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1. Sine-Gordon model. The Euclidean action

1 2 . _ 2 _
A :/{ {—8,290(2,2)85(,0(2, Z) — H e_zﬁw(z’z)} o ezﬁw(z’z)} d*z,

47 sin 732 sin 732

where d?z = dz A dz. In other words

2

ASG — ACFT + H /@173(2, 5)d22 .

sin 732

CFT notation. Central charge

V2

c=1-—-6

: v=1-p5%.

1—v
Primary fields
@a (Z, 2) — e 2(11/_,/_)05{7:690(272)} .

Descendants are created by Viraroro algebras with generators 1, 1;. 222



There is a one-to-one correspondence between local operators in CFT
and sG. The basis is

where

2. The main problem. We want to compute the short distance asymptotics
of the two-point function
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3. Operator product expansion.

Using the CFT perturbation theory we obtain the OPE:

B, (2,7)D S‘ S‘ 2 21/ |m| ngi](\lfQN (”2r4v)

2
W pic £= araz+2m? (1—v)+2amy |N| |N|l Nl N(I)

oz—|—2m1_7'/ (O) ?

where |[N| = " n;. The structural functions C77\-" (t) are power series in

t*, k > 0 with coefficients expressible through the Coulomb gas kind of
integrals. So, the main problem is to compute the one-point functions:

<1—NI—N(I) 1=y (O)ﬁ:{G

(D (0))5 |

which depend on the infrared environment.
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4. Fermionic basis in CFT.

Consider the space V, ® V,. We have the local integrals of motion i1,
is;_1. Their action is to be factored out. We introduce the quotient spaces

VI =V, /N iV, Ve =Va /Y i1V,
k k

and consider VI @ V" ° which is isomorphic to the space generated by

1_5;, 1_5; acting on o,.
We claim that V4" @ V'™ can be generated from ®,, by action of fermions

Bor_1, Yor—1> Box—_1» Vox_1, k=1,2,3,---.
Consider the multiindex [ = {25, — 1,---,25, — 1}. We denote

* * * * Lk *
Br = /323'1—1 " '52jp—17 Y= Y25,-1" " V25,1
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The fermionic basis is related to the usual one by the following formulae

Brvi-®a= [ Il Dey-1(@)Da-1(2-0)

2j—1€I+ 2k—1€l~

X [ [e::??— ({I—Qk}‘Aaa C) + dapff,d[— ({l—2k}|Aa7 C)} (I)a )

where #(IT) = #(17),

ala—2)v7
Ba = 41 —v)
da:%\/(25—c)(24Aa—|—1—c),

[T T(34+ A% -1)
D2j—1(&)_ VF(V) (1 ) (n_1)|r (%"‘12_—]/]/(2—1)) .

The advantage of the fermionic basis is due to its consistency with the
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Let us give some examples, denoting A, by A.

Py =12,

oven 2c — 32
2Py = Ea+ —5— Loa,
ypodd = 2y
{11,{3y = 3 =%
oven 3 c+2—20A 4 2cA
3P{1} {5} p— 1 ) _'_ S(A _|_ 2) 1_41_2
—5600A + 428cA — 6¢2A + 2352A2 — 300cA2 + 12¢2A2 + 896 A3 — 32¢A3 |
60A(A + 2) —0
2A 56 — 52A — 2¢ + 4cA
gpodd = _"7" 1 ,1_ 1
Piyisy = 3 1g alet HINE) 6
6 + 3¢ — 76 A + 4cA
even 3
N —6544A + 498cA — 52 A + 2152A2 — 314¢A? + 10c2A? — 448 A3 + 16¢A3 |
—0 9

60A(A + 2)



We combine the fermions into the generating functions

©e

« > _2k—1 _ " _2k—1
BN =Y AT By, Y=Y AT s

J=1 J=1

We shall see that in a weak sense these are asymptotics of analytical
functions for A — ~c.

Similar formulae hold for the second chirality, with

a — 2—a, A — AL
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How do we compute. Consider the three-point function

7 7 e
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’ 7 ’
/ / ’
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/ / ’
/ / /
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1 ] 1
I 1 1
| | 1
| | 1

\ \ 1

\ \ \

\ \ \
\ y \ \
\ \ \
\ r \ r \
\ \ \
\ —_— N + N
N N N
N N N
)

and define

1ok 1 :/hgk(Z)dZ, I;%_l = /hgk(Z)dZ, I, | = /hgk(Z)dZ.

Y F_|_ I'_
We can compute this three-point function if the asymptotic states are eigen-
vectors of I} ., I;,_,. In particular, we consider the case when they are

given by @ _,;1(—00), By (c0).
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Our main theorem:

ZAB (A1) -+ B ()Y (kn) -7 (1) Pa (0) } = det (w(As, pj|K, @)
where

WA, |k, a) //dlde (I, 0)S(m, 2 — a)O(l 4 i0, m|k, a)
271

9 (e%(F(V)Z’/)\)%l( MV(F(V)QV/L)%T” |

VK)Y VK)Y

[(—ik + $)0(5 + k)

Sk ) = V2r T(—i(1 =)k +2)(1—v) 7"

We have a regular method to compute asymptotic series of O(\, u|x, a) in

k2 for Kk — oo. We actually computed up to =3
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Screening fermions. In weak sense 3" ()\) etc. are analytical functions.
Introduce

00
E : 27—« 2% ~ E : —25+a*
—>\—>O A Vscreen,ga 6 ()‘) —A—00 A Bscreen,j )

j=1

and denote by H, the space created from &, by

X

* * 2% — *
BZk—l? Yok—1> 62k—17 Yok—1> ’)Iscreen,jﬁ Bscreen,j'

quo

We claim that all the quotient spaces V +om

embedded into H,,.

®Va+2m1 » can be
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Define the multiindices I(m) = {1,2,--- ,m}, Ioqa(m) = 2I(m) — 1, and
(I)((xm) (O) — i—mMQm H cot %(23 o a) ’Yzcreen,l(m) B:creen,l(m) L (O) y
j=1
Conjecture verified on many particular cases:
/6?4'5;_"';/;— ’7?_ (I)a—|—2m1_71/ (O)
= Cm(a)16?++2m7?_—2m’7?_—{—QmB;_f——2m1610dd(m)’710dd(m)¢(m> (0) Y
where if the indices turn negative we set
Vo111 = Baj_1; B*—2j—|—1 = Yoj—1
. . ™ : m
[52j—1752j—1]+ = —w tan 5(”04 + 25 — 1), 523‘—1(1)((1 )(O) =0,

_ _ x . 7T : m
[’)’2j—17’)’2j—1]+:_Wtang(VO‘—zj‘Fl)a Yoj— 1(1)( )(O) 0.
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For the primary field we have

Cpo(Q)i™ ™ p™ H cot 77 (2 — )
j=1

10

®a+2m1—v (O)

174

X /670dd(m)’7;0dd(m) 7:creen,l(m) Bscreen,[(m) (I)Oé(o) y
We want to compare with CFT, namely, with Dotsenko-Fateev formula:

[k~ 1, g1 (O)]1 + 5)
(kK — 1|Po|1 + K)

= p’T(V)*-Y(a/24+(1—v)/2v) W(a, k)W (o, k) ,

where
B M(ve+1/2—-v/2)T(v—2vz) T(—2vz)
Viz)=2ve- I2(1/24+v/2—va)l(2vx+1—v) I(2vz) ’
Wia, k) = Plav/2— v+ 1+ rv) W(a, k) =W(a,—k).

I'(—av/2 + v+ kv)
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First thing we have to check is

m—1

(K,V) avm—(1—v)m?*+vm H W Oé—|-23— li)
7=0
et O (2p— 1), —ilg — D) 5 1) pgmtom
det@(zi(Qp — 1), —i(qg — $)[00, @) |p,g=1,m

We check this form = 1,2 up to x=°
Then we find the normalisation

j=1
where

Fla) = vT(yte LC200) D) Tl +1/2),
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To summarise we conclude that the basis of Vg‘fml_y & Vzlfml—_y
embedded into H,, the basis being

B+ IB;——F Yi-YI- (I)Sxm> (0) .

with # (1) = #(I7) +m, #( ) = #(I ") +m.
5. One-point functions for sine Gordon.

Let us rewrite the OPE (modulo action of local integrals) in the fermionic
basis:

o

Do, (2,2) 00y (0) = D (uPr?)" g2 (mizamy

m—=—oo

2 I Sl L 4 Av\ |IT|+|I 7| < IT |+ | ax Aa*f ==x * m
Xy Cl L (ptr®) M ge B A s 20(0).
#(IT)=#(I~)+m
#(I)=#TT)+m
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TBA data. Destri-DeVega equation:

1

1/v —1/v [ +10 dg”
+loga(Q) = mMR(CYY — ¢/~ 2 [ RC/€)log(1 + a(éet™)
0

6_2 y

where as usual it is convenient to define R(({) through more general
object:

R(C,O&) — / C2ik§(k7&)%a
Bk, o) — sinh7((2v — 1)k — i /2)

- 2sinh7((1 — v)k + i /2) cosh(nvk)’

Then
R(¢) = R(¢,0).
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Introduce the measure

B 1 d¢?
(€)= e e )

= [ ¢Ean(
0

The measure dm/(() decreases exponentially for { — 0 and { — oo, hence
G(K) is an entire function.

and its moment

Define ©5% (1, m|a) as solution to the integral equation

0% (I, m|a) + G(I +m) + / G(L — k)R(k, )OS (k, m|a) ;Zf_ 0.
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Main formula.

(B4 B ;- L™ (0))58
(®4,(0))58
ma—2m2+L (|1t - [+ [~ S = _ =
= p2me =2 (I T ) p3& (1 U (—TF) | 17 U (-17))

Y

with the requirements #(I7) = #(I ") +m, #(I ) +m = #( 7).
We define for #(A) = #(B) =n

D%G(AB)—]nIlsgnmj)sgn(bj)( =)

22

J
x det (@SRG (%, g)—j|oz) —sgn(a;)dq, —p, 2TV cot 5 (a; + VO&))‘ - .
JyR=1,,M
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6. Checks.
Consistency relations. There are many relations following from different
possibilities to compute things. Recall

6?"‘3?"’7;—— 7?— (I)a—l—le_T’/ (O)

> Con(Q)BT+ s omY T —om - 12mBr+ —2mBTona(m) Viaa(m) Po (0) -
All the consistency relations follow from

0% (I, m|a + 2154)
@?F{G(l + %7 _%|O‘)@§%G(%7m o %|O‘)

=0 (1 + L, m— ila)— . .
i v ) @%G(ﬁ,—;—ym)—%wcot%(aqt%)

14

Y

which we prove using the integral equation.
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Lukyanov-Zamolodchikov formula. Notice that
O%¢ (I, m|a) = 0.
So, we have

(B pmr=s (0))S
@.(0c  *

ﬁ 7o (2] —1+va).

Using explicit formula fo C,,, () we find perfect agreement with
Lukyanov-Zamolodchikov formula:

0202

(@a(0))% = [ \ZFF(E(V))] 209

( ( sinh?(vot) via? _2t) dt)
X exp , , — e — ).
2sinh(1 — v)tsinhtcoshvt  2(1 —v) t
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Fateev-Fradkin-Lukyanov-Zamolodchikov-Zamolodchikov formula. Again
R = oo. For the simplest non-trivial for R = oo descendent we have

BiviB17i®a(0) = (D(@)D(2 — @)’ 1_21_53,(0).

Using our main formula and the formula for D;(«) we obtain FFLZZ
formula:
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Zamolodchikov formula. A. Zamolodchikov proves that for any

two-dimensional Eucledian QFT on a cylinder the following formula holds:

<Tz,zT2,Z> — <Tz,z><T2,2> — <Tz,2>2-
This formula follows from

(Lol o 1)F

M4 @SG(E,E‘O) 27'('1/(30132 @SG(—V ——|O)
— 2 ' _ ' )

O o cot & 1+ O (— 2, 1 o) O (— i, — o)

M2 _ M2 : :
1 5-1 sG 0 Lo - 1)5% = — 05 (=5, — =10
< 2° > 81/@ (21/721/| ) < 2 > 8V ( 20 21/‘ )7
2 2
K ¢ M sG i

27TVSin7TV<(I)21—Tu>R < (27 cot £ + OR (£, —=10)) -
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