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History

N-body dynamics — old problem
for astrophysics, nuclear physics, ...

The classic case is well-studied with a lot of many body potentials,

and the ultra-relativistic case is taken without interaction due to
the No Interaction Theorem.

(Currie, Rev. Mod. Phys. 35(1963))
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No Interaction Theorem

No Interaction Theorem : we cannot admit any interaction for a
system with a speed close to the speed of light if we want to keep
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No Interaction Theorem : we cannot admit any interaction for a
system with a speed close to the speed of light if we want to keep

o Invariant world-lines (respect of Poincaré’s algebra),

@ 8N (g*, p*) independent degrees of freedom,
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No Interaction Theorem

No Interaction Theorem : we cannot admit any interaction for a
system with a speed close to the speed of light if we want to keep

o Invariant world-lines (respect of Poincaré’s algebra),
@ 8N (g*, p*) independent degrees of freedom,

@ Space-time dissociation (clusterisation with potential).
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Dimensional reduction |

Particles are in a 8N dim. space, but
the e.o.m. are just for 6/N. So we
have to put 2/ constraints in our
hyperspace (for energy and time).

Equations of motion

oq; ogt

= {pi, ) T = (ot H)
ot . or

opi op}' “
E—{q,‘,%ﬂ} Wz{q,-,H}
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Dimensional reduction Il

If we use the standard Poisson’s Bracket for a system under
constraints, we will find wrong e.o.m. In our case, Dirac give
a tool for constrained dynamics : the Dirac’s Brackets.

Dirac’s Brackets

{A7 B}D = {A7 B} - {A7 ¢I}CU{¢J7 B}

with a matrix C; = {@;, #;} ! of constraints ¢.
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Constraints

The choice ...

Now we have to choose these 2N constraints.
But the final aim must be to find consistent e.o.m..

My choice of invariant constraints

On-shell mass constraint for energy :
2
Ki = pi*pi, —mi + V; =0

Time constraints (interaction or not (x;) in a fixed referential (xy)) :

Xi =Y} (Ripiju + (1 — Rj)Py) =0
J#i

T=0

pr 1
XN = ——=—=1 D iy —
VPEP, N
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Constraints

The choice ...

Now we have to choose these 2N constraints.
But the final aim must be to find consistent e.o.m..

My choice of invariant constraints

On-shell mass constraint for energy :
AE =0
Time constraints (interaction or not ();) in a fixed referential (xy)) :

ATcm =0 or ATlabo =0

<Ti>—-—71=0
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... which is not a choice

If you remember the Dirac’s Bracket,
you know that constraints appear in e.o.m.

For example the kind of energy constraint is easy to guess with the
similarity with a “classical” hamiltonian, but we don’t want to see
the time constraint appear in the e.o.m. !

In the end it is right that we can choose constraints,
but we have to find consistent e.o.m.
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Classical dynamics

With a standard Hamiltonian such as

%”:E:\/p2+m2—V(q)

we get standard e.o.m. :

da; _ _ o pi

e WP Ar= Ho= F

e o oV

—_— = i P — 11
ot b= —par = 9q TP
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Constrained e.o.m.

For a constrained dynamics, especially in the relativistic case, the
“hamiltonian” is not the energy. It is the world-line projection
operator over the symplectic manyfold ...

Without mathematical words

2N N
HEZ)\,d),IZ)\,K,IO

Here a consequence of the projection on a referential is

Rudy Marty Relativistic Dynamics



E.o.M. & Potentials

s ~tech

Lagrange’s Multiplier |

Global view

)\J = C2Nj Wlth CU S {()bl'? ¢j}_1

But for NV particles we just need N factors.
We can fix for example {K;, K;} = 0.

Constrained view

)\j = SNJ' with S,J = {X,’, Kj}_l
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Lagrange’s Multiplier 11

The matrix inversion is a time consumming process for computers.
But my time constraint give a matrix which is always invertible.

The other important point is that if we want consistent e.o.m., we
need to find a good K; constraint which respect {K;, K;} = 0.
This is called the Komar-Todorov condition.

This condition have consequences on the type of potential which is
allowed in Relativistic Dynamics and | will discuss it in the next
and last section.
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Equations of motion

With the previous constraints we can find the right equations of
motion for free particles, and a causal action in case of interaction.

Final e.o.m.

g

L = 2 )\pt

or AiPi

opl Noooav
YPi _ 9 e

o7 ; 04

Of course we use these e.o.m. only in 6 dim. For free particles
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Relativistic differences

Small example with constant masses (one heavy and two light)
without interactions but different time constraints
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Small example with constant masses (one heavy and two light)
without interactions but different time constraints

G (light m)

1.3
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1.1

1.0

0.9

ATy, =0
— A1y =0
— ATy =0
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Action viewpoint

maximize time correlation of the forces and collisions.

=
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Action viewpoint

maximize time correlation of the forces and collisions.
So the perfect space to do that is the center of mass.

CM t CM

7w N

i}
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Potential |

In the case with potential we have to be carefull because
if we have to respect {Kj, K;} = 0 that give :

Komar-Todorov condition

oV, Vi,
aql i 8q

p/ +{V/7 J}_O

and the potential V; which respect this equation
become difficult to find.
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Potential 11

The only potential which work with the previous equation is

Solution of potential

Vi=>_ Vildt)

JFi

So we use the simple case of 2-body potential.
It can only depend on transverse invariant distance :

Variable for potential

V..
w_ oo J5Piv . oM

2 P (0, ‘_ju)
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Conclusions & Qutlooks

We have a complete consistent method to describe a Relativistic
Dynamics,

We can find the good e.o.m. for free particle in all cases, and for
interacting particles with soft potentials and we conserve energy,

What is happen in case of very strong potential ? Violation of
Causality or of the speed of light ?

Maybe we must investigate research in new constraints ? New
potentials ? Question session is opened ...
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