Scattering is in general time process

One make use of conservation laws to simplify the problem to solve:
oA

e Hamiltonian is Hermitian =0 number of particles is conserved
« Symmetry with respect to particle permutation W(oaya;) =W ag, @) @ =T, B0 67
« Translational invariance DN T W
. . . =L =(; =1 -
e Rotational invariance at .
[l—i,j]zo; J=2h+8; T=pxF,
Approximate symmetries: i,
. . . ﬂ=0- ﬁ=0- R =il . F*,:Zp
e Galilean invariance R B $o "
e Mirror invariance .=
Y(a,a;,..) =Yg, Ia;,..); M=+

 Time reversal invariance a+bec+d
* Isospin invariance Voo (@) =V, (@) =V ()i [A,T]=0



In non-relativistic QM one has to solve stationary Schrodinger eq.
(E-H)¥(a,a),....,,) =0

2-particle case (partial wave Schrodinger eq):

—Vg(r)j'//e(f)=0; r=r-o, E=_—K
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with boundary condition

Bound states: f(k'K) =i(2€ +1)f, (k)P (k k)

{ ,(0)=0

W, (N —=z0 S, (k) -1 _ e”®sing, (k)

f (k)=
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Scattering states:
{ y,(0)=0

v, (1) s> 1, () 4 K, () 2

. ~ Analogous formulation if Coulomb is present,
——> J, (k) +kf, (K)hy" (kr)

J ' however:
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How to solve differential equation(s) with boundary condition?
2 2 2
e, 1At m e+
2udr® 2u r°

—Vf(f)j%(f) =0 r=n-n

A |

Vi (r) i
» Potential may contain several zones of different 111 § IV
behavior/importance '
 Systems wave function may be concentrated in : R
one of the regions \/ N r

Therefore it may be interesting to solve the
problem on the grid by smartly distributing the
points (i.e. putting more points in region of larger
importance/variation)

Guideline:

1) subdivide the domain into a number of subintervals (a grid)

2) expand the wave function on this grid

3) require differential eq. to be satisfied only in a set of well-chosen points
4) satisfy boundary conditions on the outside borders of the grid

5) solve resultant linear algebra problem



ht d® R (0+])
2udr® 2u o’

Numerov method (E+ —Vg(r)}//f(r)zo

(1) i %(r) (2) _l/jf(ro)_ CO
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(3) |Expand in Maclaurin series around point iz ¥, (r) =a; +b,(r—r)+c,(r—r)*+o((r -r)’)
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Numerov method

Bound _states: v (6)] |G
)| [Cyo=0 w,(t) | |G
wg(r)—";_—;oo ;

v, (r)=| v, (r,) |=| C,

{W(I’)—> L(r) + kf (k)e'(kr_%) ¥, (rN )_ _CN |

Startpoint of the grid

Endpoint of the grid
a) Remplace the last equation by the boundary condition (easy for the bound state)

b) Use the trick: C,=1 and get iteratively C,,C;....

(5) Remains to solve corresponding linear algebra problem

[A]C(i) _gic® For bound states eigenvalue-eigenvector problem of size N*N

[A]C =X For scattering states system of N linear equations



Collocation method (c. de Boor, A Practical Guide to Splines, Springer, Berlin 1978)
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local orthogonal polynomials of order 2n
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14

® o o
) ! )
d Neot (N+1)-1 d
—y,(r)= C.|—S.(r
dl’l/lf() kz_(; k(dr o ))
d 2 Neo (N+1)-1 d 2
W‘W(r): z C, (Fsk(r)]

k=0



Collocation method

We associate n_, local orthogonal polynomials of order 2n_, -1 with each

(2)

grid point:
Neot (N+1)-1

V(=% CS)

Ny (i+1)-1
= Y CS(r) if r,<r<r

!
k=ngq (i-1)

Neoy (N+1)—1 g2
W%(r) = Z C, (Fsk(r)j

Nyt (i+1)-1 q2
= > Ck[FSk(r)j if r, <r<r
r

k=ngy (i-1)

It can be demonstrated: that the solution will be the most accurate if diff.

col

equation is satisfied on the n_, Gauss-quadrature points of each grids
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Collocation method

(4) Missing n_, equations we get from boundary conditions

0 .
n2 d2 K (0+)) | 0 . (N+1)
(EJFEW_Zr—Z_V”(r)J%(r):O = {0 0 hy hy hy hy O f | Mol
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e Gridstart point condition yfgkéj__o = —(_:-:O

 Endpoint of the grid: n_,-1 conditions
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a) Addn_-
(Easy for the bound state v, (r

1 equations from the boundary condition
)=0 = C, ,=0)

max

b) For the scattering use the trick: C, =1

(5) Remains to solve corresponding linear algebra problem

_A]C(i) —EOc® For bound states eigenvalue-eigenvector problem of S|ze|\| o N
- n n

col col

:A]C =X For scattering states system of N, N linear equations



How to find eigenvalue-eigenvector (bound state) problem?

[Alc® =E,C?

» Diagonalize by the existing linear algebra packages —
getting all the eigenvalues (might be slow, not adapted
to your problem)

But you often need only few negative eigenvalues

 Power method W) =D |w®)  with H[p®)=E"|y®)

), =Hlw), =AY’ lw®) =X EO%|yp®)

Largest eigenvalue
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AR AT ) = S (E) )~ () o)

n

e |teration inverse method
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0

i C; j
W()>N(E(i _JEO)” W(J)>
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How to extract the phaseshifts? (scattering problem)

* Logarithmic derivative method X i A
- 2 A 1 1 RAANIVA
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AL [ Ji (Kt ) +190, (f)r; (krbig)} iy (kry,) — A, (kg )%
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* Integral method o~

196, (K) =~ 25k §, (kv (O, () o = =224 5 e ()7, ()
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Expressions for cubic and quintic polynomials:

col Sz

ri+1

Sgi(z) =r*[3(1 —7)(3 - 2r) + 1]
forXia<z<X, [ Sule)=ri@ -2 It SIED | Sl = G- X (o) (3
=X ) Saipilz) = — (X — .75:1,_1]r‘2|:l —r) (withr = —<="—) Sgipalr) = 5N — X rs(l —r)

I:tl'."z‘-fh-i" = m
- 2 - Sgi(z) = (1 —r¥) [143r(1 + 2r)]
forX, <z < Xy { ggf (z) =11 _’E_:II:I (1 _:L_'}" }I] . forX; <oz < Xy Saiprlr) = (X1 — X3 (1 — #)(4 — 3r)
2ep1(7) = (Xpr — XyJr(l — ) (withr = r_—jz'i ) Saiya(r) = %f\l}- — X )21 = )2



