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This Chapter focuses on introducing the formalism for
neutral meson mixing, and the principles underlying time-
dependent analysis in B meson decays. A detailed discus-
sion of experimental concerns for a time-dependent anal-
ysis follows on from a theoretical introduction of mixing
and time-dependent formalism. The experimental aspects
discussed include the use of flavour tagging methods intro-
duced in Section 5.3 and the inevitable dilution of informa-
tion when the tagging assignment is incorrect, interference
effects of the B meson used for the flavour tag assignment,
and the impact of resolution effects on the measurement
of physical observables. The final part of this Chapter dis-
cus how parameters required to describe mixing and
time-evolution of B mesons in the detector can be ex-
tracted from the data.

Mixing in the neutral B meson system was discovered
by the ARGUS Collaboration, Albrecht et al. (1987), and
Chapter 14.5 summarizes the measurements of B mix-
ing performed by BABAR and Belle. An understanding of
mixing in B mesons is one of the crucial ingredients in
the study of time-dependent CP asymmetries, and tests
of CPT using B meson decays at the 7°(4S). In particular
this is crucial for the measurement of the angles of the Uni-
tarity Triangle introduced in Chapter 13 and discussion of
measurements of the angles can be found in Chapters 14.6
through 14.8. Tests of the CPT symmetry using neutral
B mesons discussed in Chapter 14.9 also rely on a good
understanding of mixing. Neutral meson mixing in charm
decays was discovered at the B factories, this is discussed
in Section 16.2.

7.1 Neutral meson mixing

Meson mixing is a phenomenon that only occurs for neu-
tral K, D and B mesons. Collectively we can refer to these
mesons as P when describing formalism common to all
three systems. The effective Hamiltonian describing neu-
tral meson mixing is given by

ir
Hepr =M — bR (1)

where M and T' are two-by-two Hermitian matrices de-
scribing the mass and decay rate components of Heyy,

respectively. Thus neutral meson mixing is described by
[P\ _ (M Mo\ i (DT 1P%) @
[P) Moy Mo 2\ I21 Iz [Py )

where |P?) and \TJO) are strong eigenstates of neutral B,
D, or K mesons, and |P 5) are the corresponding weak
eigenstates. CP or CPT symmetry imposes that the ma-
trix elements in Eq. 2 satisfy My, = Mag and Iy = Ihs.
In the limit of CP or T invariance, I'ia/Mis = I's1 /Moy is
real.

Weak eigenstates can be represented as an admixture
of the strong eigenstates via

P12) = p|P°) £ [P°), ®)

where ¢* + p* = 1 to normalize the wave function, and

so the magnitude of p/q is very nearly one in the Standard
Model (SM). If one considers the weak eigenstates under
the CP operator, it follows that |P;) is CP even (with an
eigenvalue of +1), and |P,) is CP odd (with an eigenvalue
of —1).

A detailed discussion of the measurement of neutral B
meson mixing is given in Section 14.5, and the extensions
to these measurements allowing for possible CPT violation
are presented in Section 14.9. Section 16.2 is a review of
D mixing.

7.2 Time-dependent evolution

Neutral B mesons are produced via ete™ — 7(45) —
BB at BABAR and Belle. The wave function for the fi-
nal state B meson pair is prepared in a coherent P—wave
(L = 1) state. The B mesons remain in a coherent state
until one of them decays. When the first B meson de-
cays, the wave function collapses into a decoherent state.
The remaining un-decayed B meson will continue to prop-
agate through space-time and mix with a characteristic
frequency Amg, until this decays.

If one of the B mesons decays into a final state that
can be used to unambiguously determine the flavour of
the B at the time it decayed, we refer to that as a Bi,g.
The set of decay modes of interest as a By,q candidate are
referred to as flavour specific final states. An example of a
flavour specific decay is B® — D~ 7", with a subsequent
D~ — K*trn~m~ decay. The CP conjugate pros has a
K~ in the final state. The charge of the final state kaon
is used to identified the flavor of the Byag with a B° (B%)
tag originating from a decay with a K (K~). Similarly
if the other B decays into a CP-eigenstate or admixture
we refer to that as the Bie.. Events with one By,, and one
By are of interest in the study of time-dependent CP
violation. This sequence of events is illustrated in Fig. 1

of mass frame is boosted forward in the direction of the
electron beam in the laboratory frame of reference.

Having identified the flavor of By,g, one can infer the
flavour of By at the instant it decays using the time evo-
lution of the B°-BY system. The detailed study of this sys-
tem leads to the measurement of so-called time-dependent
asymmetries.

Assuming a negligible difference between the decay
rates of BY and B mesons (i.e. AT = 0), the By de-
cay rate distribution for a BY (B°) tagged event is given
by fi (f-) where

e~1At/T0 2ImA
At) = ——— [ 1+ — sin(AmgAt.
fe(At) T [ T E sin(AmgAt)
12
¥$ cos(AmgAt)], (5)

where 7o is the B® meson lifetime and \ is given by
A=-=—, (6)

which is related to the ratio of coefficients of B® and
B° contribution to the mixing amplitude in Eq. 3, and
A/A is the ratio of amplitudes of a B® decay to a fi-
nal state and the CP conjugate process. The current val-
ues of the B meson lifetime, and mixing frequency are
Tpo = 1.525 £ 0.009ps, and Amy = 0.507 £ 0.005ps !,
respectively (Nakamura, 2010).

The coefficients of the sine and cosine terms in Eq. 5
are often referred to in terms of the parameters S and C
by the BABAR experiment, and in terms of S and —A by
Belle. Thus

2ImA
= TEpE o
ooy
C= A_HW, (8)

For brevity, we use the notation S and C to refer to these
coefficients in the remainder of this section.

An asymmetry between the quantities f4 (At) and f_(At)

is constructed in order to probe for possible CP viola-
tion. Neglecting experimental effects, this time-dependent
decay-rate asymmetry is given by
LA - [ (A
J+(At) + f-(A1)°

which reduces to the form

A(At) = Ssin(AmgAt) — C cos(AmgAt). (10)

A(At) 9)

In certain modes, the fitted parameters S and C' are
related to fundamental parameters of the SM, the angles
of the Unitarity Triangle. As discussed in Chapter 13, two
notations are used in the literature for these angles. The
BABAR experiment uses «, 3, and 7 to denote the angles,
whereas the Belle experiment reports results in terms of
b1, ¢2, and ¢3. In this section we use the second notation

as seen from the laboratory frame of reference. The center
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* Insert brief comment or
footnote about Ar=0

assumption here.




Fig. 1. An illustration of a B meson pair decaying in the laboratory frame of reference. On the left hand side of the figure, the
initial e*e~ pair collide producing an 7'(4S5). This subsequently decays into two B mesons, one of these decays into a Biag final
state, and the other into a By, final state. The spatial distance Az between the decay vertices of the Biag and Bre. is related
to the proper time difference At between the decays of these particles. In this example the Brec final state is J/{K%.

7.3 Use of flavour tagging

The purpose of flavor tagging is to classify the Byag cither
asa BY or as a BY (See Section 5.3). The remainder of this
section discusses several issues that need to be considered
when performing a time-dependent analysis of the data,
namely that of dilution, and of tag-side interference. Both
of these effects need to be taken into account if one aims
to extract the correct values of S and C' from data.

The BABAR experiment classifies events according to
the information content used in determining the flavor of
the Biaz meson. These categories of event are ranked in
order of decreasing contribution to the total tagging ef-
ficiency @ (see Eq. ??). Thus the BABAR classification is
effectively one based on the By, decay mode. The Belle
experiment uses the same information, but instead of hav-
ing distinct categories of event, that algorithm computes
a continuous variable that assigns a tagging efficiency of
an event.

Dilution

The algorithm for assigning a flavour tag to an event, thus
categorizing the tag-side B meson as a BY or as a B° is
not perfect. There is a finite probability to incorrectly tag
an event and thus dilute measurements being made using
that information. The mistag probability is denoted by w,
the value of which depends on the B,y final state used to
classify an event, and the dilution is given by

D=1-2w. (11)

The time-dependent formalism developed in Section 7.2
needs to be modified to account for the dilution, and in
general one should also account for possible differences in
w between B? and B tagged events, denoted by Aw =
w —w. On allowing for dilution effects, the rates of tagged
B and B events are given by

PR = (- w) fy TS,
FPR (1 — @)t wfy. (12)

Taking dilution into account, the time dependence of the physical states given by Eq. (12) becomes

=18t /50

Phys (Ap) —
FM () = —

[1F Aw £ (D + Aw)S sin(AmgAt) F (D + Aw)C cos(AmgAt)]. (13)

The observed amplitudes of sine and cosine terms in Eq. (13) are suppressed by the dilution factor D + Aw. As Aw is
small, this factor is sometimes omitted for analyses with a low number of signal events. The analog of the asymmetry

given by Eq. (9) is

FE D - g Al

A= s+ T @

Figure 2 shows the distribution of A(At) for S = 0.7,
C = 0.0, and Aw = 0.0. The amplitude of the sinusoidal
oscillation is given by magnitude of S in the case of a per-
fectly tagged asymmetry. In reality dilution effects reduce
the measured amplitude relative to the physi one, as
illustrated in the figure with the case of w = 0.2.

)

S
n
)
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At(ps)
Fig. 2. Distributions of the time-dependent CP asymmetry
with § = 0.7, C =0, and Aw = 0 for (solid) perfect tagging,
and (dashed) the corresponding distributions after taking into
account dilution with w = 0.2.

Tag-side interference

In order for a decay channel to have non-zero CP asym-
metry, it must have more than one interfering amplitude
with more than one weak phase. This is a necessary condi-
tion, but it is not sufficient to guarantee that there will be
an observable CP violation effect in that final state. The
discussion so far has focused on interfering amplitudes on
the By side of the event. However it was pointed out by
Long, Baak, Cahn, and Kirkby (2003) that in addition
to interference on the By side, one has to consider pos-
sible effects of interference on the Bi,g side where more
than one amplitude contributes to the final state. If ne-
glected, interference effects on the By, side of the event
could result in an undesired contribution to the measured
CP asymmetry for the Byec. As there are different physi-
cal states reconstructed on the tag-side of the decay, there
are potentially different contributions from this so-called
tag-side interference effect.

As discussed in Section 5.3, the dominant contribu-
tions to the tagging efficiency come from semi-leptonic

a.j.bevan@gmul.ac.uk

= —Aw + (D + Aw)[S sin(AmgAt) — C cos(AmqAt)]. (14)

decays with final state leptons, and hadronic decays such
as B — D()~xT. The semi-leptonic decays proceed via a
single amplitude in the SM, hence the use of semi-leptonic
tagged decays is free from tag-side interference. However
possible interference effects need to be considered when
performing a time-dependent analysis as hadronic decays
can proceed by more than one amplitude.

If one considers the decay B — D~n", with subse-
quent D~ — K77~ decay as an example, the final
state can be reached via a CKM allowed b — cud tran-
sition. The charge on the kaon can be used to identify
the flavour of the decaying Biag, so that a K+ (K~) is
associated with a decaying B° (B") meson. The same fi-
nal state can also be reached via a B decay through a
doubly-CKM suppressed b — %cd transition. The ratio of
these two amplitudes is given approximately by the ratio
of CKM matrix elements |(Vi, Vea)/(Ven V)| = 0.02.

The strength of the amplitude of the doubly-CKM sup-
pressed relative to the allowed decay can be parameterized
as

I —ids+id
Ar _ re = (15)
Ay 1

where 7 is the ratio of suppressed to favored decays, and
4 is the relative phase difference between the B® and B°
decay proceeding via b — Cud and b — ucd transitions,
respectively. In practice a number of modes are summed
over on the tag-side of the event, and we replace r and
§ with primed variants to represent the effective ratio of
amplitudes and phase difference of an ensemble of modes.

On a mode-by-mode, or an ensemble, basis it is possi-
ble to compute factors corresponding to correction on the
time-dependent asymmetry parameters S and C' measured
from the use of hadronic modes for tagging. These factors
are a function of At and have the effect of slightly reduc-
ing the amplitude and broadening the time distribution,
or increasing the amplitude and narrowing the distribu-
tion as discussed in Section VI of Long, Baak, Cahn, and
Kirkby (2003). Thus one can expect the measured values
of S and C' in a time-dependent analysis to differ from the
true values for hadronically tagged events.

If a time-dependent analysis were limited by system-
atic uncertainties arising from tag-side interference, there
are two possible approaches that may be considered to
mitigate this uncertainty: (i) only use semi-leptonic tagged
events, thus removing the affected data from the analysis,
and (ii) given sufficient data, to measure the ratio of CKM
allowed to suppressed decays, and the corresponding phase
difference between the amplitudes using control samples.
In the following discussion the true values of these time-




—
; . Resolution function discussion
dependent asymmetry parameters are represented by Sy The tree dominated B® — J/K? decay resolution has a significant effect on the extraction of S| when computing Ff WS The effect of dilution serves to

and Cj, whereas the measured values of these observables
is denoted by Syi; and Cpy;.

The prime example of a time-dependent measurement made
by the B Factories is that of B — J/¢K?, which is de-
scribed in Chapter 14.6. The correction to the true value of
measured time-dependent asymmetries in this decay aris-
ing from tag-side interference is given by

Crir = Co [1+ 21" cos '{G cos(201 + ¢3) — Sosin(2¢1 + ¢3)}] — 2" sin &' {So cos(2¢1 + ¢3) + G'sin(261 + ¢3)},(16)
Spit = So[1+ 21" cos §'G cos(2¢1 + ¢3)] + 2r' sin 6'Co cos(241 + ¢3). 17)

where the factor G is 2ReAcp/(|A\cp|? + 1), and A\cp is the quantity in Eq. (6) evaluated for the Bye. reconstructed

in a CP eigenstate.

Using a Monte Carlo simulation based approach, one
can estimate the magnitude of the effect on the value of
Sgit and Cyyy extracted from data, and hence determine
Sy and Cj. In order to do this one has to determine r’ and
&', The value of ' is given by |(Vy;,Vea)/(VebViy)| and an
estimate of the uncertainty on this can be derived from
a comparison of allowed to suppressed D — K7 transi-
tions. This comparison indicates that the error on 7/ is
about 25%. As there is no knowledge of the phase dif-
ference, one can assume that this parameter is uniformly
distributed in the simulated pseudo experiments. This ap-
proach of evaluating the effect of tag-side interference for
B" — J/¢K? has been broadly applied to b — ces an

of the sin(AmAt) term in the time-evolution of this decay
is 2rsin(2¢1 + ¢3). Here the parameter r is the ratio of
doubly-CKM suppressed to allowed decays for the recon-
structed B meson (the B — D**7¥) and has nothing to
do with the tag-side of the event!. The magnitudes of both
r and r’ are expected to be comparable and of the order of
0.02, thus there is the potential for tag-side interference to
obscure the signal measurement. It is possible to perform
an analysis of the time-dependence of B — D**7F explic-
itly taking into account the effect of tag-side interference
while doing so. A scheme for doing this is presented by
Long, Baak, Cahn, and Kirkby (2003).

b — ccd final states.

The complication of loop amplitudes in B — 77—

An example of a decay with both tree and loop (penguin
amplitudes used in a time-dependent analysis is B —
77~ which is discussed further in Chapter 14.7. The
decay amplitude for the reconstructed B meson depend:

on ¢3, as does the tag-side. Thus the situation encoun;
tered with B® — 7t7~ is therefore much more compli
cated than the previous case. The uncertainty from tagj
side interference can be as large as 2r’. This complica
tion for calculating tag-side interference applies not only
to B® — a7~ decays, but more generally to the set of
b — wud transitions related to ¢ where there are sig;
nificant penguin contributions. The least problematic of
these decays being B® — p*p~, which is known to hav
a small penguin contribution, relative to other b — wu
transitions.

Time-dependent measurement of sin(2¢, + ¢3)

The measurement of sin(2¢; + ¢3) using B — D**7¥ de
cays is discussed in Chapter 14.6. The manifestation of
tag-side interference in this time-dependent measuremen;
differs from that discussed for the previous two examples
as described below. As with the b — wuuid transition cas
the reconstructed B meson depends on ¢g, so it is no
straightforward to extract an estimate of tag-side interfer!
ence for B — D*:77 decays. Furthermore, the amplituds

7.4 Resolution on At

A number of factors contribute to the resolution on the re-
constructed value of Az, and hence on the computed value
of At >~ Az/j3~. Experimental resolution R(At, o), as a
function of At and the uncertainty on At, o4, can be ac-
counted for when measuring time-dependent CP asymme-

try parameters by convoluting this with ££"Y*(At), giving

FLM = fEM(At) « R(AL 0.0). (18)

Therefore one can replace f1"¥* with F£"* in Eqns. (13)
and (14) to obtain the corresponding equations that ac-
count for both dilution and resolution effects. Factors con-
tributing to the resolution on At include

— Bhag vertex resolution, which is a superposition of track-|
ing effects and the finite lifetime of D mesons for a
sub-sample of Biag mesons.

— Biyec vertex resolution, which is a superposition of track-
ing effects.

— Resolution on the measurement of the boost factor 3
determined from the energy of the e* and e~ beams.

It is important to understand the At resolution in detail
as this is of a similar magnitude to the average separation
between the Brec and B,y proper decay times. Thus the

! The parameter r here should not be confused with either
the ratio 7 in Eq. (15), or the effective parameter 7’ for and
ensemble of modes on the tag-side of the event.

and C' from a time-dependent analysis.

Different approaches are used to understand resolu-
tion effects at the B Factories. BABAR adopts a paramet-
ric approach to describe the At resolution, whereas Belle
characterizes resolution effects according to their physical
source. Both approaches work well, and provide a good
description of resolution for use in time-dependent analy-
ses.

The BABAR At resolution function has a triple Gaus-
sian form, where the mean p; and width o; of the two cen-
tral Gaussian components are scaled by oa; on an event-
by-event basis. The three Gaussians G;, where i = core,
tail, and outlier, in order of increasing width. The reso-
lution function is given by

Rsig(At,0a1) = feoreGeore (At fleoreTAt: TeoreTat) +
JrailGrail (AL, fail AL Trailoat) +
fouttierGouttier (A, poutlier; Touttier) - (19)

The parameters i1, Coutlier A0 floutlier are set to 3.0 ps,
8.0 ps and 0.0 ps, respectively, and the other parame-
ters are determined from reference samples of fully recon-
structed B meson decays as described in the section 7.5.
As the physical tagging categories for BABAR have dif-
ferent purities and dilutions, the values of p; and o; for
the core Gaussian contribution to the resolution function
depend on the flavor category of an event. This differ-
ence is taken into account when analyzing data. For early
analyses each of the BABAR flavor tagging categories had
a separate values for jicore and ocope, in later iterations
however the distinction was only made between Lepton
and non-Lepton tagging categories.

The Belle At resolution function (Tajima et al., 2004)
accounts for four different physical effects

— Biag vertex resolution,

— Byec vertex resolution,

— The shift in the Bi,g vertex position resulting from
secondary tracks from charm meson decays,

— The kinematic approximation that the B mesons are
at rest in the center of mass frame.

The Biag and By vertices are described by (i) a Gaus-
sian resolution function in the case of multi-track vertices,
and (ii) a sum of two Gaussians in the case of a single track
vertex. The widths of these Gaussians are scaled by the
uncertainty on the reconstructed vertex being described.
The resolution function resulting from non-prompt tracks
associated with a decay in flight of charm mesons is de-
scribed by the sum of a delta function and exponentials.
The kinematic approximation is described by a resolution
function dependent on the polar angle of the By, as re-
constructed in the center of mass frame of references. The
physical time-dependence ff'“’s is convoluted by each of
these resolution functions in turn in order to obtain the
resultant FL"°.

Figure 3 shows the f£"* and F{"* distributions for
S = 0.7 and C = 0.0. The distribution f£"* is smeared
out considerably as a result of experimental resolution

reduce the reconstructed asymmetry between B® and B°
tagged events. This can be seen as a reduction in the asym-
metry between F and F_ in comparison with the true
distributions f and f_.

Arbitrary scale

Arbitrary scale

10
At (ps)
Fig. 3. Distributions of (top) f{"**(At) with S = 0.7, and
C = 0.0 for (solid) B and (dashed) B° tagged events for per-
fectly reconstructed decays, and (bottom) the corresponding
distributions F1"** after taking into account dilution and res-
olution effects.

a.j.bevan@gmul.ac.uk

7.5 Parameter extraction from data

In order to perform a time-dependent analysis one needs to
determine the values of w, Aw, tagging efficiencies, which
are collectively referred to as tagging parameters, and the
resolution function parameters required to evaluate the
convolution of fi(At) with R(At). A sample of neutral B
mesons decaying into flavour specific final states is used
to determine these parameters. The set of modes used
by BABAR for this is B® — D®)=(7*, p* af), whereas
Belle use B® — D& =zt D*=p+ D*~(+y as well as the
charmonium decays J/1/ K2, and J/¢K*°(892). No flavor
tag information is used by Belle when extracting param-
eter using the charmonium decays. BABAR only use the




B — D*("v sample to perform a cross-check as there is
a larger background in that mode than the other control
sample channels. Collectively this ensemble flavor specific
decay modes is referred to as a By, control sample in the
following. In addition to determining tagging and resolu-
tion function parameters for use in extracting information
on CP asymmetries from neutral Bg,, modes, a set of]|
charged control samples is also used to perform a number
of independent validation checks. One of these validations
is the determination of S for a sample of charged B de-
cays. As S is physically related to the B® — B® mixing
amplitude, the fitted value for this parameter in a sample
of charged B decays should be consistent with zero. The
charged B control sample is formed using BY — J/Y KT,

can be subsequently used as input parameters for time-
dependent analyses described in Chapter 14. In a number
of cases, the time-dependent asymmetry parameters are
extracted from a simultaneous fit to both the B and
Bgay samples so that tagging and resolution parameters
arc transparently propagated into the CP analysis.

— Note: It could be useful to include a full set
of parameters to describe the resulting tagging
and resolution functions determined from both

experiments. The question arises - does that in-
formation all go in this section, or has it already
been discussed elsewhere in earlier parts of the
book...7

J/WK*(892), ¥(2S)K™*, xa K, and 1K™ in the case of
BABAR, where both BY — J/¢K* and D't are used
by Belle. The corollary of using a set of control modes is
that for each mode used to determine the parameters of
interest, one introduces additional parameters relating to
the shape of distributions of signal and background events,
and the purity of each control channel in the signal region.
Having determined the purities for each Bg,, mode, one
can use these events to extract estimates of tagging and
resolution parameters. This procedure implicitly assumes
that there is no significant interference on the tag side of
the event, so that the mistag probabilities computed from
the Bpay sample are the same as those on the By side of
the event. While this assumption was valid for the B Fac-
tories, the precision of measurements at a Super Flavour
Factory may require that one accounts for tag-side inter-
ference when determining mistag probabilities.

In order to determine tagging efficiencies, one simply
needs to determine the fractions of the Bg,, sample recon-
structed in each of the physical categories, and to deter-
mine the mistag probabilities and differences, one needs
to account for B — B mixing in the Bga, control sam-
ple. The time evolution of these decays h. (At), neglecting
resolution effects is similar to Eq. 13

1At/

hy =
e 41Ro0

[1F Aw £ (D 4 Aw) cos(AmgAt)](20)
where the + index refers to mixed (—) and unmixed (+)
events, respectively. One can account for experimental res-
olution by convoluting h4 with a resolution function as
described in Section 7.4

HEMs — RS (At) « R(AL 0.47). (21)
Therefore it is possible to not only extract the tagging
parameters, but also the resolution function parameters
from the Bg,, sample.

Given the complexity of the situation, the extraction
of parameters related to the tagging performance and At
resolution is done in a two step process. The first step
involves extracting the purity of each of the Bga, decay
modes used. Having done this it is possible to determine
the tagging and resolution function parameters from the
ensemble of B,y modes. The result of this process is a set
of parameters, and the corresponding error matrix which
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Some questions for you
Is the balance OK?

= Section related to tagging, vertexing, mixing (B&D), all
TDCPV sections and CKM Chapter.

Is the level of detail OK?

Is the level of clarity OK?

= Road-tested on my grad student (Gianluca) and got useful
feedback.

Any comments welcome (please post these to the
chapter hypernews).
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