3

D

t2
= 0

Looking forD ∝ tα:

α(α− 1) +
4

3
α− 2

3
= α2 +

1

3
α− 2

3
= 0

Two modes:

• α = −1 decaying mode:D(t) = D
−
∝ t−1

• α = 2/3 growing mode:D(t) = D+ ∝ t2/3 = 1

1+z
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Ωm = 0 Λ = 0 case
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Ωm = 0 Λ = 0 case

a(t) ∝ t and
ȧ

a
=

1

t
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Ωm = 0 Λ = 0 case

a(t) ∝ t and
ȧ

a
=

1

t

D̈ + 2
Ḋ

t
= 0 i.e. α2 + α = 0
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Ωm = 0 Λ = 0 case

a(t) ∝ t and
ȧ

a
=

1

t

D̈ + 2
Ḋ

t
= 0 i.e. α2 + α = 0

Two modes:
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Ωm = 0 Λ = 0 case

a(t) ∝ t and
ȧ

a
=

1

t

D̈ + 2
Ḋ

t
= 0 i.e. α2 + α = 0

Two modes:

• α = −1 decaying mode:D(t) = D−(t)
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Ωm = 0 Λ = 0 case

a(t) ∝ t and
ȧ

a
=

1

t

D̈ + 2
Ḋ

t
= 0 i.e. α2 + α = 0

Two modes:

• α = −1 decaying mode:D(t) = D−(t)

• α = 0 growing mode:
D(t) = D+ ∝ t0 = cste → frozen.
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Ωm = 0 Λ = 0 case

a(t) ∝ t and
ȧ

a
=

1

t

D̈ + 2
Ḋ

t
= 0 i.e. α2 + α = 0

Two modes:

• α = −1 decaying mode:D(t) = D−(t)

• α = 0 growing mode:
D(t) = D+ ∝ t0 = cste → frozen.

General case (arbitraryΩm butΛ = 0) has analytical
solution: one growing mode and one decaying mode.
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Radiation dominated
Pressure not coupled to matter.
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Radiation dominated
Pressure not coupled to matter.

a(t) ∝ t1/2 and
ȧ

a
=

1

2

1

t
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Radiation dominated
Pressure not coupled to matter.

a(t) ∝ t1/2 and
ȧ

a
=

1

2

1

t

D̈ +
1

t
Ḋ = Ωm

3

2
H2D = Ωr

3

2
H2ρm

ρr
D
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Radiation dominated
Pressure not coupled to matter.

a(t) ∝ t1/2 and
ȧ

a
=

1

2

1

t

D̈ +
1

t
Ḋ = Ωm

3

2
H2D = Ωr

3

2
H2ρm

ρr
D

that is :

D̈ +
1

t
Ḋ = 0

Growing mode is frozen.
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Radiation dominated I
Pressure and matter coupled.
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Radiation dominated I
Pressure and matter coupled.

Need relativistic treatment...
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Radiation dominated I
Pressure and matter coupled.

Need relativistic treatment...

But let’s us use the newtonion regime approximation :
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Radiation dominated I
Pressure and matter coupled.

Need relativistic treatment...

But let’s us use the newtonion regime approximation :

• ρ+ 3p/c2 is the source of gravity.
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Radiation dominated I
Pressure and matter coupled.

Need relativistic treatment...

But let’s us use the newtonion regime approximation :

• ρ+ 3p/c2 is the source of gravity.

• Pressure comes in the relativistic equations of

motion.
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Radiation dominated II
Equation for perturbations becomes:

δ̈ + 2
ȧ

a
δ̇ − 32π

3
Gρδ = 0
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Radiation dominated II
Equation for perturbations becomes:

δ̈ + 2
ȧ

a
δ̇ − 32π

3
Gρδ = 0

with :
32π

3
Gρ = 4

(
ȧ

a

)2
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Radiation dominated II
Equation for perturbations becomes:

δ̈ + 2
ȧ

a
δ̇ − 32π

3
Gρδ = 0

with :
32π

3
Gρ = 4

(
ȧ

a

)2

two modes:
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Radiation dominated II
Equation for perturbations becomes:

δ̈ + 2
ȧ

a
δ̇ − 32π

3
Gρδ = 0

with :
32π

3
Gρ = 4

(
ȧ

a

)2

two modes:
• α = −1 decaying mode:D(t) = D−(t)
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Radiation dominated II
Equation for perturbations becomes:

δ̈ + 2
ȧ

a
δ̇ − 32π

3
Gρδ = 0

with :
32π

3
Gρ = 4

(
ȧ

a

)2

two modes:
• α = −1 decaying mode:D(t) = D−(t)

• α = 1 growing mode:D(t) = D+ ∝ t

Structure formation & Clusters for Cosmology – Sep. 2014 – p.14/21



Case Λ 6= 0 Ωm ≃ 0

Structure formation & Clusters for Cosmology – Sep. 2014 – p.15/21



Case Λ 6= 0 Ωm ≃ 0

a(t) ∝ exp(Ht)
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Case Λ 6= 0 Ωm ≃ 0

a(t) ∝ exp(Ht)

D̈ + 2HḊ = 0
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Case Λ 6= 0 Ωm ≃ 0

a(t) ∝ exp(Ht)

D̈ + 2HḊ = 0

so
Ḋ ∝ exp(−2Ht)

and
D ∝ exp(−2Ht)
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Case Λ 6= 0 Ωm ≃ 0

a(t) ∝ exp(Ht)

D̈ + 2HḊ = 0

so
Ḋ ∝ exp(−2Ht)

and
D ∝ exp(−2Ht)

⇒linear fluctuations are damped.
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Jeans length
Let’s take a fluid with a state equation:p = F (ρ)
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Jeans length
Let’s take a fluid with a state equation:p = F (ρ)
Sound’s velocity:

c2S =
∂p

∂ρ
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Jeans length
Let’s take a fluid with a state equation:p = F (ρ)
Sound’s velocity:

c2S =
∂p

∂ρ

so

∂2δ

∂t2
+ 2

ȧ

a

∂δ

∂t
=

∇2p

ρa2
+ 4πGρδ
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Jeans length
Let’s take a fluid with a state equation:p = F (ρ)
Sound’s velocity:

c2S =
∂p

∂ρ

so

∂2δ

∂t2
+ 2

ȧ

a

∂δ

∂t
=

∇2p

ρa2
+ 4πGρδ

becomes (δp = c2Sδρ):

∂2δ

∂t2
+ 2

ȧ

a

∂δ

∂t
=
(cS
a

)2

∇2δ + 4πGρδ
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Jeans length II
Fourier transform:
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Jeans length II
Fourier transform:

∂2δk
∂t2

+ 2
ȧ

a

∂δk
∂t

= [4πGρ−
(

k
cS
a

)2

]δk
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Jeans length II
Fourier transform:

∂2δk
∂t2

+ 2
ȧ

a

∂δk
∂t

= [4πGρ−
(

k
cS
a

)2

]δk

Jeans’ length:

λJ =
2π

kJ
a(t) = cS

√
π

Gρ
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Jeans length II
Fourier transform:

∂2δk
∂t2

+ 2
ȧ

a

∂δk
∂t

= [4πGρ−
(

k
cS
a

)2

]δk

Jeans’ length:

λJ =
2π

kJ
a(t) = cS

√
π

Gρ

so:
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Jeans length II
Fourier transform:

∂2δk
∂t2

+ 2
ȧ

a

∂δk
∂t

= [4πGρ−
(

k
cS
a

)2

]δk

Jeans’ length:

λJ =
2π

kJ
a(t) = cS

√
π

Gρ

so:
• λ ≫ λJ growing mode, nop effect.
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Jeans length II
Fourier transform:

∂2δk
∂t2

+ 2
ȧ

a

∂δk
∂t

= [4πGρ−
(

k
cS
a

)2

]δk

Jeans’ length:

λJ =
2π

kJ
a(t) = cS

√
π

Gρ

so:
• λ ≫ λJ growing mode, nop effect.
• λ ≪ λJ damped oscillations.
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Jeans Mass evolution I
ρm = ρ0(1 + z)3

ρr = ρr0(1 + z)4
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Jeans Mass evolution I
ρm = ρ0(1 + z)3

ρr = ρr0(1 + z)4

so :
ρm
ρr

=
1 + zeq
1 + z

with zeq ∼ 23000Ωh2 (3 light neutrinos)
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Jeans Mass evolution I
ρm = ρ0(1 + z)3

ρr = ρr0(1 + z)4

so :
ρm
ρr

=
1 + zeq
1 + z

with zeq ∼ 23000Ωh2 (3 light neutrinos)
Baryon-photon mixture:ρ = ρb + ρr and
p ≃ pr = ρrc

2/3 so:
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Jeans Mass evolution I
ρm = ρ0(1 + z)3

ρr = ρr0(1 + z)4

so :
ρm
ρr

=
1 + zeq
1 + z

with zeq ∼ 23000Ωh2 (3 light neutrinos)
Baryon-photon mixture:ρ = ρb + ρr and
p ≃ pr = ρrc

2/3 so:

cS =

(
∂p

∂ρ

)1/2

=
c√
3

(

1

1 + ∂ρb
∂ρr

)1/2
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Jeans Mass evolution II
With:
ρb = ρb0(1 + z)3

ρr = ρr0(1 + z)4
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Jeans Mass evolution II
With:
ρb = ρb0(1 + z)3

ρr = ρr0(1 + z)4

∂ρb
∂ρr

=
3

4

ρb
ρr

Three regimes:
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Jeans Mass evolution II
With:
ρb = ρb0(1 + z)3

ρr = ρr0(1 + z)4

∂ρb
∂ρr

=
3

4

ρb
ρr

Three regimes:

• z ≫ zeq and cS ∼ c√
3
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Jeans Mass evolution II
With:
ρb = ρb0(1 + z)3

ρr = ρr0(1 + z)4

∂ρb
∂ρr

=
3

4

ρb
ρr

Three regimes:

• z ≫ zeq and cS ∼ c√
3

• zrec ≤ z ≤ zeq one hascS ∼ c√
3

(
1+zeq
1+z

)1/2
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Jeans Mass evolution II
With:
ρb = ρb0(1 + z)3

ρr = ρr0(1 + z)4

∂ρb
∂ρr

=
3

4

ρb
ρr

Three regimes:

• z ≫ zeq and cS ∼ c√
3

• zrec ≤ z ≤ zeq one hascS ∼ c√
3

(
1+zeq
1+z

)1/2

• z ≤ zrec No coupling anymore:cS ∼
(
3kTm

m

)1/2 ∝ Tr
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Jeans Mass evolution III
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Jeans Mass evolution III
Numerically:

For the Jeans’ mass:MJ ≃ 4π
3
ρmλ

3
J
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Jeans Mass evolution III
Numerically:

• z ≫ zeq cS ∼ c√
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For the Jeans’ mass:MJ ≃ 4π
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• z ≫ zeq
MJ ∼ 31015(Ωh2)−2/(1 + z/1 + zeq)

3M⊙
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Jeans Mass evolution III
Numerically:

• z ≫ zeq cS ∼ c√
3

• zrec ≤ z ≤ zeq cS ≃ 2108(1 + z/1 + zeq)
1/2 m/s

For the Jeans’ mass:MJ ≃ 4π
3
ρmλ
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J

• z ≫ zeq
MJ ∼ 31015(Ωh2)−2/(1 + z/1 + zeq)

3M⊙

• zrec ≤ z ≤ zeq MJ ∼ 31015(Ωh2)−2M⊙
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Jeans Mass evolution III
Numerically:

• z ≫ zeq cS ∼ c√
3

• zrec ≤ z ≤ zeq cS ≃ 2108(1 + z/1 + zeq)
1/2 m/s

• z ≤ zrec cS ≃ 5105(1 + z/1 + zeq)
1/2 m/s

For the Jeans’ mass:MJ ≃ 4π
3
ρmλ

3
J

• z ≫ zeq
MJ ∼ 31015(Ωh2)−2/(1 + z/1 + zeq)

3M⊙

• zrec ≤ z ≤ zeq MJ ∼ 31015(Ωh2)−2M⊙

• z ≤ zrec MJ ∼ 5104(Ωh2)−1/2M⊙
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Jeans Mass evolution IV
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