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Exercise 1. Wick’s Theorem
Fori=1,... k, set:

_ ) * ) *
= § az,nd)ni—na Wy, = E bl,n¢mi+n‘
n>0 n=0

1. Show that for all 7,5 € {1,...,k}, (0|vniw,’fnj|0> is well-defined.
2. By induction, show Wick’s theorem :

Olvny - vp Wy, - -

wy,, |0) = det <O|vnjw;§u\0>. (1)

1,j=1,..

Hint : justify that we can assume that a;, = 0 if n; —n >0 and bj, =0 if mj +n > 0;
then anticommute wy, —to the left.

Exercise 2. We have defined «, def

S ity and A(Y) E S o,

jEZ+% nz1

1. Show that, for all k € Z + & and n € Zs :
[am wk] = YPp_n, [am wlﬂ = _wlt;—&-n'

2. Recall that the elementary symmetric functions h,(t) are characterised by the equality
e2iz1 b2 = 3 hn(t)2" in CIE][=]) Show that for n> 0

=2

3. Using Hadamard identity

OyemA® = 3 L 4), [A), ... [A®), )]

and the previous questions, deduce :
A =3 ha(O)rn, A te™ O =3 by (—6)9 - (2)
n=0 n=0

Exercise 3. Schur polynomials and the boson-fermion correspondence.
The isomorphism between the fermionic and the bosonic Fock spaces is :

d: F — Bz, 27
lv) — Z (0)eA®]0).
LeZ

The goal of the exercise is to show that, for a partition A, (|0, A))(t) = sx(t), where the s are
the Schur polynomials.

Let A = (A1, A2,..., M) be a partition and denote by d the number of diagonal boxes. We
recall the Frobenius notation for the partition A = (aq,...,aq|p1, ..., B4), where



e «; is the number of boxes in the i column strictly under the diagonal ;
e (3; is the number of boxes in the 4% line striclty on the right of the diagonal.

1. Show that
0,2) = (=)™ F g g g g YT 1 ]0).

2. Use Wick’s theorem (1) and the conjugation formulas (2) to show that :

‘1>(\0>/\>)(t)=(—1)a1+"'+°‘d. det Zhﬁg-i-l-i-l —e(—t).
$I=1,d =0

3. Pieri’s rule allows to express the the Schur polynomial of a hook diagram (a partition of the
form (8 +1,1%), or («|B) in the Frobenius notation), while Giambelli’s formula expresses
the Schur polynomial of a partition in terms of Schur polynomials of hook diagrams :

S(al) Zh,@—l—é—f—l _o(—t) (Pieri’s rule),

5(oc1---ad|61...,6’d)() det S(ailﬂj)() (Giambelli).

Use those identities to show that @(]0, )\>)(t) = 5 (t).

Exercise 4. (not corrected during the session) Vertex operators
Reminder : we defined the vertex operators in F as

wWE ST T )Y e

JEZ+L j€Z+1

We stated that, under the boson-fermion correspondence, the images of ¥(u), 1*(u) in B[z, 271
is - ~
\Ij(u) dﬁf eé‘(t7u71) _E(avu) _C_l \Ij*(u) d:ef e_f(tvu)eg(avuil)z_l u_c_l

I 9

where §(t,u) Z tpuk, 8 = o (8717 %%, %d%), ), and v~ : 2f(t) — u 2" f(t). The goal
k>1

of this exercise is to prove the previous statement for W(u).

Wick’s theorem for the vertex operators

. . _ _r
o) - D)™ (an) - DM (@)l6) = det o ———

1 1\ (g
— 1 1<i1;[j<n (p] N pz.)(% q]) (3)
1<11_J[<n <pi q])
1. Show that 1
eA(t)¢(u)e—A(t) — eStu” )?l)(u), @

o st %akw(p)eZ@l %a’“ :(1 — %)¢(p)a

wk wk
e~ Zk;l Takw*(q)eZk;1 K%k
Use (4) to show that :

O ((w)]v)) (t) = &S 2l (u)e ).
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2. Prove the following :

ok
U (u)® (|U>) — efbu™ ZZ u (0 —1le Zk>1 To‘keA(t)‘w‘

Lel

uk
It suffices then to show : (£|h(u)|w) = u=¢(¢ — 1]e” 2k EYw) V€ T, |w) € F
3. Suppose that [w) = ¥ (p2)Y(pn)V*(qn) - - - ¥*(q1)]€). Use (5) to show that :

ok ﬁ (% B p%)
wh{e—1je” 2 Tk ) — u_e_“:fiReS P (1) - (pn) Y (gn) - - - " (1) [€)dpy.
Hl (% - qy)pli
]:

4. Use Wick’s formula (3) to prove that for all £ € Z :

(Llp(u)p(p2) - - b(Pn) ™ (gn) - - V™ (q1)|€) =

- #Eﬁ%pﬁ_lwlw(m) — Y (pn)Y (gn) - 9" (q0) [€)dpa.

Conclude.
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