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Polynomial 1D stationary Schrodinger problem
(an Ordinary Differential Equation)

(—;—; + ‘;(Q) + ? | ) w(g) =0

+d"+ v+ +ovaigy {-E}

Notations: U= (v1,...,UN_1) Degree = N

e Traditional view (in any dimension):

- N = 2 exactly solvable (harmonic oscillator),
- N # 2 are not:

e Airy equation for N = 1 (more transcendental than N = 2)

e anharmonic oscillator for NV > 3
(workhorse for perturbative, semiclassical ... methods).



Polynomial 1D stationary Schrodinger problem
(an Ordinary Differential Equation)

(—;—; + ‘;(Q) + ? | ) w(g) =0

+d"+ v+ +ovaigy {-E}

Notations: U= (v, -, UN_1) Degree = N

e Recent view (in 1 dimension):

AN EXACTLY SOLVABLE PROBLEM IN ANY DEGREE

by an exact WKB method (backed by zeta-regularization), through

exact Bohr—Sommerfeld quantization formulae (selfconsistent: ~ Bethe Ansatz)

Pioneers (~ 1975) : Balian—Bloch, Dingle, Leray, Sibuya, Zinn-Justin.



Polynomial 1D stationary Schrodinger problem

e Initial equation:

(—;—; + ‘1((1) + ? | ) w(g) =0

(+d"+vid" "+ +ovaigd {-E}

Notations: U= (v1,...,UN_1) Degree = N

e Conjugate equations:

V[Z](q) dléf o~ iy V(e—i&p/Q C]) )\[6] dgf o~ iy A

Y

def 4

for 6207177[/_1 (mOdL> with 90:]\[—|—2

N + 2 generically

Number of distinct conjugates: L =<{ N

5 + 1 for even polynomials V (q)



Semiclassical tools (I): Spectral functions (parity-split)

Assume confining potential V' (|q|)

e [/ — +00 expansions:

d
Classical action: 7{ peqd

(p24+V(q)=E} 2T

b E",

def 1 1

TSN

—>  discrete F-spectrum £={F}}r—01.2

gl gLgenn

(growth order)

Semiclassical quantization condition (Bohr—Sommerfeld expansion):

b, E" {Jr bu_l/NE“_l/N — bM_Q/NE“_Q/N + - } ~ k + % for integer £ — +o0.

7

"~

F(E) (formal, divergent)



Semiclassical tools (I): Spectral functions (parity-split)

Assume confining potential V'(|gq|) = discrete F-spectrum &={FE}}r=01.2

gl gLgenn

e [/ — +00 expansions:

d ef 1 1
Classical action: 7{ Pea b EY, |n © oy (growth order)

{p?*+V(g)=FE} 2m 2 N

Semiclassical quantization condition (Bohr—Sommerfeld expansion):

b, E" {Jr bu_l/NE“_l/N — bM_Q/NE“_Q/N + - } ~ k + % for integer £ — +o0.

7

"~

F(E) (formal, divergent)

e Exact Bohr—Sommerfeld quantization condition 7

/_\A
Fowact(E) =k + 2 (B}, k=0,1,2,...



Semiclassical tools (I): Spectral functions (parity-split)

Assume confining potential V'(|gq|) = discrete F-spectrum &={FE}}r=01.2

gl gLgenn

e [/ — +00 expansions:

d ef 1 1
Classical action: 7{ Pea b EY, |n © oy (growth order)

{p?*+V(g)=FE} 2m 2 N

Semiclassical quantization condition (Bohr—Sommerfeld expansion):

b, E" {Jr bu_l/NE“_l/N — bM_Q/NE“_Q/N + - } ~ k + % for integer £ — +o0.

7

"~

F(E) (formal, divergent)

e Exact Bohr—Sommerfeld quantization condition 7
/_\A
Fowact(E) =k + 3 (B}, k=0,1,2,...

\//

Yes, but selfconsistent =~ Bethe Ansatz.



Semiclassical tools (I): Spectral functions (parity-split)

Semiclassical quantization condition (Bohr—Sommerfeld expansion):
g bo B~ k—|—1 for integer £ — +o0 (a ! 2 )
~d R H p— _ —_— e o o
- « k 2 g ILL7 ILL N Y /’L N Y

4

e (Generalized) zeta functions:

7% (s, \) et Z (Bx +A)~° (convergent for Re s > )

evern
k odd

and Z=7"+272" (full), 7V =77 -7 (skew),

meromorphic in the whole s-plane, regular at s = 0.

e Spectral determinants (zeta-regularized), entire functions of A:

DEN) =D\ | €L) & exp[—0,2F (5, \)]s—o

and D=D"D" (full), DY = DV /D~ (skew, meromorphic)



Semiclassical quantization condition (Bohr—Sommerfeld expansion):

1 1 2
%:baEkaNk+§ forintegerk—>—|—oo (&:M7 M_N’ ’LL_N’)
Y

For instance, D(\) = det(H+\) = “[] A\ +Ex)”:
k
D()) is an entire function in A, of finite order = u, and whose logarithm has

- a structure equation:

log D(A) = lim log(Ej, + \) + 1 log(Ex + \) — baEO‘logEK—l 7
2 K Q

K—-+oco
k<K {a>0}
counterterms

- and a canonical large-\ (generalized Stirling) expansion, of order y :

log D(A) ~ Y aa{A%}, {AF =AY (a ¢ N), (A1} E Alogh —1), {A°) E log;

(87

banned: pure A" (n € N) terms, including additive constants (oc A\Y).



Semiclassical tools (II): recessive WKB solutions (cf. Sibuya)

Exact solution ¥ (q), recessive for ¢ — +o0o (canonical WKB specification):

+o0
Wa(q) ~ T (q)~1/2 exp/ II,\(q¢')dq", TIx(q) dgf(V(q)nLA)l/2 (classical momentum)
q

—+ oo
/ 1\(q')dq : improper action integral (I, (¢') ~ ¢'~'?).
q



Semiclassical tools (II): recessive WKB solutions (cf. Sibuya)

Exact solution ¥ (q), recessive for ¢ — +o0o (canonical WKB specification):

+o0
Wa(q) ~ T (q)~1/2 exp/ II,\(q¢')dq", TIx(q) dgf(V(q)nLA)l/2 (classical momentum)
q

—+ oo
/ 1\(q')dq : improper action integral (I, (¢') ~ ¢'~'?).
q

+00
Trick: = [ / (V(¢) +N)27%d¢ (convergent for Re s > p)
q

L Vs s~0
"

I,(s, )

(analytical continuation in s): fine if I (s, A) is regular at s = 0, which is often true.
Still, in full generality,



(V(g) + N2~ Zﬁp ¢V (p=4 %—17---) (¢ — +00)

2 Y
+ 00 qp—i—l—Ns
N /q (V(¢)+ N2 5dg ~ — Z Bp(s)p 1N (singular expansion)
ICI(Sv )‘)
: , 1
thus I,(s, A) has at most a simple pole at s = 0, of residue N B_1(s=0)
=0 : Normal case
13 3 99 1
B-1(s) (“residual” polynomial) { £0 - Anomaly case



Semiclassical interpretation of improper action integral

QUANTUM

zeta function

2

Z(s,\) = Tr (—;—q2+V(q)+>\)_S

Z (B +\)~°

k

determinant

formally

ccH ()\_|_Ek) ”
k

-
=
]

D) ¥ exp{—0:Z(5,\)|s—0}



Semiclassical interpretation of improper action integral

QUANTUM  « » CLASSICAL

correspondence

zeta function zeta function?

2

Z(s,\) = Tr (—;—q2+V(q)+>\)_S

Z (B +\)~°

k

determinant

formally

ccH ()\_|_Ek) ”
k

-
=
]

D) ¥ exp{—0:Z(5,\)|s—0}



Semiclassical interpretation of improper action integral

QUANTUM  « » CLASSICAL
correspondence

zeta function zeta function

B d? —F def dgdp / —
Z(s,\) = Tr (—d—q2+V(q)+)\) Za(s,\) = /R2 o (p +V(q)+>\)

= Z (B +X\)~°

k

determinant

formally

DA) = “]] A+ Ex)”

k

D) ¥ exp{—0:Z(5,\)|s—0}



Semiclassical interpretation of improper action integral

QUANTUM  « » CLASSICAL
correspondence
zeta function zeta function
B d? —F def dgdp / —
Z(s,\) = Tr (—d—q2+V(q)+)\) Za(s,\) = /R2 o (p +V(q)+>\)
. —S L P(S_l/Q) oo 1/2—s
= 30 (B4 = S | @+N g
determinant determinant?
formally
DA) = “I] (A+Ex)”

k

DO\ ¥ exp{—0,7(5,\)|s—0} Da(\) ¥ exp{—0sZua(s,\)]s—o}



Semiclassical interpretation of improper action integral

QUANTUM  « » CLASSICAL

correspondence

zeta function zeta function

2

Z(s.3) = T (~5+V@+A) " Zals) [ ST (R 4vigea)

dq2 o 2T
- [(s—1/2) [T 1/2—
_ E s _ /2 —s
2. By sV T(s) | VO
determinant determinant
formally formally
D) = “I[[ A+ Ey)” Da(A) = exp “ [ 2 (V(g)+A\)Y2dg”

k

DO\ ¥ exp{—0,7(5,\)|s—0} Da(N) % exp{—0sZua(s,\)]seo}



CANONICAL normalization of recessive solution

+00 +00
ogDaN) = [ M@ds = [ (V@) + X" dg?

(N > 2 for simplicity.) Then,

d o _
SlogDa) = [ 3V + 7 dg

log Dei(A) ~ CANONICAL  for A — +o0

(=no pure A’ terms in large-\ expansion)

fully specify improper action integral, giving [L,(s,A) = f+OO(V(q’) + )2 =5 dq]

+00
/ Ma(q) g’ < FP g I,(s,A) +2(1 —log2) B_1(0)/N.
q

//

Still additive: f I)\(¢')dq = fH,\ )dg" + f I1x(¢") dq’ for finite ¢, ¢”
q"

//

(as f 15 (¢') dg ~ (¢"" — q) A2 + O(A~1/2) is canonical).



Simplest examples:

+o0
/O (q4+vq2)1/2dq _ —%’UB/2

+00
/0 (@ +NY2dg =~y TR 4 W T W (N #£2)
/+oo(q2—|—)\)1/2dq = —1 A(log A — 1) (N =2)

Even quartic oscillator (v, A > 0 for simplicity):

+00
/O (" +v®+ X)) dg =
(v>2V): = Lw+2vV N2 2V A K (k) —vE(k)],
(v < 2V\) : = LAVA[(2VA+v) K (k) — 20E(k)],

(K(k), E(k) : complete elliptic integrals).

N
p=s+~| N
A
L (v—2ﬁ)1/2,
v+2vA ’
P (2V A —v)1/2
o 2)\1/4



Semiclassical interpretation of improper action integral

QUANTUM  « » CLASSICAL
correspondence
determinant determinant
formally formally
D(A) = “]1[ A+ Eg)” Da(A) = exp “['>(V(g)+\)2dg”

k
D) ¥ exp {—0,2(s,\)|s—0} Da(\) € exp {—0yZa1(s, \)]s—o}



Semiclassical interpretation of improper action integral

QUANTUM

determinant

formally
D) = “lI (A +Ex)”

k
D) ¥ exp {—0,2(s,\)|s—0}

» CLASSICAL

correspondence

determinant

formally
Da(A) = exp “["(V(g) +A)/2dg”

Da(A) = exp{—0sZc1(s,A)|s=0}

identities
+o0
D;(\) = M, (0)"Y/2 exp/ ITx(q) dg
0
= [¥x]wks(0)
+o0
DI(\) = My (0)TY/2 exp/ IIx(q) dg
0

—[¥\]wks(0)



Semiclassical interpretation of improper action integral

QUANTUM « » CLASSICAL
correspondence
determinant determinant
formally formally
D(A) = 1;[ (A+ Ex)” Da(\) = exp “[1 7 (V(g) +\)/?dg”
D) = exp{-0.Z(s,Mls=0}  Da(h) = exp{=0,Za(s.A)]s=0}
basic identities identities
DA = IO e [ @)
D™ () = ¢a(0) = [¥a]wks(0)
DAY = IO e [ @)

DT (A) = =95(0)

—[¥\]wks(0)




The Wronskian identity

e Exact solution ¥ (q), recessive for ¢ — +o0o (WKB specification):

“+00
Wa(q) ~ y(q) "2 exp/ II,(¢")dq, TIx(q) déf(V(q)nLA)l/2 (classical momentum)
q

e Adjacent conjugate solution, recessive for ¢ — + e~ 1%/200 :

def i
wg\l[]u (e °/2 q)

Ualg) =

/

o All ¢ — 400 expansions (¥x(q), ¥5\(q), ¥x(q), ¥\(g)) fully known, e.g.,

alq) ~ e g VTP W exp { D> Bo-1(0) qa} C = H(—zlogz + 0s)

— Explicit Wronskian (evaluated in ¢ — +oo limit):

W (@)W (q) — T4 (q)hx(q) = 2i e/ eieh-1(0)/2




Explicit Wronskian:

Wi (q)UA(q) — U (q)hx(q) = 2ieie/4 eief-1(0)/2

Plus the basic exact identities:

DT(A) = =¢4(0) ) D™ (A) = ¥a(0)
N\ /

—e WA DN &) D A | EMYpet A D N | £y DM | £2) = 21etiPF1(0)/2



Exact quantization condition?

et/ A pe e N | MY DN | E2) —e /A DA | £) D(e™ ¥ A | €M) = 21 etief1(0)/2

Degenerate cases:
2

d
o N =2: [_d—qz +(g*+N)|¥(g) =0 (harmonic oscillator)

@Y =T 5_1:>\/2

et /A DT (X)) D™ (\) —e ™4 DT (\) D™ (=\) = 2iet™/4



Exact quantization condition
et/ D(e N | Y DN £2) —e /A DN | £2) D(e ¥ A | E1) = 21 etivd-1(0)/2

Degenerate case:
2

d
o N =2: [—d—qz +(*+N)|¥(g) =0 (harmonic oscillator)

Q=T ﬁ_lz)\/Q

e/ DY (=N) D™ (A) —e ™A DT (N) DT (=A) = 2ietTMA

unknowns real, hence identity splits:

cos m/4 [DT(=N\) D~ (X) — DT(A\) D™ (=\)] = —2 sin 7\ /4
sin w/4 [DT(=A) D™ (X) + DT(A\) D™ (=\)] = +2 cos 7w\ /4
— DT (\) D™ (=) = 2cosmw(A—1)/4
2eros : .., =9, =5, =1, +3, +7, +11,...
. proy o AT D-(\) = 2V

r(52) T3P



2

d N
e Same for [_d—qz + (VN +Ag2 Y| w(g) =0

(zero-energy generalized eigenvalue problem),

def 1

likewise exactly solvable (supersymmetric) with | v = N3 :

2—A/N(4I/)V(A—|—1)+1/2 F(—Ql/) 2—A/N (4V)V(A—1)—|—1/2 F(QV)

D (A) = -

Dy(A) =

Fv(A—1)+1/2) Fv(A+1)+1/2)

Furthermore, now over the whole real line (for N even),

> D (AM)Dxy(A) if N=2 (mod 4)

d N |

L_cosmvA if N=0 (mod 4)

sin v



Exact quantization condition?

et/ D e N | MY DN E2) —e /A DA | ) D(e ¥ A | €M) = 21 etief-1(0)/2



Exact quantization condition?

et/ D e N | MY DN E2) —e /A DA | ) D(e ¥ A | €M) = 21 etief-1(0)/2

et/ DN | ) D(E? N | EF) —e /A Deie X | Y DA | £2) = 2167 100-1(0)/2



Exact quantization condition?

For even spectrum &, : A= —F5,

et/ D e N | MY DN E2) —e /A DA | ) D(e ¥ A | €M) = 21 etief-1(0)/2

et/ DN | ) D(E? N | EF) —e /A Deie X | Y DA | £2) = 2167 100-1(0)/2



Exact quantization condition?
For even spectrum & : AN=—Fy, <= DAN|&)=0
et/ D Y N | EMY DA | L) —e 9/t DA E) D(e % x| M) = 2ietief-1(0)/2

et e/t DN &) D(e X | EFNy —e /A D(eie A | L) DV | L) = 216 9F1(0)/2



Exact quantization condition?

For even spectrum & : AN=—-Fy, <= DM & )=0

et/ D(e N EN) DA | £2) —eT /A D(A | €4) D(e# A | EL)) = 2ietief (02

etie/A D(X | ) D(e® A | ECYY —e 9/t Deiv A | EENY DM | £2) = 21 e7i98-1(0)/2



Exact quantization condition
For even spectrum & : AN=—-Fy, <= DM & )=0
ete/ADe X | VYDA | £2) —e /A DA | £4) D(e i A | €M) = 2ietivf-1(0)/2

etie/A D(X | ) D(e® A | ECYY —e 9/t Deiv A | EENY DM | £2) = 21 e7i98-1(0)/2

—i [+1]
_, DETFAET ) iler2esa00) <¢ det 4w )
D(etie X | £57Y) N +2

1, N-2
2 2(N +2)

2argD(—e_i¢E|5£:r1])—goﬁ_1(0) = W[k—F ] for k =2n >0



Exact quantization condition

For odd spectrum &_: A=—Fyy1 <= DA|E)=0

etie/A pleie ) | MDA | E2) —e 9/ DA | ) D(e ¥ A | ey = 21 etHi9f-1(0)/2

etP/A DN | £) D A | EX) —eiw/A D(eie A | EL YDA | E2) = 21e710-1(0)/2

D(e i A | £ . )
— (e | ) — _ ilte/2+¢B-1(0)] % det Am
N +2

1 N-2
2 2(N +2)

2argD(—e_190E|5[_+1])—goﬁ_1(0) = W[k—F ] for k=2n+1>0



Complete set of exact quantization conditions

even

(for all conjugate, "7} spectra SE])

1 . . —
- [log D(—e ¥ B[ El") —log D(—e** B | £f ”)] ~ (=)' 1(0)

1

1 N —2
bt -+
T T AN+

— T

for k="22" ¢=0,1,---,L—1 (mod L)

+ structure equations:
log D(A | €Yy = 1im { > " log(EY +N) + Slog(EY + )

(k. K S - > Ll e (1ogE}§]1/a)}

altogether define a formally complete set of fixed-point conditions

(/\/li{gj[f]} = {55]} for some mappings M¥).



The three conjugate (odd, and rotated) spectra for V(q) = q* + v2¢°

O
0O

[y
‘

—50

Same for

+ T T T T1 ‘ T T T T + + T
vy=—10 | -
1
i & L
| E L
1 ] I
— 0 0000 O O 0 0+ O
2 4 L
2 ] I
i | o
+ 1 1 1 12 l 1 1 1 1 + m + 1
—50 0 50 '_50
Re £
_ .4 2
V(g) =q¢"—5q

Im &

20 40

-40 =20 O

!
20 40
Re F

-40 =20 O

Im &
20 40

-40 =20 O

T O T T T T T T
- LO+ -
A . Vo==+10 |
i €S| L B
i g A i
— — »1 —
1
0 — O 12 2 0 0 0
2
i F oo i
i 2 B
i o r i
. H L?+1 I I I | I I I L H
50 —-50 O 50
Re F

— 8330303 03 G

- 5 —

T4
52
2

2
5 4

2

| I | 2 | I | I

!
20 40
Re F

—-40 =20 O



Homogeneous case V(q)=q¢" |N #2

- All conjugate spectra identical: SE] =&y

- Residue polynomial 3_;(s) =0 [except N =2: [_i(s)=\—s+1)]
- Wronskian identity:

: : : : 4
et9/A DT (e Y \)D™(\) —e ¥/ DTN D™ (e71° \) = 2i @ = i
N+ 2
e Exact quantization condition:
2Y (Ey) = k4+:+ir k=0,2,4,...
2Y_(Ey) = k+4+5 -3k k=1,3,5,...
k(N —2)/(N+2)
of 1 i
2. (BE) € = Y ag(Bn-e¥E)  (N>2)
s . -~ /
m odd Om (E)

+ boundary condition b EY ~ k+1 for k — +oo

— fixed-point equations MT{E4+} = {£:}
(mappings M* proved globally contractive for N > 2, by Avila).






Numerical tests

Ex. k_(120) =~ 0.9980

. def n_9o -
Horizontal scale ko =k = {55 k1 (400) ~ 0.99975
-1/ 0 1/2 1
i B
| +
| +
| +
l +
¥
12 - | ]
"
K, | .\
: KcI
oL S |
+ 1
_1/2 | : | | | | | | |
1 2 3 4 6 810 20 500



Exact wave-function analysis

d2
(—2 + V(@ + ) v(a) =0
q
and, e.g., 1¥(q) recessive for ¢ — 400 (A arbitrary, input).
Restrict to half-line [@, +00) (@ a parameter):

def

Volg) = [V(g)—V(Q)  forqe|Q,+00)
p
Dg()\) L et (—;—QQ + Vo(q) + )\)i {%ﬁfgﬁg? boundary conditions at ¢ = Q}
Translated basic identities:
UA(Q) = Do (A +V(Q)), PA(Q) = —D5(A+V(Q))

hence 1, (Q) follows by solving a parametric fixed-point problem

— ol ¢
Molq.} = {€q. )
for the Dirichlet spectrum &g _ of the potential V.



Ground-state eigenfunction v (q) for the potential V(q) = ¢* — 5¢°.

+20
+15
+10
Y V
+5
0
~ -3.41014
_1 \ \ \ s ! !
-2 -1 0 1 2



Non-square-integrable solution vy(q) for the potential V(q) = ¢* — 2q at energy E = 0.

10

W,
10

10

W,(9) = 2" “exp(-q’/3)

V(g) = g'- 2q
E=0

1 10

10

10

Wy



“ODE/IM correspondence”

(Dorey—Tateo, Suzuki, Bazhanov—Lukyanov—Zamolodchikov,...)

Dictionary between some 2D exactly solvable models and some 1D Schrodinger eqns.

Ordinary Differential Equations —> Integrable Models
1D Schrodinger equation with 2D 6-vertex model wit]
homogeneous potential ¢* twist ¢ = 7/(2M + 2)
Spectral parameter \ Spectral parameter v
Degree of potential 2M €271/ (2M+2) — _ o—2in Anisotropy 7
Stokes multiplier C'(\) Transfer matrix T'(v)
D= (\) = 9x(0) Q(v) operator
Exact quantization conditions Bethe Ansatz equations

(cf. Dorey—Dunning—Tateo, The ODE/IM correspondence [hep-th/0703066])

Extension to PT-symmetric potentials: Dorey—Dunning—Tateo, Ordinary D:iffer-
ential Equations and Integrable Models [hep—-th/0010148]



Open issues

e Inhomogeneous polynomial potentials:
- contractivity of fixed-point mapping? (Numerically OK near ¥ = 0)
- correspondence with integrable models (generalized Bethe Ansatz).

e More general problems:
- rational potentials (e.g., centrifugal term)
- all Heun equations

- higher-order equations/systems, higher-dimensional Schrédinger equations, ...

e Consistency with perturbative regime.



Toward singular quantum perturbation theory
(here N > M > 0)

ﬁ(’”) = —012/01q2 + ¢ + vg™ (coupled problem) = p2/ (M+2) _—d2/dq2 + g™+ gqN}

Ho(v) = —d?/d¢® + v¢™  (uncoupled problem) ~ v*/(M+2) ——d2/dq2 + qM}

hence: relate det™ (H(v)+)) to det™(Hy+ \) forv — 400 & g— 07 ?
g — 0: a most singular limit! E.g., in exact quantization condition

1 N —2
k+ — for £k = 2
+2+2(N+2)] or n,

2arg D(—e ' [ €1) —pB1(0) =

e the degree jumps (N — M), hence the angle ¢ as well;
e the anomaly type, hence 3_1(0) as well, may jump (e.g., N — A for ¢* + gq*).



Main theoretical estimate

A

detcl(H(’U) + )\)
detei (Ho(v) + )

1/2
det™ (Hy(v) + \)

det™ (H(v) + \) ~ [

Practical implication

There only remains to compute two tmproper actions,
N +00 +o0
(% log detc(H(v) 4+ A) :) /0 IIx\(g,v)dg = /0 (¢" +vg™+ X2 dg (coupled)

+00 o0
(31ogdeta(fo(@) + 2 =) [ Moa(ae)dg = [ (cg"+2)"dg  (uncoupled
0 0



Binomial I1(¢)? = ug¢" + vg™ (N > M >0)

e Exact evaluation of improper action integral:

M-+2 N-+2
P P atan) s s
(N —M)T(-1/2)

+00
0

N +2
oo —an TN

when the RHS factor is finite, i.e., in Normal case:



Binomial I1(¢)? = ug¢" + vg™ (N > M >0)
e Exact evaluation of improper action integral:

F(g(%f}@))r(_g(%t?\/j)) __M+2 N+2

—+ 00
N M 1/2d — 2(N—M) 992(N—DM)
[ gy g = R v

N + 2
when the RHS factor is finite, i.e., in Normal case: 2N __|_ % ¢ N.
N + 2
Else, namely in Anomalous case: 2N J_FM) =j (e N¥),
+0o0 J—1 21 2) .
N My1/2 _ (—1) (2)— 1/2 =7,
uq + v dg = U v’ X
[, ey N3 G- DT
j—1

[ logv+Z—+—(log2+ logu—z2m_1

m=1

1

)



Trinomial I1(q)? = ¢" + vg™ + A (N >M >0)

e Asymptotic (v — +00) evaluation of improper action integral in general:
~+ 00 00 -
/ (qN+qu+)\)1/2dq N/ (qN+qu)1/2dq :CN7MU2(N—M) [N]}
0 0

+00
+/ (vg"+X1) 2 dg | = Cyy
0

+ oo Cir )\v_%(logv + 2log 2).

e Exactly computable case: N =4 (in terms of complete elliptic integrals)

+00
/ (¢" +vg® + NV dg =
0

<( s \1/4 [(2\/X +0)K (k) — QUE(%)], k= (2\/5)\_1/2)1/2 (v < 2V )
\ %(v + 2v/\)1/2 [QﬁK(k) — vE(k)], k= (:j I_ 3@)1/2 (v > 2V )

~ =132 00 2 log o+ 0012 — LTV Nlog(A/v?) — 4log 2 — 1].

I



Samples of end results (¢ — 0" limit, F fixed)

det(—d?/dq® + ¢™ + g¢" — E)

Ny B-1(0) A
det(—d2/dg? + ¢ — E) 7 8 Al

+0o0
exp 2/ (" +vg™)?dg x
0

1
exp{5M72 N5 [logg—NlogQ]E}
(with f0+oo(qzv + vgM)1/2dg o g (M+2)/2(N=M))
Basic example N =4, M =2
d? 2 ) 2
det( dq 2—|—q +99 —E) ~ exp{—g—k {ﬁlogg—2log2}E} det( dq — + q¢* —E)
. 27722/ T((1 - B)
1 1
~ —|Llogg — 21 2}—1[1 2 l1—E}
> F—F ~ L3lose—2ls2] —{ls2+w(30 - )
of v 1
Z,1) =Y ~ —Llogg+ 1(7+5log2) (g — 07T).



log g



