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The spin-1/2 XXZ Heisenberg chain

The XXZ spin-1/2 Heisenberg chain in a magnetic field is a quantum
interacting model defined on a one-dimensional lattice with M sites, with
Hamiltonian,

M M
_ X X y -y z z z
HXXZ - E {ngm+1 + Jm0m+l + A(UmUM+1 - 1)} - h Z Om
m=1 m=1

Quantum space of states : H = @M_,H,, Hm ~ C? , dimH = 2M.

oX%¥+% : local spin operators (in the spin—% representation) at site m
They act as the corresponding Pauli matrices in the space H,, and as the
identity operator elsewhere.

@ periodic boundary conditions
o disordered regime, |A| < 1 and h < h.
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Why are we interested in correlation functions?

@ Because they define the dynamics of the models

@ Because they can be measured experimentally

Energy o (meV)

-1

S5(Q,w) is the dy

curve is computed for a chain of 500 sites (with J.- S. Caux) compared to

the experimental

=

S(Q,w) Bethe Ansatz j Spinons in KCuF3 #

05 o 05 1
Wavevector q along chain (units of 2x)

namical spin-spin structure factor. The Bethe ansatz

curve obtained by A. Tennant in Berlin by neutron

scattering. Colors indicate the value of the function S(Q,w).
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1 functions

Correlation function : general strategy

At zero temperature only the ground state |w) contributes :

w)

Two main strategies to evaluate such a function:

g2 = (w|610>

(i) compute the action of local operators on the ground state 616>|w) = |©) and
then calculate the resulting scalar product:

&)

(ii) insert a sum over a complete set of eigenstates |w;) to obtain a sum over
one-point matrix elements (form factor type expansion) :

g2 = (w|bi|ws) - (wilfa|w)

i

g = (w
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Correlation functions of Heisenberg chain

o Exact results

o Free fermion point A = 0: Lieb, Shultz, Mattis, Wu, McCoy, Sato,
Jimbo, Miwa ...

o From 1984: lzergin, Korepin ... (first attempts using Bethe
ansatz for general A)

o General A: multiple integral representations (for building blocks)
* 1992-96 Jimbo, Miwa ... — from g-vertex op. and qKZ eq.
* 1999 Kitanine, Maillet, Terras — from Algebraic Bethe Ansatz

o Several developments since 2000: Kitanine, Maillet, Slavnov, Terras;
Boos, Korepin, Smirnov; Boos, Jimbo, Miwa, Smirnov, Takeyama;
Gohmann, Kliimper, Seel; Caux, Hagemans, Maillet ...

e Asymptotic results (o{c?) ~ 7

m—oQ
o Luttinger liquid approximation / C.F.T. and finite size effects
Luther and Peschel, Haldane, Cardy, Affleck, ... Lukyanov,

— Asymptotic behavior from exact results ?
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Summary of the method
The spin-spin correlation functions

Algebraic Bethe ansatz and correlation functions

© Diagonalise the Hamiltonian using ABA
— key point : Yang-Baxter algebra A(X), B()), C(\), D()\)
— |Wg) =B(A1)...B(An)|0) with Y(X;; {\}) =0 (Bethe eq.)

© Act with local operators on eigenstates
— solve the quantum inverse problem (1999):
(7 o
o =f"(AB,C, D)-: H(A,.B, C,D)
— use Yang-Baxter commutation relations

@ Compute the resulting scalar products (determinant representation)
— determinant representation for form factors of the finite chain
— elementary building blocks of correlation functions as multiple
integrals in the thermodynamic limit (2000)

@ Two-point function: sum up elementary blocks or form factors
— Master equation representation for the finite chain (2005)

@ Asymptotic analysis of the two-point function (2008-2010):
— Series expansion of the Master equation and asymptotic analysis
— Asymptotic analysis of the form factor series
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Summary of the method
The spin-spin correlation functions

The spin-spin correlation functions

. T4k 1—k
Q1,m=H( 5 + 5 ~O'n>

n=1

Equivalently Qf,, = ¢”%'™ with Qi = 23" (1 —0%) and k = €”.

+2(c") =1  with D3 um = Unmt1 + Um—1 — 2Um

K=

(050%11) = 2D 02 (QFm)
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Summary of the method
The spin-spin correlation functions

The spin-spin correlation functions

m

- 1+ 11—k

Ql,mzll( 2 aF 2 'Un>
n=1

Equivalently Qr,, = e?<1m with Q1 = %an:l(l —of) and k = e’

+2(c") =1  with D3 um = Unmt1 + Um—1 — 2Um

K=

(050%11) = 2D 02 (QFm)

@ Inverse problem: Qrm=7:(0)"T:,=1(0)""
with 7. (v) = A(v) + kD(v) twisted transfer matrix

> Tow) [9e({n})) = me(vHu}) |9a({1}))

if {uu} is solution of the x-twisted Bethe equations Y. (uj|{u}) =0

d
— log T,.— H
R 1(1) , & Hxxz

p=
@ Act with 7,(0)" - 7,=1(0)~™ on |1g ) or sum over k-deformed
form-factors
—> Master equation
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The Master equation for the finite chain
=y >

of the Eq o
npto mmation of th

Master equation and asymptotic analysis

Master equation for the finite chain

(vg |7(0)™ - Tuza(0) ™| ¥g )

(Qm) =

Vg)

(Vg
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Master equation and asymptotic analysis

Master equation for the finite chain

(vg |7(0)™ - Tuza(0) ™| ¥g )

(Qm) =

(Yglthg)

— (Qf ) polynomial in &

— for k small enough the spectrum of 7, is simple, well separated from the one
at k = 1, described by x-twisted Bethe equations Y. (u;|{¢}) =0, and k-twisted
Bethe states |1,.({p1})) form a complete basis
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ion for the finite chain

Master equation and asymptotic analysis
ed ymE Y [T

Master equation for the finite chain

(vg |7(0)™ - Tuza(0) ™| ¥g )

(Qm) =

(Yglthg)
— (Qf ) polynomial in &

— for k small enough the spectrum of 7, is simple, well separated from the one
at k = 1, described by x-twisted Bethe equations Y. (u;|{¢}) =0, and k-twisted
Bethe states |1,.({p1})) form a complete basis

. (Walon({a1) - (on({aDl)  7m(OLB})"
Q= 2 D) Walbe) | 7O
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ion for the finite chain

Master equation and asymptotic analysis
ed ymE Y [T

Master equation for the finite chain

(vg |7(0)™ - Tuza(0) ™| ¥g )

(Qrm) = s
(Vele)

(Qf'm) polynomial in &
— for k small enough the spectrum of 7, is simple, well separated from the one
at k = 1, described by x-twisted Bethe equations Y. (u;|{¢}) =0, and k-twisted
Bethe states |1,.({p1})) form a complete basis

@ = (Weln({})) - (Cu{ph)l¥) 7o (01{p})"
T ellD ) elve) 7O
twisted Bethe eq.
— can be rewritten as a multiple contour integral around the solutions {y} of the
k-twisted Bethe equations, with the product of these twisted Bethe equations
Vi(zj]{z}) in denominator (the norm squared of these states is related to the
Jacobian of the x-twisted Bethe equations).

{det/\/ Q.({z}, {I}{z}) 2
H)}h(zj\{z}) dety dy(M{A})

Koy 1 ' - o(z)—po(r)) 9(Z1)
(Qm) =1 (27I'I ) H { " ’ d(Aj )}
rw})

solutions of
twisted Bethe eq.
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on for the finite chain
f th r Equation

Master equation and asymptotic analysis

ries

~- Different forms for master equation (two ways of writing scalar
products):

e with simple poles at {\} (parameters for the ground state) and {{}
(inhomogeneity parameters) + poles at {¢} solutions of k-twisted Bethe
equations (initial form obtained from multiple integrals)

e with double poles at {\} (parameters for the ground state) + poles at
{p} solutions of k-twisted Bethe equations (form we use here)
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r the finite chain
er Equm n

Master equation and asymptotic analysis

~- Different forms for master equation (two ways of writing scalar
products):

e with simple poles at {\} (parameters for the ground state) and {{}
(inhomogeneity parameters) + poles at {¢} solutions of k-twisted Bethe
equations (initial form obtained from multiple integrals)

e with double poles at {\} (parameters for the ground state) + poles at
{p} solutions of k-twisted Bethe equations (form we use here)

<Q~ >:(_ N%. NZ ﬁ|: im[po (2 )*PO(/\j]d(Z'):| {detN QK({Z}{)\}HZ})] |
i 2mi)" ) nyh(zjl{z})det AW)J

r({*1) =t

~+ contour around double poles at the parameters /\1 ..... , An describing the
ground state
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The Master equation for the finite cha
Series Expansion of the Master
Asymptotic summation of the series

Master equation and asymptotic analysis

The series expansion: thermodynamic limit

~ Single out the poles “z; = \\":
dety Qu({z}, {A}{z}) = detn [ =5] - detw T ({2}, {A}{z})
~~ Reorganize and expand determinants — Series expansion

~» Thermodynamic limit (N,M — oo, N/M — D, {A\} — p()) on [—q,q]):

e'mlpo(ze)=Po(Ae)]

+o00 W
, 1 (9 d"A a"z
BQim\ _ il
(™) = ; nl /_q (@in) f()zm)n I1 sinh (ze — A7)

r(-a.q] -

x det, [m} - F) Gﬁ)

with ™) symmetric in {2} and {z} + satisfy reduction properties at “z; = A"
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. " uation for the finite chz
Master equation and asymptotic analysis

Asymptotic summation of the series

The series expansion: thermodynamic limit

~ Single out the poles “z; = \\":
dety Q. ({z}, {A}{z}) = detn [m] ~dety Ti({z}, {A}{z})
~~ Reorganize and expand determinants — Series expansion
~» Thermodynamic limit (N,M — oo, N/M — D, {A\} — p()) on [—q,q]):

<€5le> _ f l /q d™\ ?{ d"z ﬁ eimlpo(ze)=Po(A¢)]
— nJ_, (2im)n (2im)n sinh (ze — A\¢)
= )

r(-a.q] -

x det, [m} - F) Gﬁ)

with ™) symmetric in {2} and {z} + satisfy reduction properties at “z; = A"

* if 7V = 17, [p(\)) e8] decoupled —  Fredholm determinant :
+oo
3 1 /9 d"A
BLim\ - )
(eP9my = ; - /ﬂ @iy det, [V(N, )]
ysin {3 [po(N) — po(1)] — 5 [g(A) — ()]}
msinh(X — p)

V(A 1) = p(A)ef

* FU not decoupled ?
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Master equation and asymptotic analysis uation for the finite chain
e ymE Y Series Expansion of the Master Equation
Asymptotic summation of the series

The series expansion: decomposition into cycle integrals

— Using standard cycle expansion of the determinant

Cycles of element of the symmetry group are labelled by (s, p), cycle variables
labelled by (s,p,/), 1 < p <¥s, 1 <j<s, s=length of a cycle, £s=number of
cycles of length s
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The Master equation for the finite chain
Series Expansion of the Master Equation
Asymptotic summation of the series

Master equation and asymptotic analysis

The series expansion: decomposition into cycle integrals

— Using standard cycle expansion of the determinant

Cycles of element of the symmetry group are labelled by (s, p), cycle variables
labelled by (s,p,/), 1 < p <¥s, 1 <j<s, s=length of a cycle, £s=number of
cycles of length s

e”9m) 2} > CnHﬂ{IIIijmm}[qu

n=0 £1,...,4,=0 s=1p=1
k€y=n

Each Js,, integrates over the variables A ,; and z; ,; with 1 </ <.

&z a0 17 eedimlmOy) — m()])
ul6:1 = 74 (2im)s / (2im)s = ({Z}) H sinh (z; — ;) sinh (z; — Aj+1)

r([—g,q]) —q

Asymptotic behavior of correlation functions - Saclay, June 2010



for the finite chain

Master equation and asymptotic analysis o Master Equam"

Cycle integrals and generalized sine kerneI

Lo A (D T exedim () — ()]}
o r([}{ ]gzi“)s/ @iy ({Z}> Hsmh(zj = Aj)sinh (z = Aji1)
with Gs symn;etric separately in {\} and in {z}

o if Gs (?\i) H [cp(/\ )e g(z) ] then J5[Gs] can be obtained in terms of the

Fredholm determmant of a generalized sine kernel :

q
c a1 [ TT vy y oy (DT o
’ [gs]*/d MIVER R A = (s— 1)l oy

Jj=1

log det[/ + ﬂ/VW’g)]

~=0
—q

sin {2 [po(A) — po(1)] — £ [8(N) — g(w)]}
msinh(A — )

PO\ ) = F())
with F(A) = p(X)es™)
@ density theorem in the general case: G ({)\}) Z H [W(/\ ]

{=1 i=1

— Analyze the asymptotic behavior of the generalized sine kernel and apply the
density procedure to get the asymptotic of Js
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The Master equation for the finite chain
Series Expansion of the Master Equation
Asymptotic summation of the series

Master equation and asymptotic analysis

Asymptotic behavior of cycle integrals

o Asymptotics of the generalized sine-kernel
— Matrix Riemann-Hilbert Problems (generalization of the
procedure of Deift, Its, Zhou (1997) for the sine-kernel)

o Application to cycle integrals
— take the n'" y-derivative
— specialize to V(#:8)
— apply the density procedure (corrections remain corrections)

js[gs] - Hs[gs] aF Ds[gs] aF Os[gs]
Hy[G:] = % / (1/\{imp6()\) — b, log(msinh(2q)p}()))
T b -atke () + ol

q
dr | M
Ds[gs]:/ﬂdf gs <,\+g,)\,....,/\>

—q
04[Gs] = terms of order o(1) (contains oscillating contributions e™™ro(£4))
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Master equation and asymptotic analysis -
Asymptotic summatlon of the series

Asymptotic summation of the series

e#Qum) Z 3 C(n\{z})HH{HSerDSPJrosp} (7]

n=0 ¢1,...,£,=0 s=1p=1

Sum up successively (use binomial formula) Hs, then Ds, then Os
+ use the reduction properties of ]—"ﬁ”) at z; = A\,

—  the series of H; exponentiates
—  the series of successive actions of Ds is a continuous generalization of

the multiple Lagrange series : its sum is expressed in terms of a
solution of an integral equation
—  sum-up Os pertubatively
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the finite chain
¢ ster Equation
Asymptotic summation of the series

Master equation and asymptotic analysis

Asymptotic summation of the series

The series we have to sum up is in fact a functional version of the standard
Lagrange series of the type

oo

6 =3 = (5 +h) (FO#E)

n!
n=0

e=0

where F(z) and ¢(z) are some functions holomorphic in a vicinity of the
origin. If the series is convergent, then it can be summed up in terms of the
solution of the equation z — ¢(z) = 0 and the sum is given by

ot _ Flz)e”
0T T ()
1—¢' (z)
In the correlation function case, z becomes a function and ®(z) an integral

operator acting on this function; hence the summation is given as the value
of some functional in a point determined by an integral equation.
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Master equation and asymptotic analysis

Generating function

(e79m) = GO(B, m)[1 + o(1)]+ > 6V (B+ 2ime, m)[1 + o(1)]
=3t

non-oscillating terms oscillating terms

32
GO (8, m) = C(B8) e™P mazz 2’

q
Z(\) is the dressed charge  Z(\) +/ g—ﬁK()\ —p)Z(p)=1
—q {

q 1— z
@ D is the average density D = / p(p)dp = % — Pe
J—q m

The coefficient C(3) is given as the ratio of four Fredholm determinants.

@ sub-leading oscillating terms restore the 27i-periodicity in 3
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. . . tion for the finite cha
Master equation and asymptotic analysis LT el E0E )

Asymptotic summatlon of the series

Generating function

(e79m) = GO(B, m)[1 + o(1)]+ > 6V (B+ 2ime, m)[1 + o(1)]
=3t

non-oscillating terms oscillating terms

98, m) = C(8) e™P mjz(q)z

Z(\) is the dressed charge  Z(\) +/ MK()\ —p)Z(p)=1
q

1 . z
@ D is the average density D = / p(p)dp = % — Pe
J—q m

The coefficient C(3) is given as the ratio of four Fredholm determinants.

@ sub-leading oscillating terms restore the 27i-periodicity in 3
2-point function

27
(q) +2|Fps?-
7T

cos(2mp;) H o(i 1 )

z_z o 2
(010m1) = (2D —1)" — m2Z(a) m2’ 2@
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Master equation and asymptotic analysis

Form factors strike back

The umklapp form factor

(M)ZZQ (U ONE _ o
waroe \2n) - TR(GIF WO~

22% = 7(q)* + Z(—q)?

lim

@ {)\} are the Bethe parameters of the ground state

@ {u} are the Bethe parameters for the excited state with one particle and one
hole on opposite sides of the Fermi boundary (umklapp type excitation).

Asymptotic behavior of correlation functions - Saclay, June 2010



ster equation for the finite chain
¢ of ter Equation
Asymptotic summation of the series

Master equation and asymptotic analysis

Form factors strike back

The umklapp form factor

(MNP U ODE _ o
im (32) T Tocone = e

with
22% = Z(q)* + Z(—q)’

@ {)\} are the Bethe parameters of the ground state
@ {u} are the Bethe parameters for the excited state with one particle and one
hole on opposite sides of the Fermi boundary (umklapp type excitation).
— Higher terms in the asymptotic expansion will involve n - particle/holes form
factors corresponding 2np, oscillations

— Properly normalized form factors should be related to the corresponding
amplitudes

— Analyze the asymptotic behavior of the correlation function directly from the
form factor series!
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Form factors in the thermodynamic limit

The form factor series

— Compute normalized form factors for large size chain

(Ploml¥)

FE (m)y=2"Iml e
o0 Tl

s=x,y,2,
— Analyze the form factor series for large distance for M — oo

(g | o oiy |0e) (s) )
(e lts) |Z> Figor (M) Fyry, (m)-
"

— We need to control states that will contribute to the leading behavior of the
series in the limit M — oo and also to compute the corresponding form factors and
their behavior in this limit

< The form factor series is analogous to a multiple highly oscillatory integral due
to the exponent of distance. Hence, the leading asymptotic behavior comes from
the ends of the summation interval (the Fermi surface) plus an eventual saddle
point of the exponent that will appear in the time dependent case
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Particle-holes Bethe states

Form factors in the thermodynamic limit Thermodynamic limit of form factors

The ground state

Logarithmic Bethe equations

N
Mpo(N) — Y 9N — M) =2mn;,  j=1,...,N.
k=1

po(A) and ¥(A) the bare momentum and phase,
(\) =ilo sinh(’5 +2) 9(N) = ilo (Sii”h(’(*A))
P &\ sinh(E ) &\ sinh(ic — )
0<({<m cos¢=A and nj, —M/2 < nj < M/2, are integers (for N odd) or

half-integers (for N even).

Ground state Bethe roots

Ao j=1,...,N, with nj =j — (N +1)/2, N the number of down spins fixed
by the overall magnetic field h. Thermodynamic limit N, M — oo, N/M tends
to some fixed density D and \; € [—g, g] with density p(w)
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Particle-holes Bethe states
Form factors in the thermodynamic limit Thermodynamic limit of form factors

The counting function

Ground state counting function

Ew) = 5-polw 2M2w M)+ S BN =M =1, N
PO+ o [ KO 1) pli) i = -pb().  with K(X) =9/ ()
PO =2r [ o) di €)= [p() + pla)l/2m, 7D = p(a).

Dressed phase ¢(\, v)

P\ v) + 5= fK(/\ 1) d(p,v) dp = 5= 9(A — v)
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Particle-holes Bethe states
Form factors in the thermodynamic limit Thermodynamic limit of form f:

The excited states

The counting function of twisted excited states

~ 1 - N, +1 o
fK(W):ZPO(W)*m;WW*%)JF MM

Excited state : obtained by removing the solutions 5} (tth,) = ha/M and replacing
them by the solutions EK (ptp,) = pa/M. Namely py, stands for the rapidities of the
holes and 11, stands for those of the particles and y; solution to & (1) = j/M

< Characterized by the shift function F(w) = F(w|{sp}|{1n})

F(w) = M(&(w) — &x(w))-
The shift function describes the spacing between the root ); for the ground state
in the N sector and the parameters p; defined by &. (1) = j/M:

W= A= p'(EA(j/\)jK” +0(M™?),
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Particle-holes Bethe states
Form factors in the thermodynamic limit Thermodynamic limit of form factors

The thermodynamic shift function

Recall that we consider the excited states in the N, sector with N, = N (for form
factors of o) and N, = N + 1 (for form factors of o). Respectively we should
distinguish between two shift functions F@ () and F()()) corresponding to these
two cases. Generically the shift function F(\) satisfies the integral equation

q n

FOV+ [ KO-nFG) 3 = a3 [1= P2 L S 90000

where SN = N — N,... We have :

n

FOO) = aZ() + 3 60 in) — D 6(h n,) -

k=1 k=1

FOW = (a-3) 20+ > 00 ) = 360 ) + 600).
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2 s
Form factors in the thermodynamic limit form factors

The main result

Asymptotic behavior of form factors

FD (m') - FG, (m) ~ oy, M7= P 2 S, D,

Pg P!

a=0

Pex = 2maD + Z [p(/l‘Pj) - p(/l’hj)}
j=1

The smooth part S, : depends continuously on the rapidities p,, and s, of the
particles and holes. The discrete part D,, also depends on the set of integers
appearing in the logarithmic Bethe Ansatz equations for the excited state and The
exponents ., computed explicitly in terms of shift function
— If particles or holes approach the Fermi surface, the discrete structure of the
form factors can no longer be neglected: a microscopic (of order 1/M) deviation of
a particle (or hole) rapidity leads to a macroscopic change in D...
In the thermodynamic limit, we say that a given excited state belongs to the &,
class if it contains npi particles, resp. n,:f holes, with rapidities equal to £q such
that

+ + - -

N, —n, =n, —n, =r, r €.
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2 es
Form factors in the thermodynamic limit form factors

The amplitudes

AT G2 (1+FP) G (1-F® i TFFri)) ny in(wF}fl) 2
D,, = DY [Fr >] - <(1+F}fl§ GZ(( F(Z>> (sn ! ) <s ! >
Rogmy {P" 1 ARHFD) Ry o (73 (07} = FD)

p

With FZ/P(X) = FE/HD () + F(ZH) F{#/*)(+q) and G the Barnes function.
a J
(o) e T
oo k=1 k=1

ﬁ (b — pe)? 1T (hy — hi)?

ik >k 2 {pc+F}, {h«—F}
Rn,m({P}»{h}‘F) - 12[ ﬁ(pj n hk -~ 1)2 r < {pk} ’ {hk} >
Su=2 in? (7’;) AD o
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Partic tes
Form factors in the thermodynamic limit Thermodynamic limit of form factors

Critical exponents

01 = (F2) "+ (F2)

FP0) = (a+1)Z())
Therefore, for a =0 :
0..(r) =2r"Z%(q), |rl=1,2,...
These numbers coincide with the critical exponents in (oicZ, ;). Similarly :
0, (r)=Z"%(q)/24+2r’Z%(q), |rl=1,2,...
Again, these numbers coincide with the critical exponents in (o7, ;).

— Asymptotic summation of the form factor series will just produce the
transmutation from the size M to the distance m as M — 27m which explain the
equality of the exponents; in fact this effect is mainly " free fermion” like as it
exists (although simplified) in that case too and can be somehow " easily”
deformed to the interacting situation. This deformation involves again Fredholm
determinant of the GSK.
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Form factors in the thermodynamic limit orm factors

Further results and open questions

@ Summation of the form factor series for various correlation functions
@ Time dependent case for the Bose gas
@ Time dependent case for XXZ : needs careful treatment of bound-states

@ Asymptotics for large distances in the temperature case (contact with QTM
method)

@ Other models like Sine-Gordon?
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