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1. MACDONALD OPERATORS

Let ¢,t be independent indeterminates, and A, g be the ring of
symmetric polynomials in z = (1,9, -+, x,) over F = Q(q, t).

The Macdonald difference operator D), acting on A\, is defined
by

IR D | ey | £

Ic{12,..n} i€l i =T g
#I1=r J¢l

where T}, ... denotes the g-difference operator
qajlf(xl,-- Tn) = f(x1, ..., qxi ..., x).

Proposition 1.1 (Macdonald). For A = n such that ¢(\) < n,
P\(z;q,t) € A, r is uniquely characterized by

P\(z;q,1) )+ ZCMmM (eay € F),
<A

Dy (q,)Pr(x;q,t) = eV (t"s1, t"s3, ..., 1"5)) PA(w: g, 1),

(n)

where e, ’(s1...,s,) denotes the elementary symmetric polynomial
in n variables (sq,...,s,), and s} :== ¢t .



Proposition 1.2. Let n € N,. Set a difference operator E,En)
acting on A, g by

=0 r—I
n—1
(z:9)n = [J(1 — ")
k=0

For any partition A satisfying £(A) < n, we have
E"P\(x;q,t) = e,(s") Pi(w; ¢, 1),

where Py(z;q,t) € A, r denotes the Macdonald symmetric polyno-
mial, e,(s) € Ap is the r-th elementary symmetric function defined
in the infinite variables s = s1, 89, 53,...), and s* = (t 7 1g™, ¢t 2¢", .. .).
()

Hence the inductive limit £, :=lim FE,; "’ exists.
«—n



Consider the Heisenberg Lie algebra h over [ with the generators
a, (n € Z) and the relations

1 — g™

[a'ma a'n] - ml——W5m+n’

0ap.

Let =Y (resp. =) be the subalgebra generated by a, for n > 0
(resp. n < 0) . Consider the Fock representation F := IndZZOIF
of h. We also use the notation a_y :=a_y, ---a_y, for a partition

A= (AL ).

Let © = (x1,9,...) be a set of indeterminates and A be the
ring of symmetric functions in x over Z. As a F-vector spaces, F is
isomorphic to Ap = A ®z F via ¢ : F — Ap defined by a_y - 1 — p,.
Here 1 € F is the highest vector, p, = p,(x):=) ., x!' is the power
sum function and py :=py, - - py,. For n > 0 and v € F, we have

a_npU = Ppv,
1—q" 0

U?
1 —t"0p,

a,v =n

and apv = v.

In what follows we identify F ~ Ag via this isomorphism ¢.



2. VERTEX OPERATOR

Introduce the vertex operator

n(z) =Y nuz "

nez
—n n
= exp (Z ! nt anz”> exp (— Z ! nt anz”>
n>0 n>0
-t _
= exp(—z m— ”) ;
n#0

where the symbol : : denotes the normal ordering with respect to
the decomposition b = h<Y @ h=°, i.e. all the negative generators
a_, are moved to the left of the positive generators a,,.

The Fourier modes 7, of n(z) are well-defined operators acting
on the Fock space F or on Ag.

The operator £ of Macdonald is written as
noz(t—l)E+1.

We note that the plethystic operator A’ of Haiman and 7 are
identical.



Examples

By =1,
Py = pr,
(—DE+1)  (g+DE-1)
P —
= o 2T =y v
b C(g-Dt+1) (2 +1) (B +t+1)(g—1)

(=1t +1) (t2+1)p2
8(qt* — 1) i
(qt3—qt2—qt—q+t3+t2+t—1) 5

- 1(gt* — 1) Pap

(t—1)(3qt* +2qt +q+t*+2t+3) ,
24 (qt3 — 1) P1

_|_

M Pz = 1=t N+ @t + @2+t + 17+ ) Pgg)

= (1—(1—(1)(1—751)(1+q+q2+q3+q4

+t gt Pt qt2>> Pz



Pieri rule

(¢—1D(t+1)

PoyPoy = Py + qt — 1 Py,
—1)(t+1

PPy = Fsy + L qt)_( 1 >173(22)

(q—D@+1ﬂft_Q(¢y_UP
(gt —12(gt+ 1) (g2 —1)

Pieri rule for n_4

1
1_t_177—1 P@:P(l),

: (g —=1)(E+1)
-ty =gt S P,

: g —=D(t+1
|1 Py = ¢* Py + gt ! ) )P(22)

qt — 1

(q—1)(t+1) (¢t —1) (qt* 1)

2 b
' (gt — 1)?(qt + 1) (qt?> — 1) (211)




3. COMMUTATIVE FAMILY

[t is easy to observe that

10, > ean-ntla] = 0

n>0

= ¢, = (q/t)"c

t~1 dzidze 1 —qz/z
I, —
T (1=t H(1—t?) ]{j{ 21 29 1— qt‘lzg/zln(zl)n(ZQ)’

t—n(n—l)/Q
I, =
(1—¢1 (11—t )
dz dz, 1 —qzj/z
) % j{ o - i/ -n(z1)n(22) - - n(2n)-

1 —qgt1lz;/2
n1<2<j<n q j/k‘

Proposition 3.1. We have
[]m7 In] — 07
I, Py = epn(sY) Py



4. FEIGIN-ODESSKII ALGEBRA

Set

an=q"' @=t  @=q"
We have

719293 = 1.

Definition 4.1 (Space A). For n € N, the vector space A, =
A, (q1, G2, q3) is defined by the following conditions.

(i) Ag:=F. For n € Ny, f(xy,...,z,) € A, is a rational function
with coefficients in I, and symmetric with respect to the x;’s.

(i) Forn € N, 0 < k < n and f € A,, the limits 0 f and
O f both exist and coincide: 91K f = 90K f (degenerate CP!
condition,).

(iii) The poles of f € A, are located only on the diagonal {(x1, ..., z,) |

3(7,7),% # j,x; = x;}, and the orders of the poles are at most two.
(iv) For n > 3, f € A, satisfies the wheel conditions
f(xla q171, 4149271, Xy, - . ) — 07

f(x1, @1, o1, T4, .. .) = 0.
Then set the graded vector space A = A(q1, ¢2, ¢3) := D, An-

n! ,
a(O,k’) : f = lim f(xlv cee s In—k, an—k—i—lv ‘fxn—lﬁ—% R 755671)

(n—k)le=0
|
a(oo,k) : f = ~ lim f(ajla ceey Tn—k; f'xn—k‘—l-l) g'xn—k’—l—% .
(n —k)!

., &n)



Definition 4.2 (Star product *). For an m-variable symmetric ra-
tional function f and an n-variable symmetric rational function g,
we define an (m + n)-variable symmetric rational function f % g by

(f *g)(x1,. .., Tman)

= Sym f(xla e ,SL’m>g(SL’m+1, s D) H w(:r:a, xﬁ)] :

1<a<m
m+1<6<m+n

Here w(z, y) is the rational function

ol _ (= qy)lr — gyl — gy)
w(z,y) = w(r,y; q1, @2, g3) =) :

and the symbol Sym denotes the symmetrizer

Sym(f(z1, ..., 2n)) ::% S (- 10)),

L e,

where G,, is the n-th symmetric group acting on the indices of x;’s.

Theorem 4.3. The vector space A is closed with respect to the
star product *, hence the pair (A, *) defines a unital associative
algebra. The algebra (A, %) is commutative. The Poincaré series is

ano(dimF Ap)2" = Hmz1(1 - Zm)_l-



5. GORDON FILTRATION

Definition 5.1 (Specialization map ¢). Let p € F = Q(q1, ¢2)-

For a partition A = (A1,..., \;) of n, we define a linear map
Spg\p) : An — F(yl, . ,ym)
fla, .. mn) = flyspy, - 0y,
Y2, PY2, - - - 7p/\2 1y27

Y DY D ).
Definition 5.2 (Gordon filtration). For ¢; (i = 1,2,3) and A F n,
define A(%) C A, by
n)? = ﬂ kergo (A < (n)), A A

PEN

Definition 5.3 (Element ¢,). For n > 1 and ¢ = 1,2, 3, define

H (21 — qimy) (@) — CI@-_lﬂi‘z).

€n = En(x; QZ) — En(.fUl, ey Ly QZ) = 5
1<k<l<n (@ — 1)
We also set €, = 1. For a partition A = (Aq, ..., \y,) of n, we write

€)= €y, * -+ x €y for simplicity.

Proposition 5.4 (Bottom of the Gordon filter). Aflq?an) is the 1-

dimensional subspace of A,, spanned by €,(x; ¢;).

Theorem 5.5. Let n € N and A be a partition of n. Then the
intersection of the subspaces .Aflq and A ) is 1-dimensional:

dims (A 1 A%) =1



6. INTERSECTION OF (GORDON FILTERS

Set
E(y) =[]0 +zw) =D enla)y”,
=1 n>0
1 (7395 ¢) oo
G(y)::H( 2 = gulw;q,t)y
o Uiy q n>0
(:q)o =] [(1 = ¢'2).
120

For a partition A = (Ag, Ag,...) set py :=py, Dy, - - - Similarly
we write ey :=ey, €y, - -+ and gx:=gx, g, - - - . 1t is known that {p,},
{m,}, {er} and {g)} form bases of Ap.

Vwig,t) =) (g el g, t),

p=>N

P(xiq,t) =>4 (a,t)gulw; g, 1),

U=

1O t) = — )":,' 'Zcizp(q,t)eu(z;t)%.
=M & [L%

Theorem 6.1. We have
-1
A Nz t) = A (zig,1) € A N AR



7. DUALLITY

Definition 7.1. Let f € A, (¢!, ¢, qt™!). Define amapping O(-) =
O(-;q,t) : A — Endgp(F) by

O(f) =0(f;q,t) = f(z, -5 20)

“Moom e g o) )]
1<i<y<n 7

1

for f € A, and extending it by linearity.

The star product * and the operation O(-) are compatible in the
following sense.

Proposition 7.2. For f, g € A, we have
O(f *g) = O(f)O(g),
which indicates that [O(f), O(g)] = 0 from the commutativity of A.

Definition 7.3. Define the commutative ring M of operators on

Ar by M ={O(f) | f € A}.

Proposition 7.4. The mapping O(-) : A — M gives an isomor-
phism of commutative rings.

Set
O, = O(fi7 (2 q,1) = O(f V(2. 1)).
Theorem 7.5. We have

0, Pr(x) = B(s"Py(e).
S)\ _ (qht_l, q)\zt—27 L )



8. DING-IOHARA ALGEBRA

We have
Py(z:q,t) = P\(z;q7 1, t7) = [E(q, 1), E,(g 1, t71)] = 0.
Set
] — ¢
(z)=:exp| — anz” " |
’ 3 > )
1 —t"
Ez)=rexp | + Y ——(t/q)" a2 ) 1,
(3 )
ol =e (- IR0 e )
11—t
“(2)=exp| + (1—t"g ™) (t/q) " a_,2"
© P ( 2" g ")(t/q) )
We have
n(2), {(w)]
= <6<<t/q>-I/Qz/ww«t/q)”“w)

- 5(@/(1)”22’/10)90(@/(1)1/4w)> :

where 0(z) ;=) ., 2" is the formal delta function.

(1—Q><1_t_1)< + —

Then [19, &) = — v — ¢y ) = 0holds since ¢ =

vy = 1.



G(2) =1 —qg2)(1 = tT'2)(1 — ¢THF12).

Note that g(z) satisfies the Ding-Tohara requirement g(z) = g(z~1)~%.

Definition 8.1 (Ding-Iohara). Let U = U(q, t) be a unital associa-

tive algebra generated by the Drinfeld currents a*(z) = > a5z,

VE(2) =3, on Yz and the central element ~F1/2 satisfying the
defining relations

DE(2)YH (w) = P (w)y™(2),
(2 (w g( w/z) ()T (z
VIR () = (o e ),

YH(2)a(w) = gy Pw/2) T (w)yt (2),
Y (2)2F (w) = g(yT 2 fw) et (wy (2),

(@) (w)] = S (50t o)

1—q/t
- 5(vz/w)¢(v1/2w)> |

v (2)27 (w) = g(z/w) ™ e (w)2™(2).

Proposition 8.2 (Ding-lohara). The algebra U is a Hopf algebra.

( i1/2> _ il/2 ® 7jﬂ/z

Alz(2) = 74(2) @ 1+ ¥ (7{12) ® 27 (10)2),
(z7(2)) = 27 (Y2)2) @ ¥ (73 “2 2 +1®a(2),
(W5(2)) = (7)) ® (1] W 2),

where ’y(j:)lm =~*/2® 1 and ’y(j;/Q =1®~*2
Counit €. Antipode a.



9. SOME REPRESENTATIONS

We call a representation of level k, if the central element ~ is
realized by the constant (t/q)*/2.

Proposition 9.1 (level zero representation). We have a represen-
tation 7(-) of U(q,t) on V := Q(q"/2,t*/?)[x, 27" by setting

7_{_(/}/j:1/2) =1,
ey (L= gl /2)(1 = ) z)
7T('¢ ( )) = (1 _ q1/2:1:/z)(1 1/21'/2‘)
oy (=g P ) (1 — g Ve )
7T<'¢ (Z)) - (1 _ q1/2z/a})(1 — q_l/zz/l“)

m(z5(2)) = 1 - tm)d(q*l/Qaj/z)qu?x,
where ¢ € Q(¢g?,tY/2)*. Here we have used the ¢-shift operator

Ty o f(x) = flg™'x).

Proposition 9.2 (level one representation). Let b be the Heisen-
berg algebra generated by a,, and F be the corresponding Fock
space. Let n(z),£(z), " (2) and ¢~ (2) be the vertex operators.
Then we have a representation p(-) of U(q,t) on F by setting

p(y=?) = (t/q)",
(¥™(2)) = ¢*(2),
p(x7(2)) = yn(z),
pla™(2)) =y '&(2),
where y € Q(q'/%, t1/%)*.



10. LEVEL TWO REPRESENTATION

Consider the level two representation on the tensor space
Fy & Fy,.
A basis of this space is { Py ® P,}. We have

Ala*(2)) = yinlz) © L+ g ((a/1)'2) @ nl(g/1)"?2).

There is an integrable structure associated with A(z{). The
action of A(z7) is triangular on the basis { Py, ® P,}. Hence there

exists a basis { P\ ,} of F,, ® F,, consisting of the eigenfunctions of
Axg):

Py, = P\ ® P, + lower terms,
A(xg) Py = (1=t (y1e1(sY) + y2e1(s")) Py -

Ppop=1®1,
Puo =Py ®1,
t_
Byy=1® P +MP(1)®1,
q(y1 — y2)

y2(t — q)
q(qy1 — 1)
(¢ — Dt + 1yalg — 1)

q(qt — 1)(ty2 — y1)

Pay,y = Hoy @ Pay + Poy®1

Py & 1,



Pieri rule

Alxt) y1(qyr — tys)
Py — Pivo + v By 11,
Tt 0T gy =) OO
Az™)) v (q* 1 — tyo
il = e )P< 2,0
- qyi — Y2
(g — D)t + Dy (qy1 — t2yo)
Puno + %P o,
q (qt — 1)(y1 — tyg) (11),0 T Y2L7(1),(1)
A(CU:) = yl(qyl — yz)(y1 - 7592)(75&/1 — qyz)Pl )
1=t gl — )y — quo) by — o)~

(=Dt + 12,

P
+ qY2£79,2) + Hqt —1) 0,(11)5



11. LEVEL m REPRESENTATION

Consider the tensor

fw@fyz@”'@}—ym-

We have

= yihilz)
1=1
where
N(z) = (M) e ()@ -

Set

n(T,2:q,1) S‘S‘ S‘ZCZISEZQ - Ty, H %a,%(ZOMZﬁ;Q7t)7

11=119=1 in=1 1<a<f<n

where the function v; ;(z, w; ¢, t) is given by

((z —tw)(z — t™w)

—q ! —t —qt™!

(z — quw)(z — t 'w)(z — ¢ Htw)

\ (Z — w)3 1> 7.
We have
(T (z)x(22) -2 (20)) ~ Kuly, 234, 1),

up to a rational function.



Proposition 11.1. We have:
(1) K,(y, z;q,t) is a symmetric polynomial in y = (Y1, Y2, * , Ym).

(2) Knly,2:q,t) € Ay wrt 2z = (21,29, , ).
Proposition 11.2. Expand as

y7ZQ7 ZP/\ F)\

then F)\(z) € ./éln?A and An Vv

For a partition A = (Aq,..., ;) of n and ( € F, we define the
map QZ(AO by
B Bz, z) — Fy)

fz,z) — fly,qty,. .., Wiy,
Cy, Iy, ..., Py,

C y ¢ ¢ Yy, NIy,

Theorem 11.3. For partitions u, A of n, gpA ( ./ F) is regular at
¢ =t and its value is 9y .

Namely we have
~(Q) Kn<y7 <54, t)

lim @

(—t A F)\(Zuc.Z?t)

= Py\(y;¢,1).



