
Scattering is in general time process

One make use of conservation laws to simplify the problem to solve:
• Hamiltonian is Hermitian
• Symmetry with respect to particle permutation
• Translational invariance
• Rotational invariance 

Approximate symmetries:
• Galilean invariance
• Mirror invariance
• Time reversal invariance
• Isospin invariance
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In non-relativistic QM one has to solve stationary Schrödinger eq.
0),....,,()( =Ψ− njiHE ααα

2-particle case (partial wave Schrödinger eq):

with boundary condition
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How to solve differential equation(s) with boundary condition?
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I II III IV• Potential may contain several zones of different 
behavior/importance

• Systems wave function may be concentrated in 
one of the regions

Therefore it may be interesting to solve the 
problem on the grid by smartly distributing the 
points (i.e. putting more points in region of larger 
importance/variation)

Guideline:
1) subdivide the domain into a number of subintervals (a grid)
2) expand the wave function on this grid
3) require differential eq. to be satisfied only in a set of well-chosen points
4) satisfy boundary conditions on the outside borders of the grid
5) solve resultant linear algebra problem



Numerov method 0)()()1(
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Expand in Maclaurin series around point i:
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Numerov method 
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Startpoint of the grid

Endpoint of the grid
a) Remplace the last equation by the boundary condition (easy for the bound state)

b) Use the trick: C1=1 and get iteratively  C2,C3,….

(5) Remains to solve corresponding linear algebra problem
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For scattering states system of N linear equations



Collocation method (C. de Boor, A Practical Guide to Splines, Springer, Berlin 1978)
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We associate ncol local orthogonal polynomials of order 2ncol -1 with each grid point:
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Collocation method 

(2) We associate ncol local orthogonal polynomials of order 2ncol -1 with each 
grid point:
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(3) It can be demonstrated: that the solution will be the most accurate if diff. 
equation is satisfied on the ncol Gauss-quadrature points of each grids 
domain (xg1,xg2, xg3,xg4,.., xgncol*N)
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Collocation method 

(4)
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Missing ncol equations we get from boundary conditions

00)0( 0 =⇒= Clψ• Gridstart point condition

• Endpoint of the grid: ncol-1 conditions

a) Add ncol-1 equations from the boundary condition
(Easy for the bound state                                       )

b) For the scattering use the trick: 
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(5) Remains to solve corresponding linear algebra problem
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How to find eigenvalue-eigenvector (bound state) problem?

• Diagonalize by the existing linear algebra packages –
getting all the eigenvalues (might be slow, not adapted 
to your problem)

But you often need only few negative eigenvalues

• Power method

• Iteration inverse method 
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How to extract the phaseshifts? (scattering problem)

• Logarithmic derivative method

• Integral method
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Expressions for cubic and quintic polynomials:


